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9. Evaluate

∫

C

(x+ y) ds where C is the straight-line segment x = t, y = (1− t) , z = 0, from
(0, 1, 0) to (1, 0, 0).
Solution:

r (t) = ti+ (1− t) j, 0 ≤ t ≤ 1 =⇒ dr

dt
= i− j =⇒

∣∣∣∣
dr

dt

∣∣∣∣ =
√
2;

x = t and y = 1− t =⇒ x+ y = t+ (1− t) = 1
=⇒

∫

C

f (x, y, z) ds =

∫
1

0

f (t, 1− t, 0)
∣∣∣∣
dr

dt

∣∣∣∣ dt =
∫
1

0

(1)
(√
2
)
dt =

[√
2t
]1

0

=
√
2.

––––––––––––––––––––––––––––––––––––––––––

10. Evaluate

∫

C

(x− y + z − 2) ds where C is the straight-line segment x = t, y = (1− t) , z =
1, from (0, 1, 1) to (1, 0, 1).
Solution:

r (t) = ti+ (1− t) j+ k, 0 ≤ t ≤ 1 =⇒ dr

dt
= i− j =⇒

∣∣∣∣
dr

dt

∣∣∣∣ =
√
2;

x = t, y = 1− t and z = 1 =⇒ x− y + z − 2 = t− (1− t) + 1− 2 = 2t− 2
=⇒

∫

C

f (x, y, z) ds =

∫
1

0

(2t− 2)
√
2 dt =

√
2
[
t2 − 2t

]1
0
= −

√
2.

––––––––––––––––––––––––––––––––––––––––––

11. Evaluate

∫

C

(x− y + z − 2) ds where C is the straight-line segment x = t, y = (1− t) , z =
1, from (0, 1, 1) to (1, 0, 1).
Solution:

r (t) = ti+ (1− t) j+ k, 0 ≤ t ≤ 1 =⇒ dr

dt
= i− j =⇒

∣∣∣∣
dr

dt

∣∣∣∣ =
√
2;

x = t, y = 1− t and z = 1 =⇒ x− y + z − 2 = t− (1− t) + 1− 2 = 2t− 2
=⇒

∫

C

f (x, y, z) ds =

∫
1

0

(2t− 2)
√
2 dt =

√
2
[
t2 − 2t

]1
0
= −

√
2.

––––––––––––––––––––––––––––––––––––––––––

12. Evaluate

∫

C

√
x2 + y2 ds along the curve r (t) = (4− cos t) i+(4 sin t) j+3tk,−2π ≤ t ≤ 2π.

Solution:



r (t) = (4 cos t) i + (4 sin t) j + 3tk,−2π ≤ t ≤ 2π =⇒ dr

dt
= (−4 sin t) i + (4 cos t) j + 3k =⇒

∣∣∣∣
dr

dt

∣∣∣∣ =
√
16 sin2 t+ 16 cos2 t+ 9 = 5;

√
x2 + y2 =

√
16 cos2 t+ 16 sin2 t = 4

=⇒
∫

C

f (x, y, z) ds =

∫
2π

−2π

(4) (5) dt = [20t]2π
−2π = 80π.

––––––––––––––––––––––––––––––––––––––––––

13. Find the integral of f (x, y, z) = x + y + z over the straight line segment from (1, 2, 3) to
(0,−1, 1).
Solution:
r (t) = (i+ 2j+ 3k) + t (−i− 3j− 2k) = (1− t) i+ (2− 3t) j+ (3− 2t)k, 0 ≤ t ≤ 1
=⇒ dr

dt
= −i− 3j− 2k =⇒

∣∣∣∣
dr

dt

∣∣∣∣ =
√
1 + 9 + 4 =

√
14;

=⇒ x+ y + z = (1− t) + (2− 3t) + (3− 2t) = 6− 6t

=⇒
∫

C

f (x, y, z) ds =

∫
1

0

(6− 6t)
√
14 dt = 6

√
14

[
t− t

2

2

]1

0

=
(
6
√
14
)(1

2

)
= 3

√
14.

–––––––––––––––––––––––––––––––––––––

14. Find the line integral of f (x, y, z) =

√
3

x2 + y2 + z2
over the curve r (t) = ti + tj + tk, 1 ≤

t ≤ ∞
Solution:
r (t) = ti+ tj+ tk, 1 ≤ t ≤ ∞
=⇒ dr

dt
= i+ j+ k =⇒

∣∣∣∣
dr

dt

∣∣∣∣ =
√
3;

=⇒
√
3

x2 + y2 + z2
=

√
3

t2 + t2 + t2
=

√
3

3t2

=⇒
∫

C

f (x, y, z) ds =

∫
∞

0

(√
3

3t2

)
√
3 dt =

[
−1
t

]
∞

0

= lim
b→∞

(
−1
b
+ 1

)
= 1.

––––––––––––––––––––––––––––––––––––––––––

15. Integrate f (x, y, z) = x+
√
y − z2 over the path from (0, 0, 0) to (1, 1, 1) given by

C1 : r (t) = ti+ t2j, 0 ≤ t ≤ 1
C2 : r (t) = i+ j+ tk, 0 ≤ t ≤ 1

Solution:
C1: r (t) = ti+ t

2j,0 ≤ t ≤ 1.
=⇒ dr

dt
= i+ 2tj =⇒

∣∣∣∣
dr

dt

∣∣∣∣ =
√
1 + 4t2 =

√
14;

=⇒ x+
√
y − z2 = t+

√
t2 − 0 = t+ |t| = 2t since t ≥ 0

=⇒
∫

C1

f (x, y, z) ds =

∫
1

0

2t
√
1 + 4t2 dt =

[
1

6

(
1 + 4t2

)3/2
]1

0

=
1

6
(5)3/2 − 1

6
=
1

6

(
5
√
5− 1

)
.

C2: r (t) = i+ j+ tk, 0 ≤ t ≤ 1.
=⇒ dr

dt
= k =⇒

∣∣∣∣
dr

dt

∣∣∣∣ = 1;

=⇒ x+
√
y − z2 = 1 +

√
1− t2 = 2− t2

=⇒
∫

C2

f (x, y, z) ds =

∫
1

0

(
2− t2

)
(1) dt =

[
2t− 1

3
t3
]1

0

= 2− 1
3
=
5

3
;



therefore∫

C

f (x, y, z) ds =

∫

C1

f (x, y, z) ds+

∫

C2

f (x, y, z) ds =
5

6

√
5 +

3

2
––––––––––––––––––––––––––––––––––––––––
16. Integrate f (x, y, z) = x+

√
y − z2 over the path from (0, 0, 0) to (1, 1, 1) given by

C1 : r (t) = tk, 0 ≤ t ≤ 1
C2 : r (t) = tj+ k, 0 ≤ t ≤ 1
C3 : r (t) = ti+ j+ k, 0 ≤ t ≤ 1

Solution:
C1: r (t) = tk, 0 ≤ t ≤ 1
=⇒ dr

dt
= k =⇒

∣∣∣∣
dr

dt

∣∣∣∣ = 1;

=⇒ x+
√
y − z2 = 0 +

√
0− t2 = −t2

=⇒
∫

C1

f (x, y, z) ds =

∫
1

0

(
−t2

)
(1) dt =

[
−t

3

3

]1

0

= −1
3
;

C2: r (t) = tj+ k, 0 ≤ t ≤ 1.
=⇒ dr

dt
= j =⇒

∣∣∣∣
dr

dt

∣∣∣∣ = 1;

=⇒ x+
√
y − z2 = 0 +

√
t− 1 =

√
t− 1

=⇒
∫

C2

f (x, y, z) ds =

∫
1

0

(√
t− 1

)
(1) dt =

[
2

3
t3/2 − t

]1

0

=
2

3
− 1 = −1

3
;

C3: r (t) = ti+ j+ k, 0 ≤ t ≤ 1.
=⇒ dr

dt
= i =⇒

∣∣∣∣
dr

dt

∣∣∣∣ = 1;

=⇒ x+
√
y − z2 = t+

√
1− 1 = t+

√
1− 1 = t

=⇒
∫

C3

f (x, y, z) ds =

∫
1

0

(t) (1) dt =

[
t2

2

]1

0

=
1

2
;

=⇒
∫

C

f (x, y, z) ds =

∫

C1

f ds +

∫

C2

f ds +

∫

C3

f ds = −1
3
+

(
−1
3

)
+
1

2
= −1

6
.

––––––––––––––––––––––––––––––––––––––––––

17. Integrate f (x, y, z) =
x+ y + z

x2 + y2 + z2
over the path r (t) = ti+ tj+ tk, 0 < a ≤ t ≤ b.

Solution:
r (t) = ti+ tj+ tk, 0 < a ≤ t ≤ b.
=⇒ dr

dt
= i+ j+ k =⇒

∣∣∣∣
dr

dt

∣∣∣∣ =
√
3;

=⇒ x+ y + z

x2 + y2 + z2
=

t+ t+ t

t2 + t2 + t2
=
1

t

=⇒
∫

C

f (x, y, z) ds =

∫ b

a

(
1

t

)√
3 dt =

[√
3 ln t

]b

a
=
√
3 ln

(
b

a

)
since 0 < a ≤ b.

––––––––––––––––––––––––––––––––––––––––––

18. Integrate f (x, y, z) = −
√
x2 + z2 over the circle r (t) = (a cos t) j+ (a sin t)k, 0 ≤ t ≤ 2π.

Solution:
r (t) = (a cos t) j+ (a sin t)k, 0 ≤ t ≤ 2π.
=⇒ dr

dt
= (−a sin t) j+ (a cos t)k =⇒

∣∣∣∣
dr

dt

∣∣∣∣ =
√
a2 sin2 t+ a2 cos2 t = |a|;



−
√
x2 + z2 = −

√
0 + a2 sin2 t =






− |a| sin t 0 ≤ t ≤ π

|a| sin t π ≤ t ≤ 2π

=⇒
∫

C

f (x, y, z) ds =

∫ π

0

− |a|2 sin t dt+
∫
2π

π

|a|2 sin t dt =
[
a2 cos t

]π
0
−
[
a2 cos t

]2π
π
= −4a2.

––––––––––––––––––––––––––––––––––––––––––

2. L��� I�	�
��� ���� P��� C�����

In Exercises 19-22, integrate f over the given region

19. f (x, y) =
x3

y
C : y = x2/2, 0 ≤ x ≤ 2

Solution:

r (x) = xj+ yj = xj+
x2

2
j, 0 ≤ x ≤ 2.

=⇒ dr

dx
= i+ xj =⇒

∣∣∣∣
dr

dx

∣∣∣∣ =
√
1 + x2;

f (x, y) = f

(
x,
x2

2

)
=
x3

x2

2

= 2x

=⇒
∫

C

f ds =

∫
2

0

2x
√
1 + x2 dx =

[
2

3

(
1 + x2

)3/2
]2

0

=
10
√
5− 2
3

.

––––––––––––––––––––––––––––––––––––––––––

20. f (x, y) =
(
x+ y2

)
/
√
1 + x2, C : y = x2/2 from (1, 1/2) to (0, 0)

Solution:

r (t) = (1− t) i+ 1
2
(1− t)2 j, 0 ≤ t ≤ 1.

=⇒
∣∣∣∣
dr

dt

∣∣∣∣ =
√
1 + (1− t)2;

=⇒ f (x, y) = f

(
(1− t) , 1

2
(1− t)2

)
=
(1− t) + 1

4
(1− t)4

√
1 + (1− t)2

=⇒
∫

C

f ds =

∫
1

0

(1− t) + 1

4
(1− t)4

√
1 + (1− t)2

√
1 + (1− t)2 dt =

∫
1

0

(
(1− t) + 1

4
(1− t)4

)
dt

=

[
−1
2
(1− t)2 − 1

20
(1− t)5

]1

0

=
11

20
.

––––––––––––––––––––––––––––––––––––––––––

21. f (x, y) = x+ y C : x2 + y2 = 4 in the first quadrant from (2, 0) to (0, 2).
Solution:
r (t) = (2 cos t) i+ (2 sin t) j, 0 ≤ t ≤ π

2
.

=⇒ dr

dx
= (−2 sin t) i+ (2 cos t) j

=⇒
∣∣∣∣
dr

dt

∣∣∣∣ = 2;

=⇒ f (x, y) = f (2 cos t, 2 sin t) = 2 cos t+ 2 sin t



=⇒
∫

C

f ds =

∫ π

2

0

(2 cos t+ 2 sin t) (2) dt = [4 sin t− 4 cos t]π/2
0
= 4− (−4) = 8.

––––––––––––––––––––––––––––––––––––––––––

22. f (x, y) = x2 − y, C : x2 + y2 = 4 in the first quadrant from (0, 2) to
(√
2,
√
2
)
.

Solution:
r (t) = (2 sin t) i+ (2 cos t) j, 0 ≤ t ≤ π

4
.

=⇒ dr

dx
= (2 cos t) i+ (−2 sin t) j

=⇒
∣∣∣∣
dr

dt

∣∣∣∣ = 2;

=⇒ f (x, y) = f (2 sin t, 2 cos t) = 4 sin2 t− 2 cos t

=⇒
∫

C

f ds =

∫ π/4

0

(
4 sin2 t− 2 cos t

)
(2) dt = [4t− 2 sin 2t− 4 sin t]π/4

0
= π − 2

(
1 +

√
2
)
.

––––––––––––––––––––––––––––––––––––––––––


