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1. BASIC SUBSTITUTIONS

Evaluate each integral in Exercises 1-36 by using a substitution to reduce it to standard form.
16z dx
1

) V8x2+1

Solution:

16x . w=8z2+1 du B 2
Wd%{du:wxdaz} — ﬁ—2ﬁ+0—2M+0,

3coszx

") V1+3sing

Solution:

3cosx | u=1+3sinz du B .
mdx’{du:?)cosxdx} %/ﬁ—2ﬁ+c—2m+0.

2

3. /3\/sinvcosv dv.

Answer:
2 (sinv)*? + C.

4. /cot3 ycsc?y dy

Solution:

— cot u? — cot?
/Cot?’ycsczy dy;[duj_gsc% dy] —>/u3 (~du) = —— +C=— el
1

5 / 16z dx

" Jo 8x242
Solution: )

116 d u:8$ +2 lod
/#; du = 16z dz —>/ —u:[ln|u|];0:1n1()_1n2:
o 81°+2 r=0=—=u=2r=1=u=10 2 U

In 5.



/”/3 sec? 2 dz
6. _
x4 tanz
Solution:
7/3 2 u = tanz V3
sec”z dz, du = sec? z dz N 1 du = [In |uH‘/g
tanz U 1

:ln\/g—lnlzln\/g.

“/Zi%ﬁs

Solution: .
U = +\/T +
dx A 2 du
[ e | S | =[S mms ey e

s |25

Solution: \/_
u=+r—1
dx 2 du
du=5=dx | —— =2In|u|+C =2In|yz — 1|+C.
f—\/_ \/_(\/_ ) QdUQ;/_ﬂ u [ | |

T

9. /cot (3—Tz) dx
Solution:

cot (3 — 7x) dx;[ u=3-—Tr

du = —7 dx
1
= —§ln|sin (3="Tx)|+C

1 1
} —>—?/cotu du:—?1n|sinu|—|—0

10. /CSC (rz —1) dx
Solution:

=7nr—1 du -1
csc (rx — 1) dux; [ du— = do } —>/cscy?_7ln\cscu+cotu|+0

—1
= ?ln|csc (mx — 1) + cot (mx — 1)| + C.

11. /60 csc (69 + 1) deo
Solution:

0
0 0 | u=e +1
/e csc(e +1) dQ,[ du — of

= —In|escu+ cotul + C = —Inesc (¢’ + 1) +cot (' + 1) + C.

12,/M i
xT

— /cscu du

Solution:



t 1 =
/de{u 3+lnx} —>/c0tu du=Inl|sinu|+C =Inlsin (3 + Inx)| + C.

X du = df
t
13. /secg dt
Solution: .
t —t
/sec—dt;[ v 3 } —>/3secudu:3ln|secu+tanu|—I—C
31n |sec & + tan < | + C
= 31n [sec — an — )
3 3
14. /:csec (x2 — 5) dx
Solution:

2
zsec (¢° = 5) d:c;{u_x 5]

du = 2z dx
:%111{36(:(:62—5)+tan(x2—5){+0.

1 1
— /ésecu du = §In|secu+ta,nu| +C

15. /csc (s —m) ds
Solution:

u=s—m
du = ds
= —Infesc(s —7) +cot (s — )|+ C.

csc (s —m) ds; —>/cscu du = —1In|cscu + cotu| + C

1 1
16. — —
6/92csced9

SOhlltioni )
U=z
?cscadﬁ, du:_o_ide]—>/—cscuduzln\cscu—l—cotu|—|—0
1 ! + cot ! +C
= In |csc — + cot —
0 0
Vin2 ,
17. / 2ze” dx
0
Solution: )
vIn2 ) U=2x In2
/ 2ze” dx du =2 dx — / et du = [e"])?
0 0

r=0=u=0,r=vIn2=u=1In2
=e"? el =2-1=1.

18./ sin (y) Y dy

/2
Solution:
- u = cosy -1 0
/ sin (y) e“®Y dy; du = —siny dy — / —e" du = / e" du
/2 y=7=u=0y=1=u=-1 0 -1
e—1
= [eu](ll = :



19. eV sec? v dv

Solution:

u = tanv
e sec? v du; {

du = sec? v dv

} —>/e”du:e“+C:etan”+C.

Vi
20. — dt
[
Solu\l}ion:
t _
/e—dt;{du__\/% } —>/26“ du =2e" + C =2eV" + C.
\/E U= 24/t

21. / 37y

Solution: ) -
/3I+1d:c;[u:$+l}—>/3“du:(—3>3“+(]: +C

du = dx In In3 ’

2lnx
22. / dx
X

Solution:

2lnx U= IH.CU Qu 21nx
dz; 2% dy = — = .
/az :C’[du:d—f}ﬁf e O e e
oV p
23.
/2\/E v
Solution:
oV u = J/w 2u oV
d . w 2ud = — C:— C.
/2\/6 w’{duzf—w}_)/ e Y T me T
24. /1029 do
Solution:

=920 1 10v 1/ 10%
129 . u _)/_1u _ [ .
/0 de’[du:Qdﬁ] =0t =2 o) ¢

9 du
25.
/ 1+ 9u?

SOIthic(i)n: 34
/ 3 { iy ]—>/ = 3tan 'z +C = 3tan ! (3u) + C.

1+ 902 | de =3 du 1422

4
26_/#2
1+ (22 +1)

Solution:



ddr  Tu=20+1 2du ., o
/m’{ du =2 dx ] —>/1+u2—2tan u+C =2tan ' (22 + 1) + C.
1/6
27,/ _dv
o V1-—922
Solution:
W do L 21 du 1 1/2
¥ du =3 dz _>/ Z :|:—Sin_1u

-0 -%
dt

1
28.
|, v

Solution:

i [ e (3)
= |sin "= | =sIn - —0=
0 V4 —t? 21, 2

2s ds
V1—st

Solution:
2s ds u= s> ]

,/1_54; du = 2s ds

29.

—/

du
V1 —u?

=sintu+ C =sin !

+C.

30 / 2 dx
x\/1—41n233

Soluti02n: | p
T u=2lnz U . 1 .1
B o — =gsin"u+C=sin""(2Ilnz)+C.
V1 —4n%z {d“:%] /Vl—u2 ( )
a1 6 dx

") V252 — 1
Solution:

6 dx 6

= —-5sec ' |5x|+ C = 6sec! |5x| + C

xvV25x2—1 O

32/L
| =0

Solution:

/ r 1 1 ‘r‘ LC
————— = —sec " |—=
r2—9 3 3
/ dx

33. _

et 4 e %
Solution:

dxz B er dx . u = e~
ex_|_€fz_ €2x_|_1’ du = e* dx

du

m = tan_lu + C = tan_l GI + C

|~



dy
34. —_—
/ vey —1

Solution: v 4
e’ ay u=eY / u -1 -1
: — | ——— =sec” " |u|+C =sec” " |eY|+
/veZy— evy/(ev)® —1 {du:ey dy} uvu? — 1 . €
/3
¢ d
35. / S —
1 zcos(lnx)
Solution:
/ - da Z . lndf / " _du / " secu du
1 xcos(Inx) r=l=u=02=%—y=1 0 Cosu 0

3
= [ln|secu+ta,nu|]g/3 = [ln‘secgthang‘ — [In|sec0+ tan0|] = In <2+\/§) —In(1) =

In (2—|—\/§).

36./ lnxde
T+ 4xIn“x

Solutilon:d ) 1 d 1 1
/ (n:c x [ u=In"z ]H/ u ln\1—|—4u|+C—81n(1+41n2x)—|—

T 1+:cln2x)7 duz%lnxdx 21+ 4u

C.
2
8 dx
37. —_—
/1 2 — 21 + 2

Solution:

) 9 u=x—1 1

8 [tan’1 u}(l)

=8 (tan" 1~ tan"0) =8 (§ —0) =2m.

4
4
2 dx
38. _
/2 x? — 6x + 10

Solution:

4 2 dw 4 2dr ud:f;?) U du
60110 ), moaal u=du By AT
2 T & 2 (-3 +1 r=2—u=-lr=4—u=1 -1

2 [ta,n_l u} 11

=2[tan "1 —tan~' (—1)] =2 E - (—%)} =.

39. / dt
V—4t2 + 4t -3



Solution:

=t — d
u=t 2}%/%:sin_lu—l—C:sin_l(t—Q)—l—

dt dt
/\/—4t2+4t—3:/ /1_(t_2)2’{ du = dt —u
C.

do
40. / —
V20 — 02

Solution:

=0 — d
u=0 1]%/%:Sin_lujLC’:sin_l(Q—l)—l—

/\/2;19?:/\/1_6?27_1)2;{@:% —
C.

2. INTEGRATION BY PARTS
. X
1. /xsm§ dx

Solution: . .
u=x,du=dr;dv=sin—= dr,v=—2cos—;

. T T T /T
/xsm§ dx——?xcosE—/<—2cos§) dr = —2x cos (§)+4sm(§>—|—0.

2. /«90037?9 df

Solution: )
u=0,du=df;dv = cosmh df,v = — sinnf
s

/Hcoswe d@zgsinwe—/lsmﬁe dezgsinm9+i2cos7rﬁ+0.
T T T

™

3. /t2 cost dt

Solution:
---cost

2 — sint
2t — —cost
2 — —sint

0---
/tzcost dt = t?sint + 2t cost — 2sint + C.

4. /:c2 sinx dx

Solution:
---gsinx
x? — —cosx
20 — —sinx
2 — cosx

0---
/x2sinx dr = —x%cosx + 2xsinz + 2cosz + C.




2
5. zInx dx

1
Solution:

x
u=Inz,du=—;dv=2xdr,v=
x
2

2
2 2 2 .2 272
/xlnxdx:[x—lnx} —/ I—l dx:21n2—[x—} :2ln2—§:1n4—§.
1 2 1 1 2 4

e

6. / 2Inz dr

1
Solution:
u=lInx, du= —I;dv =x dr,v=

xT

e 4 € e 4 4 47 ¢€ 4 1
/xslmdx: LR DY B i R s
) 4 L oL 4z 4

7. / tan"'y dy
Solution:

u=tan ly, du= sdv =dy,v =y;

_Y
1+y?

d 1
/tanl ydy = ytan™? y—/ 1y+ 52 = ytan~! y—§ In (1 + y2)+C = ytan ly—In/1 + 32 +C

8. / sin~ty dy
Solution:

u:sinfly,du: 2;dv:dij:y;

4y
Vi—y
/sin_lydy:ysin_ly /ﬁdy—ysm y+V/1—-9y2+C

9. /xseczx dx

Solution:
w=x,du=dr;dv=sec?z dr,v =tanz

/xsec2x dx:xtanx—/tanx dr = xtanz — In|cosz| + C

10. /4x sec? 2z dx
Solution:

4a sec? 2 dw; [y = 22] — /ysech dy = ytany — /tany dy = ytany — In [secy| + C
= 2x tan 2z — In |sec 2z| + C

11. /9336”” dx

Solution:



8
w
x
8

|

3x?

6z

—~

L
M)

8

|

—
_|_
~—
aQ
8

|

—~

L
D

8

/x3e“’ dr = 2°¢” — 32°e” + 6ze” — 6" + C = (2° — 32> + 62 — 6) " + C

12. /p4ep dp
Solution:
e_p
pto(4) —e?
p° (=) e?
-—
12p* () —e?
—
24p (=) e
—
24 (+) —e?
—
0

/p4e_p dp = —pe? —4pde P —12p%e P —24e P+ C = (—p4 — 4p — 12p* — 24p — 24) e?+C

13. / (x2 — 5x) e’ dx

Solution:

2 =5z (4) €°
20 — 5
2
0

|

—~

l\_/
9]
8

—~

_I_

=
]
8

/(mQ—Sx)ez de = (2 —bz) e — 2z —5)e" +26" + C = (2> = Tx +7) "+ C

14. /(T2+T—|—1) e’ dr
Answer:
(rP—r+2)e'+C

15. /9356” dx

Answer:
(z® — 5a* + 202° — 602” + 120z — 120) ¢* + C

16. / t2e* dt

A%swer: )
t t 4t
(4 3 + 32> e’ +C




/2
17. / 6% sin 20 df
0

A2nswer:
T —4

8

w/2
18. / 23 cos 2z dx
0

Answer:
3(4—7?)

16
2
19. / tsec 't dt
2

/V/3
Solution:

u=sec 't du= sdv =t dt,v = —;

dt
[RVAZI ) 2
2 t2 2 t? dt T 2 7 2 t dt
tsec ' tdt = [— sec ! t} —/ (—) - dt = (2 ______ >_/
/2/\/5 2 2/v3 J2/V3 2)tvt2—1 3 3 6 2/v3 2Vt — 1
1 2 1 4 1 _
:@_l_m] :5_”__<¢§_ 5_1):5W_§<¢§_£>:—5W 3v3

9 2 2/\/3 9 2 9 3 9
1/v2
20. / 2xsin~ ! (:c2) dx
0
Solution: 0 d
uw=sin"t(2%),du = T cdv =2z dv,v = 2%
(2%) —

1/\/§ 1/\/5 2 d 1 1/\/5 d(1 — 4

/ 2 sin~* ($2) dr = [$2 sin™! (xZ)Ll]/ﬂ— g;Zﬂ = (—> (f)+/ M
0 0 Vv1—a4 2) \6 0 21 — 24
77 V2 o 3 T+6v3—12
12" [” 1o 2 V1 12

21./ ¢’ sinf d
Solution:
I = /easinﬁ do; [u =sinf,du = cos6 db; dv = €’ df,v = 60] — I =¢e’sinf — [ €’ cosf db;

[u:cose,du: —sinf db; dv = ¢’ d9,v:ee] — J =¢Psinf — (69COS¢9—|—/6031119 d@)
1
=elsinf—el cos—IT+C" = 2] = (egsin9—€0C039>—|—0/ — ] = 3 (eesin9—69c089)+0

!/
where C' = 5 is another arbitrary constant.

22./ e Ysiny dy

Answer:] = 3 (e’y siny — e Y cos y) +C

23. /625’3 cos 3z dx

2z
Answer:[ = 61—3 (3sin3z 4+ 2cos 3x) + C



24. /62“” sin 2z dx

—2x

Answer:] = — (sin 2z 4 cos2z) + C

25. [ eVt ds

Solution: ) ) )
V3549 . 3S+9:LE‘ z = _Z T .
/e dS’|:dS:%SL’d£L’:|—>/€ 3xdm-3/xe dx;

[u =z, du = dx;dv = e" dzx,v = €"];

g/xe dx—g(xe /e dx)—g(xe e")+C =

1
26. / V1 —xdx

Solutoion: 5
u=x,du=dzr;dv=+1—2xdr,v= —3 (1—a)%

/le\/Ed:c: [—2\/(1—3:)33:}1+§/01 (1—2)° dng

0

Wl N
—
W
&
1
©
3
|
o
7
N
+
Q

/3
27. xtan®z dx

0
Solution:
u=x,du=dr;dv=tan’z,v = /tan293 dx = / (sec2x -1

/3 /3 217/3
/ rtan’x dr = [z (tanx — x)]g/?’—/ (tanz — ) dr = z (\/_ - z>+ [1n|cosx| + 93_]
; ; 3 3 2

0

dr =tanz — x

2
=E<\/§—E>+lnl+ﬂ—zﬁ—3—ln2—ﬂ—.

3 3 2 18 3 18
28. /ln (x+x2) dz
Solution: ) N 4
u:ln(x+x2),du:w;dv:dx,v:x;
x + 22 or i1
JEE dx:mln(x#)—/xé—il)'”x
2 1) d 2 1)—-1
=zl (v +2%) _/M =zln (z +2%) _/M dr = zln (z + 2%) — 2z +
r+1 r+1
Injz+ 1|+ C.
29. /sin (Inz) dx
Solution:
u=Inz
/sin (Inz) dz; | du=2ds | — /(sinu) e" du. From Exercise 21, /(Sinu) e du =
dr =e" du

" <sinu — cosu
6 e

5 )—I—C:%[—ﬁcos(lnx)jtxsin(lnx)]+C’.




30. /z(lmz)2 dz

Solution:

u=Inz
/Z(lnz)2 dz; | du=1dz —>/e”u2e“ du:/ 2up,2

]
[
£

[
[\
=
N[
Q)
[\
IS

aQ
8

|

S
—~
L

8

x

il =
D

I

2u, 2 U 5 U o 2 e 2 2
/e”u du:?e“——e“—ir—e ”+C—T[2u —2u+1}+0=z[2(lnz) —2(Inz)+ 1]+
C

3. INTEGRATION OF RATIONAL FUNCTIONS BY PARTIAL FRACTIONS

10. / du
2 4+ 2z

Soliltion:A ) .
- 1=A(z4+2)+Briz=0— A== —-2— B= -
x2+%lx xjx#c—ﬁ:l} d(x+1)+ e — 2’ — 2’
x x x
- [ = 1 In|z + 2
/x2+2x 2] & 2/x+2 gzl —Infz+ 2] +C
r+4
11. —d
/932+593—6 v
Solugi_04n: 4 .
x
= 4=A(zx—1)+B 6 =1 B=—;2=-6
P — :c—|—6+x—1:>$+ (r—1)+B(x+6);x — = —
A—_—2—g-
-7 7

T+ 4 2 dx 5 dx 5
S N S 2 21 6+ 2lnle— 1|+ C
/a;2+5a:—6 v 7/x+6+7/93—1 nlz+6]+7nle —1]+

1 2 5
:?ln|(az+6) (z —1)°|+C

20+ 1
12. [ =227 g
/ 12

1
4
14./ IE2 gy
12Y°+TY



Answer:

In 2=
"
1
15. - dt
/t3+t2—2t
Solution:
1 A B C
et —— = 1= A +2)(t - 1)+ Bt - 1)+ Ct(t+2);t =0 =

t3+t21—t:t t+2 -l
A= —=if=-2—s B=_—
2 6’

1
t=1=0C=2
3

1 1 fdt 1 dt 1 dt 1 1 1
g (B 2 T 4ot 42+t — 1]+ C
/t3+t2—t 2/t+6 t+2+3/t—1 g Inltlg nlt 2+ g =1+
1 3
T
17. —d
/0x2+2x+1 v
Solut%on: —_—
m =(zx—2)+ (;++1)2 (after long division);
3r + 2 A B
- + s =30 +2=A(r+1)+B;A=3A+B=2;8B=—1

(z+1)?2 z+1 (z+41)

! Vode Vde
—-2)d ——— =3In2 - 2.
/O(x )x+3/0 :c—|—1+/0 EFSIE 31n
19,/d7x2
(2 —1)

Solution:
dz A B C D

(x2—1)2 B $+1+$—1+(x+1)2+(93—1)
C(x—1)2+D(x+1)2;

= 1=A(+1)(z—1)*+B(x—1) (z+ 1)+

1
r=—-1=0C= ;x:1:>D:Z;coefﬁcientof:c?’:A—l—B:>A+B:O;

1
§ 1 1 1
constant:A—B+C+D:>A—B+C+D:1:>A—B:§;thusA:—:>B:——;

4 4
/ dz _1/ dx _1/ dz +1/ dz +1/ dx —lln
(z2-1° 4) 241 4) 2-1 4] (x+1)* 4) (-1 4

C

V3312 444
22./ trt+d
1 34+t

r+1 x
x—1| 2(z2-1)

Solution:

32+t+4 A Bt+C
tf:r+;L T t2i1 =3ttt +d=A+ 1)+ (Bt+ O)tit = 0= A= 4;

coefficient of t? = A+ B=—= A+ B =3 = B = —1;
coefficient oft = C —= C' =1;




V3 942 V3 V3 V3
3t +t+4 dt —t+1 1

/ %dtzll/ —+/ gdt: Alnft| = =In(*+1) + tan~" ¢

1 3+t .t 1 241 2 1

= (4ln\/§— %lnél—l—tan_l \/§) — <41n1 — %1n2—|—tan_1 1) =1In <i> +1

V2) 12
25./ 22
(s2+1)(s—1)

Solution:

25+ 2 _A5+B+ C . D . E
(s2+1)(s—1)> s*+1  s-1 (s—1)° (s—1)°

:>28—|—2:(AS+B)(S—1)3—|—C(82—|—1) (5—1)2—|—D(52+1) (s—1)+E(s*+1)

= [As*+ (-3A+ B)s* + (BA—3B) s>+ (—A+3B)s — B] + C (s* — 25° + 25 — 25 + 1)

—I—D(S3—S2—|—S—1>—|—E(82—|—1>

=(A+C)s*+(-34+ B —-20+ D)s*+(34—-3B+2C — D+ E)s*+(—A+3B —2C + D) s+
(-B+C —-D+E)

A+C=0
—-3A+B-2C+D=0
— ¢ 3A—-3B+2C —-D+ E=0 ) summing all equations — 2F =4 — F = 2;
—A+3B—-2C+D =2
—-B+C—-D+E=2

summing egs (2) and (3) = —2B +2 =0 = B = l;summing egs (3) and (4) = 24 +2 =
2= A=0;

C =0 fromeq (1); then —14+0—D +2 =2 fromeq (5) = D = —1;

/<s2 +21$>t82— 1)° = /s2d—i1 N / (s i81>2 * 2/(:733 = —(s-1D)7+ (-1 +

2tan"ts+ C.

4. TRIGONOMETRIC SUBSTITUTIONS

10 5 dx
") V2522 =9
Solution:

T = gseCH,O <fh< g,dx: gsecﬁtanﬁ,

V2522 —9 = v/9sec2f — 9 = 3tan#;

/ 5 dr B 5 (% sec  tan 9) do

N Lo L = [sect o =tnfsect+ tand] + €



5 V2522 — 9
Y x—‘ +C.
3 3
3
15. x° dx
Va2 44
Solution:

T = 2tan9,—g <0< g,dx:2se(329 df; vV x? +4 = 2sech);

/ e de [ (8tan®0) (cosf) df 8/sin39 do 8/ (cos’0 — 1) (—sinf) db
Vi2+4 o cos? 0 N costf cost 0 ’

t2—1 11 11 sec3
[t—COSQ]HS/ " dt—8/<t—2—ﬁ) dt—8<—¥+ﬁ>+0—8<—sec9+ 5 >—|—
C

214 (a2+ 4 1
= (— s +<x+) +C:§(x2+4)3/2—4\/x2+4+0.

2 8-3

— 2

18. / 9—27”” duw
w

Solution:

w = 3sin«9,—g <0< g,dw =3cosf df, V9 — w? = 3cosb;

a2
/Lw;‘] dw:/3cos«93c089d9 :/cot20 d@:/(csc29—1) do

9sin’ ¢
9—w? | | /w
=—cotfh —0+C = —T—sm (5) +C
2
9o, [_ZdT
(22 — 1)
Solution:

r=sech <0< g,d:c = secftan6 db, (:c2 — 1)5/2 = 3cosb;

/ x? dx _/sec2ﬁsecﬁtan9d0_/cosﬁ 50— 1 Lo x3 Lo
(22 — 1) N tan® ¢ - ) sin'0 T 3sin®f -3 (22 — 1)*?
11’1(4/3) et dt
30. / T
m(3/4) (1 + e?)
Solution: ; ) »
Let ¢! = tanf,t = In (tan#) ,tan"* (= ) <O <tan™' (= | ,dt = See de,
4 3 tan 6

14 e? =1+ tan?6 = sec? 0,

/ln(4/3) et di /tan1(4/3) (tan 6) (%) do /tan1(4/3)
—_— = cosf df
1 t t

n(3/4) (1+ e2t)3/2 an—1(3/4) sec3 0






