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e The exam consists of 5 questions.

e Please read the questions carefully and write your answers under the corresponding
questions. Be neat.

e Show all your work. Correct answers without sufficient explanation might not get full
credit.

e (Calculators are not allowed.

GOOD LUCK!

Please do not write below this line.
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1. Let u=2i +2j + k, v = 3i — 3j + V7k.

a) (5 pts.) Find cosf where 6 is the angle between u and v.
b) (5 pts.) Find a vector w such that w-u =0 and w-v = 0.
c) (5 pts.) Find the parametric equations for the line L through P (1,1, 1) and parallel to v.
d) (5 pts.) Find the distance between the point S (2,2,0) and the line L above.
Solution:
(a)
v @O0V 6-64VF VA
vl - . T 15
(b)
i j k
2 1 2 1 2 2
w=uxv=|2 2 1 :' 1—' ‘J+‘ 'k
3 7 -3 V7 3 VT 3 -3

_ (2f7+3)i— (2\f7—3)j—12k

r=1+3t
(c)L: y=1-3t —oco<t<o

2=1+Tt
(d)S(2,2,0),P(1,1,1)andv=3i—3j—|—\/?k:>P_§><V: 1 .i —kl
3 -3 V7
:(\ﬁ 3)1+< )J—|—
= (Vi-3)i+ (-3-7)j+ 6k
I L B i e o B/ e U
v V@ + 37+ (VD)

VT 6VTH9+9++6VT+7+36 V68
B 5 5




2.

a) (10 pts.) Find the equation of the plane P passing through P (1,1,—1),@ (2,0,2), and
R(0,-2,1).

b) (10 pts.) Find the parametric equations for the line of intersection of the above plane P and
the plane 3x — 6y — 2z = 10.

Solution:
(a)
i j k
—_— — —_— =
PQ=i—-j+3k,PR=—-i-3j+2k—= PQxPR=| 1 -1 3 |=7i—5j— 4k is normal
-1 -3 2

to the plane

— (M) (@ —1)+ (=5) (y— 1) + (—4) (z + 1) = 0 = T — 5y — 42 = 6.
(b)

i j k _
The line of intersection is parallel tov=mn; xny, = | 7 —5 —4 | = —14i+ 2j — 27k.
3 —6 -2

Now to find a point.in the intersection, solve

— v+ 7y=—-14 = 2 =0and

Tr —by —4z=6 Tr—>by—4z=6
3r — 6y — 22 =10 —6z 4+ 12y + 4z = —20

y=-2=(0,-2,1)

is a point on the line we seek. Therefore the line x = —14t,y = =2+ 2t,2 =1 — 27t




3.

2
a) (10 pts.) Given z = A 4 4 — y®Inz. Find (;yazx
b) (10 pts.) Discuss the continuity of the following function at the origin.
—3x .
T2 +z2 if ($>y) 7é (0,0)
f (.f(f, y) -
0 if (z,9)=(0,0)
Solution:
(a)
0%z 0 (0=
0

1
(3y263xy2 + 1222 — y3—)
T

3 2
= 6ye” + 3y 260ye>v’ — 2L
T

R

2
= 6ye39”y2 (1 + 3xy2) — 3%

(b)

-3 -3z (k —3ka? -3k
lim Ty lim LQS)Q = lim I = different limits for
(@y)=00) 2% +y*  (@he)=(00) 22 4 (kz)*  =-0x*(1+ k%) 144k

different values of

k = the limit does not exist at the origin and so f is not continuous at the origin.




4. Suppose F (r,y,z) = 2%y + 3?2 + cos (x2).

a) (7 pts.) Find the directional derivative of F' at the point P (0,2,1) in the direction of
v=i—j+2k

b) (7 pts.) For the level surface F'(x,y,z) = 5, find the equation of the tangent plane at the
point P (0,2,1).

c) (6 pts.) On the level surface F'(z,y,z) =5, find —.

dy
Solution:
(a)
v i—j+2k
i1i==
v V6

VF = (2zy — zsin (z2))i+ (2 + 2y2) j + (v* — asin (22)) k =VF (0,2,1) = 4j + 4k

DuF (0,2,1) = VF (0,2,1) - u = (4 + 4K) <%i—%j+%k> :_%+%:%

(b)
We know that V' (0,2,1) = 4j 4+ 4k is normal to the surface at the point P (0,2,1). Thus the
equation of the required tangent plane is

(4j+4k) - ((z—0)i+(y—2)j+ (2 —1)k)=0=4dy+42=12=y + 2z = 3.
(c)

0
F(z,y,2) =2’y +y°z + cos (zz) =5 = — (2°y + y°2 + cos (z2)) =

o 5)

0
Y
2%+ 2yz + y*2, — vz, 8in (22) = 0

(y> — wsin (22)) 2, = —2* — 2yz

B 7%+ 2yz
~ asin(zz2) — y?

2y




5. Given f (z,y) = 1 + 42 + 4y — 2* — ¢/*

a) (8 pts.) Find the local extrema and saddle points (if exist) for f.

b) (12 pts.) Find the absolute maximum and minimum of f on the triangular region in the
first quadrant bounded by the lines z =0,y =0and y =1 —x

Solution:

(a)
fo(r,y)=4—2x=0and f, (z,y) =4—2y =0

— r=2and y =2 = (2,2) is the critical point;

fzz (2’2> - _27 fyy (272> = _27 f:l:y (272) =0

= foufyy — iy =4 >0 and f,, < 0= local maximum value of f(2,2) =09.

(b) f(z,y) =1+4z +4y —2* —y*

Let O(0,0),A(0,1),B(1,0).

(i) On OA, f(z,y) = f(0,y) = =y’ +4y +1for 0 <y <1
= f(0,y) =2y +4=0=y=2.

But (0,2) is not in the interior of OA.

Endpoints: f(0,0) =1 and f (0,1) = 4.

(ii) On AB, f (z,y) = f (z,1 — ) = =227 + 22 + 4

for0<z<1= f'(2,2)=—-42+2=0

1 1
= o =—,y=—.
279
11 11 9
—, — | is an interior critical point of AB with f | =,= | = =.
22 2 2 2

Endpoints: f(1,0) =4 and f(0,1) = 4.

(iv) On OB, f(z,y) = f(2,0) = —2* +4r+1for 0< 2 <1 = f'(2,0) = 20 +4=0=
r =2 and

y =0 =>(2,0) is not in the interior of OB.
Endpoints: f(0,0) =1 and f(1,0) = 4.

(v) For the interior of the rectangular region, f, (z,y) =4 — 22z =0 and f, (z,y) =4 — 2y =
0= x =2 and

y =2 50 (2,2) is not in the interior of R.

11
Thus the absolute maximum is g at (5, 5) and the absolute minimum is 1 at (0, 0).




