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e The exam consists of 6.

e Please read the questions carefully and write your answers under the corresponding
questions. Be neat.

e Show all your work. Correct answers without sufficient explanation might not get full
credit.

e (Calculators are not allowed.

GOOD LUCK!

Please do not write below this line.
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12 27 18 18 18 12 105




1. Find the area of the region enclosed by the curve y = xsin x and the z-axis for 87 < x < 9.
Solution:
We know that y = xsinx > 0 for 87 < x < 9. Therefore, by integrating by parts, we have

o
AREA = / zsing dr = [~z cosx + sina]or
8

= [—577 cos (97) + sin (97)] — [—8n cos (87) + sin (87)]
= —971(-1)+0+87(1)—0
177




2. Evaluate.

1y 2 2 4
a) /56 - dy, b)/ v 5 dx, c)/ 6xInz dx.
3y (22 +1) (z — 1) 2

Solution:

561/:‘/
d
2) / 3y 7

20 + 2 Az +B C D
($2+1)(x—1)2_ 2+ 1 +93—1+(x—1)2
— 20 4+2=(Az+B)(z—1)*4+C(z—1) (z*+1)+ D (2* +1)
—=20+2=(A+0)2*+(2A+B-C+D)a*+(A-2B+C)a+B—-C+D

A+C=0
'ﬂitggﬁgffo v A=1B=-1,C=-1,D=2
B-C+D=2
2z + 2 rz—1 1 2

(932—|—1)(93—1)2 932+1_I—1+(x—1)2

/ (22 +2:16)jz:c2— 1) = / <;C2111 o i 1 (z —2 1)2) o

1 2x 1 1 1
= - e da — de+2 | ——— d
2/x2+1 v /x+1 v /:c—l v /(m—l)2 v

1 1
= §1n(x2+1)—ln\x+1\—ln|x—1|—2m+0

4
c) / 6x Inx dx; we apply integration by parts
2

u = Inx, dv=>6xdr
1

du = —dx, v=3z?
x

4 4 4
/ 6xInz dr = [szhﬂx};l —/ szé dr = [SxQIHxE —/ 3z dx
2 2 2
4
= [32% ], — Eﬁ} = (3(4)*In4—-3(2)°In2) — g ((4)% = (2)?)
2

=48In4 —12In2 — ; (12) =96In2 — 12In2 — 18

=84In2 - 18




3. Evaluate.

1 2 /2
a dr, b / 1 — cos4x) cos2x dx.
=TIl )

Soluilsion:

a)/o \/f_iladx

T =2sinf

dr = 2cosf df /1 x? /”/6 4sin® 6 /W/G .
— dz = —2cosf df = 4sin” 6 db
z=0=0=0 0o V4 —a? 0 \/4—4sin®0 0

r=1=0=7%

/6

/6 /6 1 1
/ 4sin® 6 df = 4/ 3 (1 — cos (20)) df =2 [9 — 5 sin (29)}
0 0

0

3

3 3

= — —8in

:2{7r 1.(7r)} 7; .(7r>:§_\/§ W_\/;

=3

/2
) / (1 — cos4x) cos2x dx;

/12

Since cos 4z = cos (22 + 2x) = cos® (22) — sin? (2z) = 1 — 2sin? (2z)

w/2 w/2
/ (1 — cos4x) cos 2z dx = / (1— (1 —2sin*(22))) cos 2z dx
/12 /12

/2
= / 2sin? (27) cos 2z dx
w/12

u = sin (27) )

. /2 0
du = 2 cos (2@ frix | — / 2sin? (27) cos 2x dr = / u? du
E)) — 2 /12

1/2




4. Determine whether the following improper integrals converge or diverge. Give reasons for
your answer.

e d o0 1
a)/ 3:2: N b) S 2. dx.
1 xvVinzx 1 T¢4sin“x

Solution:
¢ dx
a) ——
1 xzvinz
) ¢ dx
lim ——
b—=1* Jp xvInzx
u=1Inx
du =+ dz ) ¢ dx . U du
z — lim = lim —
r=b=u=Inb b1t Jy o/Inge  bolt S ul/3

r=e=—=u=Ilne=1

1 U2/3 1 3
—lim [ uBdu=lim X =2 lim (12/3 — (In b)2/3) 1
b—1t Inb b—1t 2/3 Inb 2 b1+

Hence the improper integral converges and has value 1.

> 1
1 T +smx
We apply the direct comparison test, since it is not possible to integrate the integrand in terms
of elementary functions.

1 1
O§2—,2§—2forallx21
rze+sm°r T
Therefore, we see that / ————— dx converges since / — dx is a convergent p-integral
1 x?2+sin“x 1 x?
with p =2 > 1.




5. For each of the following, state whether the sequence {a,} converges and, if so, to what
value.

sin™" () cos’n
a) a, = ot (1) 1y b) a, = o
Solution: . (1)

sin” " (=
Y ()

sin! (1) T T
lim a, = lim ———45 = lim T ~ = lim ——— =1
n—oo n—oo tan (E) n—00 !+(l)2 (_ﬁ) n—o00 '+(%)2
Hence the sequence converges and has limit 1.
b) a, = cos’n
an = —

2 1 1
PN < 2 and lim — = 0. Therefore, by Sandwich

0.

We have —1 < cosn <1 = 0 <

COS2 n

2n

Theorem, we see that lim

n—oo




6. Solve the initial value problem for = as a function of ¢.
dx

t+2) — = 2241, t> -2
(t+2) = = &+1, ,

x(2) = tanl
Solution:
dz dt
2?2 +1 t+2
tan 'z = Inft+2|+C
tan"'z = InC(t+2) because t > —2,
tan ' (tan1) = InC(2+2)

1 = In4C
4C = e
e
¢ =1

tan 'x = an (t+2)




