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(p. 1107) Find the volumes of the regions in Exercises 23-26.
23. The region between the cylinder z = y2 and the xy-plane that is bounded by the planes
x = 0, x = 1, y = −1, y = 1.
Solution:

V =

∫ 1

0

∫ 1

−1

∫ y2

0

dz dy dx = · · · =
2

3
––––––––––––––––––––––––––––––––––––––––––

24. The region in the first octant bounded by the coordinate planes and the planes x + z =
1, y + 2z = 2.
Solution:

V =

∫ 1

0

∫ 1−x

0

∫ 2−2x

0

dy dz dx = · · · =
2

3
––––––––––––––––––––––––––––––––––––––––––

25. The region in the first octant bounded by the coordinate planes and the planes y + z = 2
and the cylinder x = 4− y2.
Solution:

V =

∫ 4

0

∫ √
4−x

0

∫ 2−y

0

dz dy dx = · · · =
20

3
––––––––––––––––––––––––––––––––––––––––––

26. The wedge cut from the cylinder x2 + y2 = 1 by the planes z = −y and z = 0.
Solution:

V = 2

∫ 1

0

∫ 0

−
√
1−x2

∫ −y

0

dz dy dx = · · · =
2

3

––––––––––––––––––––––––––––––––––––––––––

27. The tetrahedron in the first octant bounded by the coordinate planes and the plane passing
through (1, 0, 0) , (0, 2, 0) , (0, 0, 3).
Solution:∫ 1

0

∫ 2−2x

0

∫ 3−3x−3y/2

0

dz dy dx = · · · = 1

––––––––––––––––––––––––––––––––––––––––––



28. The region in the first octant bounded by the coordinate planes, the plane y = 1− x, and
the surface z = cos (πx/2) , 0 ≤ x ≤ 1

Solution: V =

∫ 1

0

∫ 1−x

0

∫ cos(πx/2)

0

dz dy dx = · · · =
4

π2
.

–––––––––––––––––––––––––––––––––––––
29. The region common to the in teriors of the cylinders x2 + y2 = 1 and x2 + z2 = 1.

Solution: V = 8

∫ 1

0

∫ √
1−x2

0

∫ √
1−x2

0

dz dy dx = · · · =
16

3
.

––––––––––––––––––––––––––––––––––––––––––

30. The region in the first octant bounded by the coordinate planes and the surface z =
4− x2 − y.

Solution: V =

∫ 2

0

∫ 4−x2

0

∫ 4−x2−y

0

dz dy dx = · · · =
128

15
.

––––––––––––––––––––––––––––––––––––––––
31. The region in the first octant bounded by the coordinate planes, the plane x+ y = 4, and
the cyliner y2 + 4z2 = 16.

Solution: V =

∫ 4

0

∫ (√
16−y2

)
/2

0

∫ 4−y

0

dx dz dy = · · · =
32

3
.

––––––––––––––––––––––––––––––––––––––––––

32. The region cut from the cylinder x2 + y2 = 4 by the plane x+ z = 3.

Solution: V =

∫ 2

−2

∫ √
4−x2

−
√
4−x2

∫ 3−x

0

dz dy dx = · · · = 12π.

––––––––––––––––––––––––––––––––––––––––––

33. The region between the planes x+ y + 2z = 2 and 2x+ 2y + z = 4 in the first octant.

Solution: V =

∫ 2

0

∫ 2−x

0

∫ 4−2x−y

(2−x−y)/2
dz dy dx = · · · = 2.

––––––––––––––––––––––––––––––––––––––––––

34. The finite region bounded by the planes z = x, x+ z = 8, z = y, y = 8, and z = 0.

Solution: V =

∫ 4

0

∫ 8

z

∫ 8−z

z

dx dy dz = · · · =
320

3
.

––––––––––––––––––––––––––––––––––––––––––

35. The region cut from the elliptical cylinder x2 + 4y2 ≤ 4 by the xy-plane and the plane
z = x+ 2.

Solution: V = 2

∫ 2

−2

∫ √
4−x2/2

0

∫ x+2

0

dz dy dx = · · · = 4π.

––––––––––––––––––––––––––––––––––––––––––

36. The region bounded in the back by the plane x = 0, on the front and sides by the parabolic
cylinder x = 1−y2, on the top by the paraboloid z = x2+y2, and on the bottom by the xy-plane.

Solution: V = 2

∫ 1

0

∫ 1−y2

0

∫ x2+y2

0

dz dx dy = · · · =
4

7
.
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Evaluate the integrals in Exercises 41-44 by changing the order of integration in an appropriate
way.

41.

∫ 4

0

∫ 1

0

∫ 2

2y

4 cos (x2)

2
√
z

dx dy dz.

Solution:∫ 4

0

∫ 1

0

∫ 2

2y

4 cos (x2)

2
√
z

dx dy dz =

∫ 4

0

∫ 2

0

∫ x/2

0

4 cos (x2)

2
√
z

dy dx dz =

∫ 4

0

∫ 2

0

x cos (x2)
√
z

dx dz =

∫ 4

0

(
sin 4

2

)
z−1/2 dz

=
[
(sin 4) z1/2

]4
0
= 2 sin 4

––––––––––––––––––––––––––––––––––––––––––

42.

∫ 1

0

∫ 1

0

∫ 1

x2
12xzezy

2

dy dx dz.

Solution:∫ 1

0

∫ 1

0

∫ 1

x2
12xzezy

2

dy dx dz =

∫ 1

0

∫ 1

0

∫ √
y

0

12xzezy
2

dx dy dz
∫ 1

0

∫ 1

0

6yzezy
2

dy dz =

∫ 1

0

[
3ezy

2

]
dy dz = · · · = 3e− 6

––––––––––––––––––––––––––––––––––––––––––

43.

∫ 1

0

∫ 1

3
√
z

∫ ln 3

0

πe2x sinπy2

y2
dx dy dz.

Solution:∫ 1

0

∫ 1

3
√
z

∫ ln 3

0

πe2x sin πy2

y2
dx dy dz =

∫ 1

0

∫ 1

3
√
z

4π sin (πy2)

y2
dy dz =.

∫ 1
0

∫ y2
0

4π sin(πy2)
y2

dz dy

.
∫ 1
0
4πy sin (πy2) dy = [−2 cos (πy2)]10 = · · · = 4

––––––––––––––––––––––––––––––––––––––––––

44.

∫ 2

0

∫ 4−x2

0

∫ x

0

sin 2z

4− z
dy dz dx

Solution:∫ 2

0

∫ 4−x2

0

∫ x

0

sin 2z

4− z
dy dz dx =

∫ 2

0

∫ 4−x2

0

x sin 2z

4− z
dz dx =

∫ 4

0

∫ √
4−z

0

(
sin 2z

4− z

)
x dx dz

=

∫ 4

0

(
sin 2z

4− z

)
1

2
(4− z) dz =

[
−
1

4
cos 2z

]4

0

=

[
−
1

4
+
1

2
sin2 z

]4

0

=
sin2 4

2
––––––––––––––––––––––––––––––––––––––––––


