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1. Find the area of the region enclosed by the curve y = x sin x and the x-axis for 8π ≤ x ≤ 9π.
Solution:

We know that y = x sin x ≥ 0 for 8π ≤ x ≤ 9π. Therefore, by integrating by parts, we have

AREA =

∫ 9π

8π

x sin x dx = [−x cosx+ sinx]9π
8π

= [−9π cos (9π) + sin (9π)]− [−8π cos (8π) + sin (8π)]
= −9π (−1) + 0 + 8π (1)− 0

17π



2. Evaluate.

a)

∫
5e1/y

3y2
dy, b)

∫
2x+ 2

(x2 + 1) (x− 1)2
dx, c)

∫ 4

2

6x ln x dx.

Solution:

a)

∫
5e1/y

3y2
dy

[
u = 1

y

du = − 1

y2
dy

]
−→

∫
5e1/y

3y2
dy = −5

3

∫
eu du = −5

3
eu + C = −5

3
e1/y + C

b)

∫
2x+ 2

(x2 + 1) (x− 1)2
dx

2x+ 2

(x2 + 1) (x− 1)2
=
Ax+B

x2 + 1
+

C

x− 1 +
D

(x− 1)2
=⇒ 2x+ 2 = (Ax+B) (x− 1)2 + C (x− 1)

(
x2 + 1

)
+D

(
x2 + 1

)

=⇒ 2x+ 2 = (A+ C) x3 + (−2A+B − C +D)x2 + (A− 2B + C) x+B − C +D




A+ C = 0
−2A+B − C +D = 0
A− 2B + C = 2
B − C +D = 2




 −→ A = 1, B = −1, C = −1,D = 2

2x+ 2

(x2 + 1) (x− 1)2
=

x− 1
x2 + 1

− 1

x− 1 +
2

(x− 1)2
∫

2x+ 2

(x2 + 1) (x− 1)2
dx =

∫ (
x− 1
x2 + 1

− 1

x− 1 +
2

(x− 1)2
)
dx

=
1

2

∫
2x

x2 + 1
dx−

∫
1

x+ 1
dx−

∫
1

x− 1 dx+ 2
∫

1

(x− 1)2
dx

=
1

2
ln
(
x2 + 1

)
− ln |x+ 1| − ln |x− 1| − 2 1

x− 1 + C

c)

∫ 4

2

6x ln x dx; we apply integration by parts

u = ln x, dv = 6x dx

du =
1

x
dx, v = 3x2

∫ 4

2

6x lnx dx =
[
3x2 lnx

]4
2
−
∫ 4

2

3x2
1

x
dx =

[
3x2 ln x

]4
2
−
∫ 4

2

3x dx

=
[
3x2 ln x

]4
2
−
[
3

2
x2
]4

2

=
(
3 (4)2 ln 4− 3 (2)2 ln 2

)
− 3
2

(
(4)2 − (2)2

)

= 48 ln 4− 12 ln 2− 3
2
(12) = 96 ln 2− 12 ln 2− 18

= 84 ln 2− 18



3. Evaluate.

a)

∫ 1

0

x2√
4− x2

dx, b)

∫ π/2

π/12

(1− cos 4x) cos 2x dx.

Solution:

a)

∫ 1

0

x2√
4− x2

dx






x = 2 sin θ
dx = 2 cos θ dθ
x = 0 =⇒ θ = 0
x = 1 =⇒ θ = π

6




 −→

∫ 1

0

x2√
4− x2

dx =

∫ π/6

0

4 sin2 θ
√
4− 4 sin2 θ

2 cos θ dθ =

∫ π/6

0

4 sin2 θ dθ

∫ π/6

0

4 sin2 θ dθ = 4

∫ π/6

0

1

2
(1− cos (2θ)) dθ = 2

[
θ − 1

2
sin (2θ)

]π/6

0

= 2

[
π

6
− 1
2
sin
(π
3

)]
=
π

3
− sin

(π
3

)
=
π

3
−
√
3

3
=
π −

√
3

3
.

b)

∫ π/2

π/12

(1− cos 4x) cos 2x dx;

Since cos 4x = cos (2x+ 2x) = cos2 (2x)− sin2 (2x) = 1− 2 sin2 (2x)

∫ π/2

π/12

(1− cos 4x) cos 2x dx =
∫ π/2

π/12

(
1−

(
1− 2 sin2 (2x)

))
cos 2x dx

=

∫ π/2

π/12

2 sin2 (2x) cos 2x dx






u = sin (2x)
du = 2 cos (2x) dx

x = π
12
=⇒ u = sin

(
π
6

)
= 1

2

x = π
2
=⇒ u = sin (π) = 0




 −→

∫ π/2

π/12

2 sin2 (2x) cos 2x dx =

∫ 0

1/2

u2 du

=

[
1

3
u3
]0

1/2

= −1
3

(
1

2

)3
= − 1

24



4. Determine whether the following improper integrals converge or diverge. Give reasons for
your answer.

a)

∫ e

1

dx

x 3
√
lnx

, b)

∫
∞

1

1

x2 + sin2 x
dx.

Solution:

a)

∫ e

1

dx

x 3
√
lnx

lim
b→1+

∫ e

b

dx

x 3
√
ln x




u = ln x
du = 1

x
dx

x = b =⇒ u = ln b
x = e =⇒ u = ln e = 1




 −→ lim

b→1+

∫ e

b

dx

x 3
√
ln x

= lim
b→1+

∫ 1

ln b

du

u1/3

= lim
b→1+

∫ 1

ln b

u−1/3 du = lim
b→1+

[
u2/3

2/3

]1

ln b

=
3

2
lim
b→1+

(
12/3 − (ln b)2/3

)
= 1

Hence the improper integral converges and has value 1.

b)

∫
∞

1

1

x2 + sin2 x
dx

We apply the direct comparison test, since it is not possible to integrate the integrand in terms
of elementary functions.

0 ≤ 1

x2 + sin2 x
≤ 1

x2
for all x ≥ 1

Therefore, we see that

∫
∞

1

1

x2 + sin2 x
dx converges since

∫
∞

1

1

x2
dx is a convergent p-integral

with p = 2 > 1.



5. For each of the following, state whether the sequence {an} converges and, if so, to what
value.

a) an =
sin−1

(
1

n

)

tan−1
(
1

n

) , b) an =
cos2 n

2n
.

Solution:

a) an =
sin−1

(
1

n

)

tan−1
(
1

n

)

lim
n→∞

an = lim
n→∞

sin−1
(
1

n

)

tan−1
(
1

n

) = lim
n→∞

1√
1−( 1

n
)
2

(
− 1

n2

)

1

!+( 1
n
)
2

(
− 1

n2

) = lim
n→∞

1√
1−( 1

n
)
2

1

!+( 1
n
)
2

= 1.

Hence the sequence converges and has limit 1.

b) an =
cos2 n

2n

We have −1 ≤ cosn ≤ 1 =⇒ 0 ≤ cos2 n

2n
≤ 1

2n
and lim

n→∞

1

2n
= 0. Therefore, by Sandwich

Theorem, we see that lim
n→∞

cos2 n

2n
= 0.



6. Solve the initial value problem for x as a function of t.

(t+ 2)
dx

dt
= x2 + 1, t > −2,

x (2) = tan 1

Solution:

dx

x2 + 1
=

dt

t+ 2

tan−1 x = ln |t+ 2|+ C
tan−1 x = lnC (t+ 2) because t > −2,

tan−1 (tan 1) = lnC (2 + 2)

1 = ln 4C

4C = e

C =
e

4

tan−1 x = ln
e

4
(t+ 2)

x = tan

(
ln
e (t+ 2)

4

)


