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1. SUBSTITUTIONS IN MULTIPLE INTEGRALS

(p. 1135) In Exercises 1-10, sketch the region of integration and evaluate the integral.
1.
a. Solve the system

u=x—y, v=2r+y

9 (z,
for x and y. Then find the value of the Jacobian %
U, v
b.Find the image under the transformation ©v = x —y, v = 2z + y of the triangular region with
vertices (0,0),(1,1),(1,—2) in the zy-plane. Sketch the transformed region in the uv-plane.

Solution: X
() r—y=wand2xr+y =v = 3r =u+t+vandy =2—u = v = g(u—l—v) and

1
y=3 (—2u +v);
d(z,y) :

0 (u,v)

1
3

1
31
3 3
(b) The line segment y = « from (0,0) to (1,1)is z —y =0 = u = 0;
the line segment y = —2z from (0,0) to (1,—2) is 20 +y =0 = v = 0;
the line segment x = 1 from (1,1) to (1,2)is (z —y)+ 2z +y) =3 = u+v = 3.

2.
a.Solve the system

u=z+2y, v=r—-Y
0(z,y)
0 (u,v)’

b. Find the image under the transformation v = x + 2y, v = x — y of the triangular region in
the xy-plane bounded by the lines y = 0,y = x, and x 4 2y = 2. Sketch the transformed region
in the uv-plane.

Solution:

for z and y in terms of v and v. Then find the value of the Jacobian

1 1
(a)x+2y:uandx—y:v:>3y:u—vandx:v+y:>y:§(u—v) andx:§(u+2v);
O(x,y) | 3 % 1

3

J (u,v) 3
2 2
(b) The triangular region in the zy-plane has vertices (0,0), (2,0), < ) :

3

33



The line segment y = = from (0, 0) to isr—y=0=v=0;

33
the line segment y = 0 from (0,0) to (2,0) = u = v;

2 2
the line segment segment = + 2y = 2 from <§, g) to (2,0) = u = 2.

3.
a.Solve the system

u=3r+2y, wv=x+4y

0 (z,y)

d(u,v)

b. Find the image under the transformation v = 3z + 2y, v = = + 4y of the triangular region

in the xy-plane bounded by the z-axis, the y-axis, and the line x + y = 1. plane. Sketch the
transformed region in the uv-plane.

for z and y in terms of v and v. Then find the value of the Jacobian

Solution: ) )
(a) 3z +2y=vand x+4y =v = —br = -2u+vand y = §(u—3x) =z = g(2u—v)
1

and y = 0 (3v — u);

2 1
a(xuy): 5 —§ :i_
0 (u,v) ~10 1o 10
(b) The z-axis y = 0 = u = 3v;
the y-axis * = 0 = v = 2u;

1 1
the line z +y =1 g(2u—v)+1—0(3v—u) =1
— 2(2u —v) + (3v — u) = 10 = 3u + v = 10.
4. a.Solve the system
u=2r—3y, v=-x-+y
for z and y in terms of v and v. Then find the value of the Jacobian 5 Ex’ y;
(N,

b. Find the image under the transformation v = 2z — 3y, v = —x + y of the parallelogram

with boundaries © = —3,x = 0,y = x, and y = x + 1. Sketch the transformed region in the
uv-plane.

Solution:

(a) 2r —3y =wand -z +y=v —= —r=u+3wandy =v+2x — = = —u — 3v and
Y =—u— 2v;

d(z,y) | -1 =3 _

ou,v) | -1 =2 7

(b) The line z = —3 = —u —3v = —3 or u + 3v = 3;
r=0= u+3v=0;
y=rx+1=0v=1




2. APPLYING TRANSFORMATIONS TO EVALUATE DOUBLE INTEGRALS

5. Evaluate the integral

y/2 Jrl 2
/ / T dx dy
r=y/2

directly by integration with respect to z and y
Solution:

[ x_@mwpéjgxgjvy

4
:5/04[@“)2_(%)2_(g+1)y+(g)y] dy= [ we1-n) dy
:%/O dy =2

6. Evaluate

//(2x2—xy—y2) dx dy
R

for the region R in the first quadrant bounded by the lines
y=-2a0+4y=-20+7y=cr—-2,y=x+1
Solution:

/Zx —xy — y)dxdy—// x—1vy)(2x+y) dr dy

/
28 i L f i

We find the boundarles of GG from the boundaries of R

::>L//;z@dv_ /L/uw@du__/‘upgzdu
()], - (B)en-5%

7. Evaluate
// (3932 + 14y + 8y2) dx dy
R

for the region R in the first quadrant bounded by the lines
y=—0/2)z+1lLy=-03/2)z+3,y=—-1/4)z-2,y=(-1/4)z+1
Solution:

(32° +14:cy+8y) dxdy://(3:c—|—2y)(:c—|—4y) dz dy

/), :
My i LTS0S o

We find the boundarles of GG from the boundaries of R

:ﬁm//w@@fi//w@m_ﬁf ) et [
OEf-(u-a-




8. Use the transformation and parallelogram R in Exercise 4 to evaluate the integral

//R2(:c—y) dx dy
// x—y dxdy—// ‘ du dv —// —2v du dv
://G—deudv:/()/% 20 du do

=/ —2v (3 — 3v + 3v) dv:/ —6v dv = [—37;2];:—3.

0 0

Solution:

9. Let R be the region in the first quadrant of the xy-plane bounded by the hyperbolas
xy = 1,y = 9 and the lines y = z,y = 4z. Use x = u/v,y = wv with u > 0 and v > 0 to

evaluate
JL(E) e
R T

x:u/vandy:uv:>g:v2anda:y:u2;

Solution:

T
0 -1 v 2 2
(z,y) — J(u,v) = v uv :_u;
J (u,v) v u v
y:x:>uv:E:>v:1, and

v
y=4r = v =2;
zy=1=wu=1, and
xy =9 = u =3, thus

// (\[+N2 dxdy—/ / v+ u) (“) dv du
// <2u+2%) dvdu—/ [2uv + 2u? 1nv}1du

:/ (2u+2u’In2) du —8+§(26)(ln2).

10.
a. Find the Jacobian of the transformation z = u,y = wv, and sketch the region u =G : 1 <
u < 2,1 <wuv <2 in the uv-plane.

2 2y
b. Evaluate / / = dy dx
1 J1 T

Solution:
Sl

x,y) 110
8(u,v)_J<u’U)_ uw v

(b)

r=1=—=u=1,andxr =2 = u=2;
1 2
y=1l==w=1=—=v=—andy=2=—= uv =2 = v = —;
u u
thus,



13. Evaluate the integral

2/3 2-2y
/ / (z +2y) Y™ dz dy
0 y

Solution:
Letu=x+4+2yandv=2—y=—2x—y=(2u+v) — v = 2u and
d(z,y)| _ _ L

a(u’v> _'](uvv>_ 37

next, u = x — 3= xr— Y and v = y, so the boundaries of R are transformed to the boundaries

2
of G:

boundaries of R | Substitute Simplify
T =y 2 (u+20v) =1 (u—v) v=0
T =22y su+20)=2—2(u—v)|u=2
y=20 0=z (u—v) v=u

1 ? —v] U _]‘ ? —u _]‘ —v U2 —u _1 -2
—g/ou[—e }Odu—gfou(l—e )du—glu(u—l—e )—?+e —§(3€ +1)~
0.4687.

14. Evaluate the integral

(y+4)/
// 52z —y)e (20—y)* dzr dy
Solution:

Letx:u+%and:y:v:>2x—y:(2u+v)—v:2uand

d(z,y) 12
=J 21 =1

next, u =r— - =x — Z and v = y, so the boundaries of R are transformed to the boundaries

of G:
boundaries of R | Substitute Simplify
r=4 u+s =3 u=>0
rT=12+2 u—l———§+2 u=2
Yy = v=20 v=20
Y= v =2 v =2

(2u) e** du dv

2 rly/2)+2 ) 2 2
:>// y? (22 — ) eV dy dy:/ / v?
0 Jy/2 0o Jo
2 1

2
/ V3 (616 — 1) dv = 1 (616 —

0

472
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