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1. 16.1 LINE INTEGRALS
(p. 1149)
9. Evaluate / (r +1vy) ds where C' is the straight-line segment z =t,y = (1 — t),z = 0, from
(0,1,0) to (1.0,0).
Solution:
r(t):ti+(1—t)j,0§t§1:>%:i—j:>‘%' =2
r=tandy=1—-t=uc4+y=t+(1—-1) =1

:>/Cf(x,y,z) ds:/olf(t,l—t,()) dr dt:/01(1)<\/§) dt:[\/ﬁt} = V2.

1
dt 0

10. Evaluate / (r —y + 2z — 2) ds where C'is the straight-line segment z = ¢,y = (1 —t) ,2z =

c
1, from (0,1,1) to (1,0, 1).

Solution:

d d
r(t)zti+(1—t)j—|—k,0§t§1:>d—§:i_j:> d_z _ V3

r=tiy=1l—-tandz=1—=ax—y+2—-2=t—(1—-t)+1—-2=2t—-2

:>/Cf(:c,y,z) ds:/01(2t—2) \/§dt:\/§[t2—2t]é:—\/§.

11. Evaluate/(:c—y+z—2) ds where C is the straight-line segment © = t,y = (1 —t),2 =
1, from (0, 1, 1)Cto (1,0,1).

Solution:

r(t):ti+(1—t)j+k,0§t§1:>%:i—j:> % =2
r=tiy=1l—-tandz=1—=ax—y+2—-2=t—(1—-t)+1—-2=2t—-2

:>/Cf(x,y,z) ds:/o (2t — 2) \/§dt:\/§[t2—2t];:_\/§,

12. Evaluate/ V2% + y? ds along the curver (t) = (4 — cost) i+(4sint) j+3tk, —27 <t < 27.
c

Solution:



d
r(t) = (4cost)i+ (4sint)j+ 3tk, —27 <t < 21 = d_z = (—4sint)i+ (4cost)j+ 3k =
dr

= \/1651n t+16cos?t + 9 = b;

Va2 4y = \/16c082t—|-16sm t=4
:>/f Ty, 2 ds-/ (4) (5) dt = [20t)*%, = 80
=27

13. Find the integral of f (z,y,2) = x + y + z over the straight line segment from (1,2,3) to

(0,—1,1).

Solution:

r(t)=(1+2j+3k)+t(-i—-3j—2k)=(1—-t)i+(2-3t)j+(3—-2)k,0<t <1
d

:>d§:—1—33—2k:>'—‘ VI+9+4=114

—=v+y+z=(1-1t)+(2-3t)+(3—2t) =6 —6t

:>/Cf(:c,y,z) ds=/01(6—6t) \/ﬁdtzﬁ\/ﬁ{t—g]lz

0

(6via) (%) _ 3Vl

V3
14. Find the line int 1 of = th t)=ti+tj+1tk 1<
ind the line integral of f (x,y, 2) P over the curve r (t) = ti +tj +tk,1 <
t < oo
Solution:

r(t)=ti+tj+tk,1<t<oo
dr dr
i k =3
= g I :‘dt V3
V3 V3 V3

2ryt 2 22 32

:>/Cf(:c,y,z) ds:/ooo (?\)/t;) V3 dt = l H:O:blggo(—%ﬂ)ﬂ.

15. Integrate f (z,y,2) = x + /y — 2° over the path from (0,0,0) to (1,1,1) given by
C, : r(t)=ti+t’),0<t<1
Cy : t(H)=i+j+tk0<t<1

Solution:
Ci:r(t)=ti+t},0<t <1,

d d
:>d—§:i+2tj:>'d—§':\/1+4t2:\/ﬂ;
:>93+\/§—z2:t+\/_ 0=1t+|t| =2t since t >0

1
1
— f(z,y,2) ds:/ 2tV 1 + 482 dt = [ (1+4t2)3/2} =

c 0
Cy: r(l):i+j+tk,0§t§1

dr dr

dt dt
—= 4y — 2 :1+\/I—t2:2—t2

! 2 ]-31 ]_ 5
= | flz,y,2)ds= | 2-1)(1) dt=|2t—<t*| =2—==;
CQ 0 3 3

(5) —

== (sv5-1).

@IH




therefore

5! 3
/f('rvyuz) ds = f(z,y,z) ds+ f(z,y,2) ds:_\/g_|__
c C1 Co 6 2

16. Integrate f (z,y,2) = x + /y — 2° over the path from (0,0,0) to (1,1,1) given by

C, : r(t)=tk,0<t<1
Cy : r(t)=tj+k0<t<1
Cy : r(t)=ti+j+k0<t<1

Solution:

Cpir(t)=tk,0<t <1

LW (L
dt at| 7

— o+ Y2 =0+V0 2=+
L GAR
:>/le(:c,y,z) ds:/o (—t)(l) dt = [—g}oz—g,

Cy:r(t)=tj+k 0<t <1,
L g
at| 7

— oty -2 =0+Vt-1=Vt-1

1 9 1 9 1
= f(!lf,y,Z) dS:/ (\/%—].>(].) dt:[—tg/Q—t] :——1:__;
Ca:r(t)=ti+j+k0<t <1
:>dr N dr )

Rl arl _ 4.
dt dt ’
— oty =t+Vi-1=t+VI-1=t

! 211
= [ [(z,y,2) ds=/ (t) (1) dt = [_} — -

Cs 0 2 0 2
1 1 1 1
:>/f($',y,2) ds = fd5+ de—I— fds:——+(_—)+_:__
c C1 Co C3 3 3 2 6
17. Integrate f (z,y,2) = Tyt over the path r (t) = ti+tj+tk,0 < a < t < b.
» Y $2+y2+22 ) >0 >
Solution:

r(t)=ti+tj+tk,0<a<t<b.
dr dr

:}—:. 1 k:> — = 3'
a T 'dt V3
T+y+z tHt+t 1

s Fy2 22 242412t

:>/Cf(x,y,z) ds:/ab G)\@dt: [@m@i:ﬁm(%) since 0 < a < b.

18. Integrate f (z,y,2z) = —V a2 + 22 over the circle r (t) = (acost)j+ (asint) k,0 < t < 27.
Solution:
r(t) = (acost)j+ (asint) k,0 <t < 2.

d d
— (—asint)j+ (acost) k = 'd_z = Va2sin?t + a2 cos? t = |al;

dt



—la|sint 0<t<m
—Va2 4+ 22 = —\/0+ a?sin’t =

la|sint =<t <27

s 2
= / fx,y,2) ds = / — |a|?*sint dt —i—/ |a|*sint dt = [a? cost}g — [a? cost}f:r = —4a.
C 0 ks

2. LINE INTEGRALS OVER PLANE CURVES

In Exercises 19-22, integrate f over the given region
3

19. f($,y):x—(]:y:x2/2,0§x§2
Y

Solution: )
r(e)=aj+yi=aj+5i0<e<2
d d
— Z it =[S = VIt s
dx dx
x? x3
f(xay):f(l",g):z:%?
2

2
zﬁ/fd&—/Qmﬂ+x%h—l3ﬂ+ fﬂ :Ezg;z

0

20. f(z,y) = (z+y°) /V1+22C:y=2"/2 from (1,1/2) to (0,0)

Solution: )
r(t) = (1—t)i+§(1—t)2j,0§t§ 1.

\/1+ l—t
1 t)z) (L-t+501-1"

= f(x,y) = f(l—t —(1-
1+ (1—1)

2
— s = (-t+50 -t Tva-ra— [ (a-o+ia-p) a
[ras=[" Ty Vi [ (a-o+ga-0)
0 (1—1) 0
:{ S (=17 - 210(1—@}::;—(1).

21. f(x,y) =x+y C:2°+y* =4 in the first quadrant from (2,0) to (0,2).
Solution:

r(t) = (2cost)i+ (2sint)j,0 <t < g
d
d_; = (—2sint)i+ (2cost)j
r
> | — | = -
dt ’

— f(x,y) = f(2cost,2sint) = 2cost + 2sint



:>/fds:/2 (2cost + 2sint) (2) dt = [4sint—4cost]g/2:4—(—4):8.
c 0

22. f(z,y) = 2* —y, C: 2° + y* = 4 in the first quadrant from (0, 2) to (\/5, \/5)
Solution:

r(t) = (2sint)i+ (2cost)j,0 <t < Z
d_; = (2cost)i+ (—2sint)j
dr

> |—
dt
— f(x,y) = f(2sint,2cost) = 4sin®t — 2cost

w/4
:>/fds:/ (4sin®t — 2cost) (2) dt:[4t—25in2t—4sint]g/4:7r—2<1+\/§>.
c 0




