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1. DERIVATIVES OF INVERSE FUNCTIONS

31. Let f(z) = 2° — 32%, 2 > 2. Find the value of df '/dx at the point r = —1 = f (3).

Solution: df‘l . .
de o0 Y i = 7 [e=3= 3

32. Let f (v) = 2* — 42,2 > 2. Find the value of df ' /dx at the point z = 0 = f (5).
Solution: g . )
— =2r—4 = = ¢ |lz=5— L,
TN T T d le=16) Ui l2=5 6

33. Suppose that the differentiable function y = f (z) has an inverse and that the graph of f
passes through the point (2,4) and has a slope of 1/3 there. Find the value of df ' /dz at the
point z = 4.

Solution:

df 1 df 1 1

i |lo=a= “dr lo=r2)= jz |2=2=

=3

—
W] =
SN—

34. Suppose that the differentiable function y = g (z) has an inverse and that the graph of g
passes through the origin with slope 2. Find the slope of the graph of ¢! at the origin.

Solution:
A N A T
dx r=0— dx z=f(0)— % z=0—" 92"

2. USING PROPERTIES OF LOGARITHMS

(p.484)
1. Express the following logarithms in terms of In2 and In 3.
a. In0.75 b. In(4/9) c. In(1/2)



d. nVv9 e. In3v2 f. InV13.5

Solution: 3

(a) In0.75 :lnz =In3-In4=Imn3-In2>=Imn3—-2In2
b) In(4/9) =In4 —In9=1n2%>—-1n3?>=2In2 —2In3
c)In(1/2) = 1n1—1n2:—1n2

(

( 2
(d) Inv9 = 1n9—3ln32:§ln3
(

(

e) In3v2 =3 +m2"? =3+ - Lo
27 "1
) In

1 1 5 1
f \/13.5—§ln13.5 3 ?_5(1]@3 —1n2)—§(31n3—1n2).

2. Express the following logarithms in terms of In5 and In 7.
a. In(1/125) b. In9.8 c. In7V7

d. In1225 e. In0.056 f. (In35+1n(1/7))/In25

Solution:

(a) In(1/125) =Inl1 —3In5 = —31Inb

b) In9.8 = 1n4_5? =In7"-In5=2In7—1Inb

¢) In7V7 = 7% = glrﬂ

(

(

(d) n1225 = In35% = 2In35 = 2In5+2In 7
(e) 11(10.()56:1[11—;5 =In7-In5=In7-3In5

( In54+In7—-In7 1

f) In35+1n(1/7)) /In25 = G =3

Use properties of logarithms to simplify the expressions in Exercises 3 and 4.
i 1
3. a. Insinf — In (8129) b. In (3:62 — 9x) +1In <3—>
x

1
C. 5 In (4t4) —1In?2

Solution:

=1Inb

sin 0

(a) Insinf — In (Slge) In sin
5

(b) In (32° — 92) + In (%) =In (%) =In(z —3)

T

2
(c) %ln (4t) —In2=InV4t* —In2 = 2> —In2=1In (%) = In (*)

4. a.lnsecf+Incosf b. In(8z+4) —2In2

c. 3InvVt2—1—In(t+1)

Solution:
(a) Insecf +Incosf = In[(secf) (cosf)] =Inl =0

4
(b) In (82 +4) —2In2 =In(8z +4) —Ind = In <8x+

):m(sz)



() 3VE—T—In(t+1) = 3 (1) —ln(t+1) = 3(%) In(2—1) —In(t+1) =

(t+1)E—-1)\
In (W) =In(t—1).

3. DERIVATIVES OF LOGARITHMS

In Exercises 5-36, find the derivative of y with respect to x,t, or 6, as appropriate.

5. y=In3zx

Solution: ) )
— 1 / — E— = —,

y=In3r =y (3x> (3) .

6. y = In kx, k constant

Solution: . .
=Ink == (k)= —.

y=Ikr =y ( kx) (k) =~

7. y=1In (t2)

Solution:

y=In(*) =y = (%) (2t) = %

8. y=1In (t3/2)

Solution: J ) 5 5
— In ($3/2 YW () (2p2) 22
y= (%) =2 =5z 3 2
3
9. y=In—
Solutign: J . )
_ Yy -2
Yoy T dx <3x_1)( ) x
10. y = l_n§
x
Solution: ]
y=In—=mn3-lnz =y =——
T T

24. y=In(In(Inx))
Solution:

1 1 1
y=In(ln(Inz)) = ¢ = d

—— (Inx) =

In(Inz)Inzdx ~ zlnzln(nz)

d
In (Inz) dz (In(nz)) =

25. y = 0 (sin (In0) + cos (In 7))
Solution:

y =0 (sin(Inf) + cos (Inf)) = % = [sin (In#) + cos (In0)] + 0 (cos (Ino) - % —sin (In ) - é)
= sin (In @) + cos (In#) + cos (In#) — sin (In ) = 2 cos (In )

26. y = In (secd + tan )



Answer:
y' = secf

1
27. y=ln ——

Y zvr +1
Answer:

3 2
y/:—lnx—éln(x—i—l)jy’:_ T+

2z (x+1)

1. 1+=x
28. y = -1
8.y=ghy—
Answer:

y =

1—az%

1+Int
1—-Int

29. y=
Answer:

,_
TR ey

30. y = \/ln\/l_f

Solution:
Y = \/ln\/% = (1nt1/2)1/2 _—
1
!/

v 4t\/1n\/1_5.

dy _
dt

31. y = In(sec(Inh))
Solution:

y=In(sec(nd)) — 2 - .1 _ tan(lnf)

d6 ~ sec(Inf) db (sec (Inf)) = 0

v/sin 8 cos 6
1+2n6

Vsinfcosf 1 dy 1 (cos@ sin@) B
2

32. y=1In
Solution:

y=y= lnm = 5(11131ru9—l—1ncos«9) —In(1+2nf) = ==

sinf  cosf

2

9
1+2In6
4

:>y’:1 cotf —tanf — ——————|.
2 0(1+2In6)

33. y=1In

(2 +1)°
N

Solution:



5

) = ln<(:c2+1

1—=z
10z n 1
241 2(1—-2)

1 d-2x 1 1
— 2 _ = _ g i _
) = 5In (2 + 1) 2ln(l r) =y o 2<1—x>( 1)

~—

34. y=1In (z+1)°
(z +2)%
Solution:
(x+1° 1 .1/ 5 20
=Iny/— ==[51 1) —201 2 =— — :
y=In 12 2[5n(x+) Oln(z+2)] =y sloet a1

1‘2
35. y= / In V% dt
z2/2
Solution:

2

_ z dy B 5 d 9 2 d [ 2 B |$‘
y_/xz/zln\/idtﬁdx—<ln\/az_>~dx(x)—(ln\/2 13 _23;’111\:L’|—:cln\/§

vz
36. y:/ Int dt

Jz
Solutio3n:

y:/\/_ Int dt:>% = (ln%)

(Inv/7) (%x1/2>

AL WA) — (D) - (8) = () (37) -

,:ln\?’/}_lnﬁ
YTRYe T

4. INTEGRATION
Evaluate the integrals in Exercises 37-54.

—2
37. / d_x
3 X

Solution:

2 dx 9 2
— =l a=1In-.
/3 T [} n3

0 3dx
38.
/_131'—2

Solution:

0 3d£l? 0 2
— |3z —2)°, = In=.
/_1 3p—2  mPr—2, =z




2y dy
39.
/ y? — 25
Solution:

2y dy
y? —25

zln‘y2—25‘ +C.

40. / 8y dy
4y? — 5
Solution:

8y dy
4y? — 5

:1n|4y2—5}—|—0.

41, /7r sint dt
o 2—cost

So}ution:

int dt
/&zlnp—cost]g:ln?).
o 2—cost

53 /L
") 2Vr+ 22

Solution: p )
X i
— = [ ———————letu=1 — du = —~ dua;
20T + 22 /2\/5(1+\/E)’ et u=1+yr=du SN
dx du
/2\/5(1+\/:E) /u nlul+C=Mh|l+Vz|+C=(1+z)+C

5. LOGARITHMIC DIFFERENTIATION

In Exercises 55-68, use logarithmic differentiation to find the derivative of y with respect to the
given independent variable.

55. y=+v/x(z+1)

Solution:

y=+z(r+1) :(93(93+1))1/2:>1ny:%ln(x(xjtl)):>21ny:1nx+1n(93—|—1)

2y 1 1 1 1 1 2 1
— L=y :>y’:<§)vfff(fc+1><_+ ):2 =

Y x x+1 r x+1 x(r+1)

56. y = /(22 + 1) (v — 1)?
Solution:
Y= \/(x2+1)(x—1)2:>1ny:

o (2*+1) 4+ 2In (z — 1)]

y 1 2x 2 , \/ ) 9 x 1
Y 2<x2+1+x—1 Y (@ +1) (@ -1) 932—|—1+x—1

DO | —

t
ST- v =171

Solution:



Int —1In(t+1)]

+
—

1 )

dy 2t+1
:>a——72 32"
2(2 + 1)

59. y = V0 + 3 (sinf)
Answer:

y=+v0+3(sinfh)
— &y _ V8 + 3 (sind) [

20 —l—cote}.

1
2(60+3)

60. y = (tanf) V20 + 1
Answer:

y = (tanf) V20 + 1

— % = (sec29) V20 +1+

tan @
20+ 1

6l. y=t(t+1)(t+2)
Answer:
y=t(t+1)(t+2)

d
:>d—:g:3t2+6t+2.

1

t(t+1)(t+2)
Solution:

62. y =

1dy 1 1 1
ny=Inl—Int—In(t+1)—-In(t4+2) — -F - -~ _ -
— Iny =1In nt—In(t+1) n(—l—):>ydt i1 133

YTHer Dt +2)
dy 1 { 11 1 ]__ 3t + 6t + 2
dt  t(t+1)(t+2) [ t t+1 t+2] (B +324+20)7

045

63. y =
4 0 cos
Answer:

_0+5
y_HCOSH

:>@— o5 = —l—i—tane
dd  \Ocosh O0+5 0 '




Vsecl
dy  Osinf

— n + t@—}t no
db sec 6 0 co 2a

W _ (m+1)10{ 5 - ]

r+1 20+1]

-2
67.y: 3 M

2?41
Answer:

_g/rlz=2)
Vo241
d 1 _
:>—y 3M 1 1 2x
dx 3 1’2—}—1 T

r(x+1)(z—2)

68. y= ¢
S ATEVeTEEy

Solution:
z(x+1)(z—2) 1
@2+ 1) (22 + 3) — lny = 3 [lnx+ln(x+1>+1n<x 9)
(

—In(2*+1) —In(2z + 3)]
, Llyjr(e4+1)(x—2) 1 1 - ,
:>y—§\/(x2+1>(2x+3>< Tt _ _ )

r—2 22+1 2r+3

(p.493)



6. DERIVATIVES

In Exercises 17-36, find the derivative of y with respect to x,t, € as appropriate.
17. y=e
Solution:

y=e " =y = —5e .

18. y = /3
Solution:

2
y=e* =y =ze

2x/3

2x

36. y = /4f1nt dt

Solutiozgl:

Yy = /: Intdt =y = (1n62x)-di (621’)—(11164\/5).% <e4\/5) = (27) (62:{:)_(4\/5) <e4\/5)-

4/x X
d
T (4vz)

2
— y = 4ze® — 4y/zetV? (7) — y = dze®® — 87
x

7. EVALUATING LIMITS

(p.549)
Evaluate tlxle limits in Exercises 85-96.

85. lim
z—0 xX

Solution:

The limit leads to the indeterminate form g: liII(l) 107 -1 = hII(l) w = In 10.
T—> €T T—

9
-1
86. lim 3
6—0
Solution:

The limit leads to the indeterminate form g: éim

sinz -1
87. lim ——
z—0 e¥ — 1
Solution: ) we (]
0 2slnx _ 1 2511’1"E 2
The limit leads to the indeterminate form 6: liII(l] =1 = hII(l) (In2) (cos )
T eT — T—s e

=In2.

88. lim —1
z—0 e —1
Solution:



2-sinz _ 1 2752 (In 2) (— cos x)

The limit leads to the indeterminate form —: liII(l) 1 = hII(l) =
T er — T e
—1n2.
89. lim o2
z—0e? — g —1
Solution: 0 55 g 5
The limit leads to the indeterminate form —: lim QT OCOST lim ST lim oSt _ 5.
0 z2—0e*—x—1 a2-0e” — a—0 e
. 4 —4e”
90. lim
z—0 ge¥
Solution: 0 4 47 47
The limit leads to the indeterminate form —: lim ¢ _ lim e —4.
0 z—0 ze* z—0 % + ze”
—In(1+2
91, Ly Lo +2t)
t—0+ t2
Solution: )
0 t—1In(14+2¢t - =
The limit leads to the indeterminate form —: lim M = lim M = —00.
0 t—ot 12 t—0t 2t
. 9
92, Jim S (12)
r—d et 44+ 3 -1
Solution: )
0 i 277 si
The limit leads to the indeterminate form —: lim Sm—mx) = lim m sin () cos ()
) 0 a—de?44+3—2 24 er=4 —1
in (2 2 2
— lim 7sin (2mx) i 27 cos (2mx) _ 92
z—4 ert—4 1] r—4 er—4
t 1
93. lim (6— _ —)
t—0+ t t
Solution:
. ) ) 0 . et 1 ) et —1 . et
The limit leads to the indeterminate form —: lim [ — — — | = lim =lim | — | =
0 t—ot \ t t—0+ t t—0+ \ 1
1.
94. lim e YIny
y—0+
Solution:
. . . 00 Ly . Iny . -1
The limit leads to the indeterminate form —: lim e”/YIny = lim — = lim —5F—— =
00 y—0t y—0+ €Y y—0+t —e¥ (y—2?)
— lim — =
y—0+ —eY
(p-550)
. 1/x
3. Ilirél+ (cos \/E)
Solution:

z 1
Y= (cos \/E)l/ — Ilny=—1In (cos \/E) and
x
In (cos /) —sin(vr) -1 lim tanyz 1 se M sec? T 1

VY lim — VY = _—Z lim 2 _Z
i T e 2\/x cos \1/5 2 am0t AT 2 oot Tx1/2 2
— lim (cos \/E)l/x =e 2= —,

z—0t \/E




4. lim (z 4 *)¥*

Tr—00

Solution: 01 , 51 N oot

y = (x—l—ex)2/x — lny = 2n (@ + ) = lim Iny = IimM — lim —— =
oot T—00 z—o0 I + e¥ z—oo 1 + €7

lim =& =9

r—oo €%

— lim (z + ex)2/x = lim e¥ = €2

11. For what = > 0 does z'*) = (2%)*? Give reasons for your answer.

Solution:

Inz®) = 2°Inz and In (2%)" = zlnz® = 2%Ina; then, 2°Inz = 2 lner = (2" —2*) Inz =
0=2"=zorlnz =0.

Inz=0=2=1;2°=2> = zlnzr = 2Inz = 2 = 2. Therefore, z(*") = (2)* when z = 2
orx = 1.

t
144

x , 0 2 2
— 2) = - ) ==
Tra S = (1+16) 17

dt.

13. Find ' (2) if f (z) = ™ and g (z) :/
Solution: :
F (@) = e = f' () = 99/ (2), where ¢/ (z) =

(p.547)
24. Find the derivative of y = (1 + 2?) etan™
Solution:
tan~ !z
o 2 tan~ !z I tan~ !z 2 € tan™" x tan~ 1
y—(1+:c)e — Yy = 2ze +(1+x)<1+$2) 2ze +e

29. Find the derivative of y = (sin 9)\/5.
Solution:
y= (Siﬁe)\/a — lny = Von (sin0)

ldy cos | .
de_\/a(sinG)+29 In (sin 6)

— % = (sin@)\/é (\/écotﬁ + %)

30. Find the derivative of y = (Inz)"/ ™"

Solution: )
y=(Inz)"/™" — Iny = o In (Inz)

— % - (ﬁ) <ﬁ) G) tiena) [(1;;2] G)
x (Inz)?




