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1. AREA

Find the areas of the regions enclosed by the lines and curves in Exercises 41-50.
41. y=2>—2and y =2

Solution:

a=—2,b=2;

f@)—g(@)=2—("-2)=4—2"

:>A:/_22(4—:c2) dz — {4:5—%3}22: (g_§>_(_8+§>

.y 24 8\ 32
N 3 3/ 3

42. y =2z —2* and y = —3

Solution:

a=—1,b=3;

f(x)—g (@)= (2z—2%) — (-3) =22 — 2" + 3
3 23 3 3

:>A:/ (22 — 2% + 3) d$:[x2—§+3$] =3

-1

-1

43. y=2* and y = 8z
Solution:
a=0,b=2;
f(x) =g (x) =8z —a
822 :cf’} 2 32 48

2
_ 4 _ | == _ =
:>A—/O (SSL’ x)d:c [2 3

44. y=2°> -2z and y ==z

Solution:

Limits of integration: 2 — 22 = 2 = 2 = 32
—z(r—3)=0=a=0and b=3;



f(x)—g(x)=2— (2* — 22) = 3z — 2?

3 2 3713
3z T 27 9
/wa)x[z 3}02 2
45. y=2% and y = —2° + 4z
Solution:
Limits of Integration: 2% = —2? + 40 = 22% — 42 =0

— 2r(r—2)=0=a=0and b= 2;
f@)—g(z)= (-2 +4z) —a® = 22 + 4

2 _ox3 42217 1
:>A:/ (—22* + 42) dx:{ il x} _®6,6_8
0

=——+
., 3 2 3

3 2

46. y=7—2z% and y = 2> + 4
Solution:
Limits of Integration: 7 —22* = 22 +4 =322 -3 =0
—=3(r—-1)(z+1)=0=a=—-1and b=1;
f(z)—g(z)=(7-22%) — (2* +4) =3 — 32”

1 371
:>A:/ (3—3x2) d:c:?)l:c—%} =4

-1 -1

47. y=2* — 42* + 4 and y = 2*

Solution:

Limits of Integration: z* —42? +4 =2 = 2* — 52> +4 =0
— (2°—4)(2*-1)=0= (2+2)(z—2)(z+1) (2 —1) =0
—r=-2,-1,1,2;

f(@)—g(@)= (2" —42”+4) — 2> = 2" — 52° + 4 and

g(x)— f(z)=2"— (2" —4a® +4) = —z* + 52> — 4
1

“1
:>A:/ (—a* +5z* — 4) d:c+/ (z* —5a* +4) dzx

2 -1

2
—l—/ (—z* +52% —4) dz
1

x®  had -1 A Y ! x®  bad 2
Ty 2y Ly
R R SR i S IR [

48. y=zva?—x%,a>0and y =0

Solution:

Limits of Integration: zva? — 22 =0= 2 =0 or

Va2 —22=0=z=00ra’—2’=0= 2= —0q,0,q;

0 a
A:/ —zva? — x? dx+/ zva? — x? dx
—a 0



_ E (2 )3/2}0

—a

1

2

(a2)3/2 B [ 1 aQ 3/2}
3

o]

Wl N+~

49. y = /|z| and 5y = = + 6 (How many intersection points are there?)

Solution:

N/ — 1 <
Limits of Integration: y = +/|z| = f(x) = { v }f z<0

\/E
6

5y—:c+60ry——+ s for . <0 /— __+3

:>5\/—_x:93+6:>25( z) = 2° + 127 + 36
— 2?4+ 372 +36=0= (z+1)(z+36) =0
— 1z = —1,—36 (but x = —36 is not a solution);
for v > 0:5yr =2+ 6 = 250 = 2% + 122 + 36
— 2?1324+ 36=0= (2 —4)(z—9) =0

= x = 4, 9; there are three intersection points and

LT e

(x4 6)° n

2
2 (@+6)° 2 4
10 3

N3/2
(=) 10 3

_I_

-1 0

6
$_|5_)d:v
9

5

3

50. y = ‘x2 —4‘ and y = (2°/2) + 4
Solution:
Limits of Integration:
y—}x _4{ {x2—4 if z<-2o0rz>2
-z if -2<x<2
2
forx < -2 and z > 2: x2—4:%+4

— 227 —8 =2 +8 = 2* =16 = x = +4;
2

for—2§x§2:4—x2:%+4:>8—2x2:x2+8

— 2 =0=2=0

A:2/02K%2+4) —(4—:52)} d:c+2/24l<%2+4) —(
64

3

51. z =2y%, 2 =0, and y = 3
Solution:

Limits of Integration: ¢ =0 and d = 3;
fy) =gy =2y —0=2y

3 233
:>A:/ 2y2dy:[i] — 18
0 3 0

52. r=y?and & =y + 2
Solution:



Limits of Integration: y* =y +2 = (y +1)(y —2) =0
c=—-1,d=2;
f(y)—g(y)22(y+2>—y2

2

:>A=/_1 [(y+2) —y?] dy = {y—

2

9

2 —y?| ==
5+ yL

2

53. y> —4rx =4 and 4o —y = 16

Solution:

Limits of Integration: 4z = y> —4 and 4z =16 +y = 3> —4 =16+ y
= —y—-20=0= (y—5)(y+4) =0=c= —4,d = 5;

fly)—gy) = <16iy) _ (y2;4) _ +4y+20

1 [ 243
:>A:—/ (—y*+y+20) dy=—
4/, 8

(p.414)

2. REVOLUTION ABOUT THE Y-AXIS

Use the shell method to find the volumes of the solids generated by revolving the regions
bounded by the curves and lines in Exercises 7-14 about the y-axis.

T.y=x,y=—x/2,2 =2

Solution:

a=0,b=2;

b 2 2
- shell shell - x B 5 3
V—/a 27 ( radius ) ( height ) dx—/o 2w [:c— (—5)} d:c_/o 2w '3 dx
2

= 7r/ 3x%dr =7 [xg}i = &.

0

8. y=2x,y=z/2,x =1
Solution:
a=0,b=1;

b ) 1 2

shell shell T .

V_/a 27T<radius) (height ) dx—/o 21 [23;—5} dx_w/o 2(7) do
1

:7T/ 3x%dr = 7 [xs}(l) = T.

0

9. y=a?y=2—2,2=0,forz >0
Solution:
a—O b—l

shell shell dx = 1 21z [(2 — 2) — 2% de =2 1 (22 — 2 — 2°) do
radlus height —Jo T - 0

PN FESE ) RSP SRS S A
3 4], 3 4) 6

10. y=2—-22y=2%2=0



Solution:

b shell shell ! N ! )
V= a27r radius height dx:/027m[(2—x)—x]dx:27r/0x(2—2x)dx

1l.y=2z—1,y=+z,2=0
Solution:
a=0,b=1;

Vo o (Sl shell ) o [y [Vz— (20— 1)] de =2 1(3/2—22+)d
= i ™ radius helght T = . T i X T = 4T ; T T X X

2 2 1.0
:2 = 5/2__ 3 2 S—
s {535 3£L’ + 2:5 T8

12. y=3/(2Vz) ,y=0, =1,z =4
Solution:
a=1b=4;

b 4 4
- shell shell - 3 i B 1/2
V = /a 2 < radius ) ( height ) dx —/1 2rx (533 dr = 37 1 x4 dx

2 4
=3 {—xg'/Q] = l4m.
3 1

3. REVOLUTION ABOUT THE X-AXIS

Use the shell method to find the volumes of the solids generated by revolving the regions
bounded by the curves and lines in Exercises 15-22 about the z-axis.

15. 2 =y, o = —y,y =2
Solution:
c=0,d=2;

a shell shell 2 FU
V= . 2m radius height dy = ] 2y [y — (—y)] dy =2m i (y +y ) dy
2y°/2 377 5 3
ZQW[y +y—} :27TF<\/§) +2_}:27T<8_‘/§+§)
0

5 3 5 3 5 3
V2 o1 167
=167 (=45 ) == (3v2+5).
67?(5 +3 5 3V2+5
16.x:y2,x:—y,y:2,y20
Solution:
c=0,d=2;

v ["o.( shell shell \ , _ [* ) Y
). T\ radius height vy= 0 2my [y° — (=y)] dy = 2= ; (v’ +y%) dy

4 372

2 1 4
=27 y_+y_ =167 |—= + = ZE.
4 3 0



Solution:
c=0, d— 2;
_ shell shell 2 ) B 2 ) X
V_ <rad1us>(he1ght) dy = /027Ty[2y—y]dy—27r/0 (29" —y°) dy
23/3 y? ? 87T
—on |2 L —op | = = 22 =28,
W{ 3 4] 3 4 3
18. v =2y -’z =y
Solution:
c=0,d=1;

1
2ﬂy[2y—y2—y} dy:27r/0 y(y—v?) dy

d
shell shell
V= /c 27 ( radius ) ( height ) dy =

:27r/01(y — %) dy_gﬁ{_s_yz]

Il

19. y = o],y =1
Solution:
c=0,d=1;

V= d2 shell shell dy = 9 1 ()] dy =2 122d
N . T\ radius height y=<em ; Yy Y Yy =27 i Y dy
47T 371 47T

:F{yh:?.

20. y:xvy:2x7y:2

Solution:

c=0, dd: 2; 2 »
V:/c 27T<r2}cll?ﬂs) (hsjilgﬂt> dy=27r/0 y[y—%] dy =27 i % dy
— -

2. y=Vr,y=0y=2-2
Solution:
c=0,d=2;

v d2 shell shell dy =2 2 [(2 +y) - 2} du — 9 2 (2 2 3) d
. "\ radius height y=-em ; Yy y) =y ay = 2w i y+y® —vy°) dy
167

3

22. y=\Vr,y=0y=2-u
Solution:



c=0,d=1;

V= d2 shell shell dy = 2 1 (2 y)— 2] P 2(2 L 3)d
). "\ radius height Yy=-m ; Y Yy) -y | ay=2m ; y—y —y’) dy

_im
i

4. COMPARING THE WASHER AND SHELL MODELS

25. Compute the volumes of the solid generated by revolving the region bounded by y = x
and y = 2% about each coordinate axis using

a. the shell method. b. the washer method.

Solution:

d shell shell !
(a) About z-axis: V :/C 2 < radius > ( height ) dy :/o 2y (Vy —y) dy
! 2 1,]" 2 1 o
— 2 3/2 d o 2 “ 5/2 3 _ 2 _ = R
4 /0 (v ) O S A 14 "\573) 715
. shell shell ! 2
About y-axis: V = ( radius ) ( height ) dy —/0 2mx (az - ) dx
.T4
4

:27r/01(:c2—x) dx—27r[§— L_—z%(g—l):%

(b) Aboutxbams R(z) =x and r (x) 1
:>V:/ W[R(x)2—r(x)2} dxz/o 7 (2? — z*) dz

a

SN L Y 6 S A
35,7875 T 18
About y-axis: R(y) =+/yandr(y) =y
d 1
:>V=/ m[R(y)* —r(y)’] dy:/ m(y—y°) dy
0

2 3t 1 1 T
=7 |— — — =7 -— - — —
2 3], "\273) "%

S

5. CHOOSING SHELLS OR WASHERS

In Exercises 27-32, find the volumes of the solids generated by revolving the regions about the
given axes. If you think it would be better to use washers in any given instance, feel free to do
SO.

27. The triangle with vertices (1,1),(1,2), and (2,2) about

a. the z-axis b. the y-axis

c. the line x = 10/3 d. the liney =1

Solution:

d 2
shell shell
(a)vz/c2w(radius)<height)dy:/IQWy(y_l) dy
2 3 272
Y Y 5T
-9 2 _ —or || =22
o 60 ng z]o 3

b 2
shell shell
(b) V:/a 27r< radius ) ( height ) d:L“:27T/1 r(2—1) dx






