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• The exam consists of 5 questions.
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1. Let u = 2i+ 2j+ k,v = 3i− 3j+
√
7k.

a) (5 pts.) Find cos θ where θ is the angle between u and v.
b) (5 pts.) Find a vector w such that w · u = 0 and w · v = 0.
c) (5 pts.) Find the parametric equations for the line L through P (1, 1, 1) and parallel to v.
d) (5 pts.) Find the distance between the point S (2, 2, 0) and the line L above.
Solution:
(a)

cos θ =
u · v
|u| · |v| =

(2) (3) + (2) (−3) + (1)
(√
7
)

√
(2)2 + (2)2 + (1)2 ·

√
(3)2 + (−3)2 +

(√
7
)2 =

6− 6 +
√
7

3 · 5 =

√
7

15

(b)

w = u× v =

∣∣∣∣∣∣

i j k

2 2 1
3 −3

√
7

∣∣∣∣∣∣
=

∣∣∣∣
2 1

−3
√
7

∣∣∣∣ i−
∣∣∣∣
2 1
3
√
7

∣∣∣∣ j+
∣∣∣∣
2 2
3 −3

∣∣∣∣k

=
(
2
√
7 + 3

)
i−

(
2
√
7− 3

)
j− 12k

(c)L :






x = 1 + 3t
y = 1− 3t
z = 1 +

√
7t

−∞ < t <∞

(d) S (2, 2, 0) , P (1, 1, 1) and v = 3i− 3j+
√
7k =⇒ −→

PS × v =

∣∣∣∣∣∣

i j k

1 1 −1
3 −3

√
7

∣∣∣∣∣∣

=
(√
7− 3

)
i+

(
−
√
7− 3

)
j+ (−3− 3)k

=
(√
7− 3

)
i+

(
−3−

√
7
)
j+ 6k

=⇒ d =

∣∣∣
−→
PS × v

∣∣∣

|v| =

√(√
7− 3

)2
+
(
−3−

√
7
)2
+ (6)2

√
(3)2 + (−3)2 +

(√
7
)2

=

√
7− 6

√
7 + 9 + 9 + +6

√
7 + 7 + 36

5
=

√
68

5



2.
a) (10 pts.) Find the equation of the plane P passing through P (1, 1,−1) , Q (2, 0, 2) , and
R (0,−2, 1).
b) (10 pts.) Find the parametric equations for the line of intersection of the above plane P and
the plane 3x− 6y − 2z = 10.
Solution:
(a)

−→
PQ = i− j+ 3k,−→PR = −i− 3j+ 2k =⇒ −→

PQ×−→PR =

∣∣∣∣∣∣

i j k

1 −1 3
−1 −3 2

∣∣∣∣∣∣
= 7i− 5j− 4k is normal

to the plane

=⇒ (7) (x− 1) + (−5) (y − 1) + (−4) (z + 1) = 0 =⇒ 7x− 5y − 4z = 6.

(b)

The line of intersection is parallel to v = n1 × n2 =

∣∣∣∣∣∣

i j k

7 −5 −4
3 −6 −2

∣∣∣∣∣∣
= −14i+ 2j− 27k̇.

Now to find a point.in the intersection, solve

{
7x− 5y − 4z = 6
3x− 6y − 2z = 10 =⇒

{
7x− 5y − 4z = 6

−6x+ 12y + 4z = −20 =⇒ x+ 7y = −14 =⇒ x = 0 and

y = −2 =⇒ (0,−2, 1)

is a point on the line we seek. Therefore the line x = −14t, y = −2 + 2t, z = 1− 27t



3.

a) (10 pts.) Given z = e3xy
2

+ 4x3 − y3 lnx. Find ∂2z

∂y∂x
.

b) (10 pts.) Discuss the continuity of the following function at the origin.

f (x, y) =






−3xy
x2 + y2

if (x, y) �= (0, 0)

0 if (x, y) = (0, 0)

Solution:
(a)

∂2z

∂y∂x
=
∂

∂y

(
∂z

∂x

)

=
∂

∂y

(
3y2e3xy

2

+ 12x2 − y3 1
x

)

= 6ye3xy
2

+ 3y26xye3xy
2 − 3y

2

x

= 6ye3xy
2 (
1 + 3xy2

)
− 3y

2

x

(b)

lim
(x,y)→(0,0)

−3xy
x2 + y2

= lim
(x,kx)→(0,0)

−3x (kx)
x2 + (kx)2

= lim
x→0

−3kx2
x2 (1 + k2)

=
−3k
1 + k2

different limits for

different values of

k =⇒ the limit does not exist at the origin and so f is not continuous at the origin.



4. Suppose F (x, y, z) = x2y + y2z + cos (xz).
a) (7 pts.) Find the directional derivative of F at the point P (0, 2, 1) in the direction of
v = i− j+ 2k.
b) (7 pts.) For the level surface F (x, y, z) = 5, find the equation of the tangent plane at the
point P (0, 2, 1).

c) (6 pts.) On the level surface F (x, y, z) = 5, find
∂z

∂y
.

Solution:
(a)

u =
v

|v| =
i− j+ 2k√

6

∇F = (2xy − z sin (xz)) i+
(
x2 + 2yz

)
j+

(
y2 − x sin (xz)

)
k =⇒∇F (0, 2, 1) = 4j+ 4k

DuF (0, 2, 1) = ∇F (0, 2, 1) · u = (4j+ 4k) ·
(
1√
6
i− 1√

6
j+

2√
6
k

)
= − 4√

6
+
8√
6
=

4√
6

(b)
We know that ∇F (0, 2, 1) = 4j+ 4k is normal to the surface at the point P (0, 2, 1). Thus the
equation of the required tangent plane is

(4j+ 4k) · ((x− 0) i+ (y − 2) j+ (z − 1)k) = 0 =⇒ 4y + 4z = 12 =⇒ y + z = 3.

(c)

F (x, y, z) = x2y + y2z + cos (xz) = 5 =⇒ ∂

∂y

(
x2y + y2z + cos (xz)

)
=
∂

∂y
(5)

x2 + 2yz + y2zy − xzy sin (xz) = 0

(
y2 − x sin (xz)

)
zy = −x2 − 2yz

zy =
x2 + 2yz

x sin (xz)− y2



5. Given f (x, y) = 1 + 4x+ 4y − x2 − y2
a) (8 pts.) Find the local extrema and saddle points (if exist) for f .
b) (12 pts.) Find the absolute maximum and minimum of f on the triangular region in the
first quadrant bounded by the lines x = 0, y = 0 and y = 1− x
Solution:
(a)
fx (x, y) = 4− 2x = 0 and fy (x, y) = 4− 2y = 0

=⇒ x = 2 and y = 2 =⇒ (2, 2) is the critical point;

fxx (2, 2) = −2, fyy (2, 2) = −2, fxy (2, 2) = 0

=⇒ fxxfyy − f2xy = 4 > 0 and fxx < 0 =⇒ local maximum value of f (2, 2) = 9.

(b) f (x, y) = 1 + 4x+ 4y − x2 − y2

Let O(0, 0) ,A(0, 1) ,B(1, 0).

(i) On OA, f (x, y) = f (0, y) = −y2 + 4y + 1 for 0 ≤ y ≤ 1

=⇒ f ′ (0, y) = −2y + 4 = 0 =⇒ y = 2.

But (0, 2) is not in the interior of OA.

Endpoints: f (0, 0) = 1 and f (0, 1) = 4.

(ii) On AB, f (x, y) = f (x, 1− x) = −2x2 + 2x+ 4

for 0 ≤ x ≤ 1 =⇒ f ′ (x, 2) = −4x+ 2 = 0

=⇒ x =
1

2
, y =

1

2
.

(
1

2
,
1

2

)
is an interior critical point of AB with f

(
1

2
,
1

2

)
=
9

2
.

Endpoints: f (1, 0) = 4 and f (0, 1) = 4.

(iv) On OB, f (x, y) = f (x, 0) = −x2 + 4x+ 1 for 0 ≤ x ≤ 1 =⇒ f ′ (x, 0) = −2x+ 4 = 0 =⇒
x = 2 and

y = 0 =⇒ (2, 0) is not in the interior of OB.

Endpoints: f (0, 0) = 1 and f (1, 0) = 4.

(v) For the interior of the rectangular region, fx (x, y) = 4− 2x = 0 and fy (x, y) = 4 − 2y =
0 =⇒ x = 2 and

y = 2 so (2, 2) is not in the interior of R.

Thus the absolute maximum is
9

2
at

(
1

2
,
1

2

)
and the absolute minimum is 1 at (0, 0).


