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1. C��������� S��
��

(p.840) Find the sum of the series in Exercises 19-24.

19.

∞∑

n=3

1

(2n− 3) (2n− 1)
Solution:

1

(2n− 3) (2n− 1) =
(
1
2

)

2n− 3 −
(
1
2

)

(2n− 1)

=⇒ sn =

[(
1
2

)

3
−
(
1
2

)

5

]

+

[(
1
2

)

5
−
(
1
2

)

7

]

+ · · ·+
[ (

1
2

)

2n− 3 −
(
1
2

)

2n− 1

]

=

(
1
2

)

3
−

(
1
2

)

2n− 1 =⇒ lim
n→∞

sn = lim
n→∞

[
1

6
−

(
1
2

)

2n− 1

]

=
1

6
––––––––––––––––––––––––––––––––––––––––––

20.
∞∑

n=2

−2
n (n+ 1)

Solution:−2
n (n+ 1)

=
−2
n
+

2

n+ 1

=⇒ sn =

(−2
2
+
2

3

)
+

(−2
3
+
2

4

)
+ · · ·+

(−2
n
+

2

n+ 1

)
= −2

2
+

2

n+ 1

=⇒ lim
n→∞

sn = lim
n→∞

(
−1 + 2

n+ 1

)
= −1

––––––––––––––––––––––––––––––––––––––––––

21.

∞∑

n=1

9

(3n− 1) (3n+ 21)
Solution:

9

(3n− 1) (3n+ 21) =
3

3n− 1 −
3

3n+ 2

=⇒ sn =

(
3

2
− 3
5

)
+

(
3

5
− 3
8

)
+

(
3

8
− 3

11

)
+ · · ·+

(
3

3n− 1 −
3

3n+ 2

)



=
3

2
− 3

3n+ 2
=⇒ lim

n→∞
sn = lim

n→∞

(
3

2
− 3

3n+ 2

)
=
3

2
––––––––––––––––––––––––––––––––––––––––––

22.
∞∑

n=3

−8
(4n− 3) (4n+ 1)

Solution:−8
(4n− 3) (4n+ 1) =

−2
4n− 3 +

2

4n+ 1

=⇒ sn =

(−2
9
+
2

13

)
+

(−2
13
+
2

17

)
+

(−2
17
+
2

21

)
+ · · ·+

( −2
4n− 3 +

2

4n+ 1

)

sn = −
2

9
+

2

4n+ 1
=⇒ lim

n→∞
sn = lim

n→∞

(
−2
9
+

2

4n+ 1

)
= −2

9
––––––––––––––––––––––––––––––––––––––––––

23.
∞∑

n=0

e−n

Solution:
∞∑

n=0

e−n =
∞∑

n=0

1

en
, a convergent geometric series with r =

1

e
and a = 1 =⇒ the sum is

1

1− 1
e

=
e

e− 1 .
––––––––––––––––––––––––––––––––––––––––––

24.
∞∑

n=1

(−1)n 3
4n

Solution:

∞∑

n=1

(−1)n 3
4n
=

∞∑

n=1

(
−3
4

)(
−1
4

)n
a convergent geometric series with r = −1

4
and r =

−3
4

=⇒ the sum is

(
−3
4

)

1−
(
−1
4

) = −3
5

––––––––––––––––––––––––––––––––––––––––––

2. C��������� �� D
������� S��
��

Which of the series in Exercises 25-40 converge absolutely, which converge conditionally, and
which diverge? Give reasons for your answers.

25.
∞∑

n=1

1√
n

Solution:

diverges, a p-series with p =
1

2
.

––––––––––––––––––––––––––––––––––––––––––

26.
∞∑

n=3

−5
n



Solution:

∞∑

n=3

−5
n
= −5

∞∑

n=3

1

n
, diverges since it is a nonzero multiple of the divergent harmonic series.

––––––––––––––––––––––––––––––––––––––––––

27.
∞∑

n=1

(−1)n√
n

Solution:

Since f (x) =
1

x1/2
=⇒ f ′ (x) = − 1

2x3/2
< 0 =⇒ f (x) is decreasing =⇒ an+1 < an, and

lim
n→∞

an = lim
n→∞

1√
n
= 0, the series

∞∑

n=1

(−1)n√
n

converges by the Alternating Series Test. Since

∞∑

n=1

1√
n

diverges, the given series converges conditionally.

––––––––––––––––––––––––––––––––––––––––––

28.

∞∑

n=1

1

2n3

Solution:

converges by the Direct Comparison Test since
1

2n3
<
1

n3
for n ≥ 1, which is the nth term of a

convergent p-series.
––––––––––––––––––––––––––––––––––––––––––

29.
∞∑

n=1

(−1)n
ln (n+ 1)

Solution:

The given series does not converge absolutely by the Direct Comparison Test since

1

ln (n+ 1)
<

1

n+ 1
, which is the nth term of a divergent series. Since

f (x) =
1

ln (x+ 1)
=⇒ f ′ (x) = − 1

(ln (x+ 1))2 (x+ 1)
< 0 =⇒ f (x) is decreasing

an+1 < an, and lim
n→∞

1

ln (x+ 1)
= 0, the given series converges conditionally by the Alternating

Series Test.
––––––––––––––––––––––––––––––––––––––––––

30.
∞∑

n=2

1

n (lnn)2



Solution:

∫ ∞

2

1

x (ln x)2
dx = lim

b→∞

∫ b

2

1

x (ln x)2
dx = lim

b→∞

[
− (ln x)−1

]b
2
= − lim

b→∞

(
1

ln b
− 1

ln 2

)
=

1

ln 2
=⇒

the series converges absolutely by the Integral Test.
––––––––––––––––––––––––––––––––––––––––––

31.
∞∑

n=1

lnn

n3

Solution:

converges absolutely by the Direct Comparison Test since

lnn

n3
<
n

n3
=
1

n2
, the nth term of a convergent p-series.

––––––––––––––––––––––––––––––––––––––––––

32.
∞∑

n=3

lnn

ln (lnn)

Solution:

diverges by the Direct Comparison Test for en
n

> n =⇒ ln
(
en

n)
> lnn =⇒ nn > lnn =⇒

lnnn > ln (lnn)

=⇒ n lnn > ln (lnn) =⇒ lnn

ln (lnn)
>
1

n
, the nth term of the divergent harmonic series.

––––––––––––––––––––––––––––––––––––––––––

33.
∞∑

n=1

(−1)n

n
√
n2 + 1

Solution:

lim
n→∞

(
1

n
√
n2+1

)

(
1
n2

) =

√
lim
n→∞

n2

n2 + 1
=
√
1 = 1 =⇒ the series converges absolutely by the Limit

Comparison Test.
––––––––––––––––––––––––––––––––––––––––––

34.
∞∑

n=1

(−1)n 3n2
n3 + 1

Solution:

Since f (x) =
3x2

x3 + 1
=⇒ f ′ (x) =

3x (2− x3)
(x3 + 1)2

< 0 when x ≥ 2 =⇒ an+1 < an for n ≥ 2 and

lim
n→∞

3n2

n3 + 1
= 0, the series converges by the Alternating Series Test. The series does not

converge absolutely: By the Limit

Comparison Test, lim
n→∞

(
3n2

n3+1

)

(
1
n

) = lim
n→∞

3n3

n3 + 1
= 3. Therefore the convergence is conditional.



––––––––––––––––––––––––––––––––––––––––––

35.
∞∑

n=1

n+ 1

n!

Solution:

converges absolutely by the Ratio Test since lim
n→∞

[
n+ 2

(n+ 1)!
· n!

n+ 1

]
= lim

n→∞

n+ 2

(n+ 1)2
= 0 < 1

––––––––––––––––––––––––––––––––––––––––––

36.
∞∑

n=1

(−1)n (n2 + 1)
2n2 + n− 1

Solution:

diverges since lim
n→∞

an = lim
n→∞

(−1)n (n2 + 1)
2n2 + n+ 1

does not exist

––––––––––––––––––––––––––––––––––––––––––

37.
∞∑

n=1

(−3)n
n!

Solution:

converges absolutely by the Ratio Test since lim
n→∞

[
3n+1

(n+ 1)!
· n!
3n

]
= lim

n→∞

3

n+ 1
= 0 < 1

––––––––––––––––––––––––––––––––––––––––––

38.
∞∑

n=1

2n3n

nn

Solution:

converges absolutely by the Root Test since lim
n→∞

n
√
an = lim

n→∞

n

√
2n3n

nn
= lim

n→∞

6

n
= 0 < 1

––––––––––––––––––––––––––––––––––––––––––

39.
∞∑

n=1

1
√
n (n+ 1) (n+ 2)

Solution:

converges absolutely by the Limit Comparison Test since lim
n→∞

(
1

n3/2

)

1√
n(n+1)(n+2)

=

√

lim
n→∞

n (n+ 1) (n+ 2)

n3
=

1
––––––––––––––––––––––––––––––––––––––––––

40.
∞∑

n=2

1

n
√
n2 − 1

Solution:

converges absolutely by the Limit Comparison Test since lim
n→∞

(
1
n2

)

1
n
√
n2−1

=

√

lim
n→∞

n2 (n2 − 1)
n4

= 1

––––––––––––––––––––––––––––––––––––––––––



3. P���� S��
��

In Exercises 41-50, (a) find the series’ radius and interval of convergence. Then identify the
values of x for which the series converges (b) absolutely and (c) conditionally.
––––––––––––––––––––––––––––––––––––––––––

41.
∞∑

n=1

(x+ 4)n

n3n

Solution:

lim
n→∞

∣∣∣∣
un+1
un

∣∣∣∣ < 1 =⇒ lim
n→∞

∣∣∣∣∣
(x+ 4)n+1

(n+ 1) 3n+1
· n3n

(x+ 4)n

∣∣∣∣∣
< 1 =⇒ |x+ 4|

3
lim
n→∞

(
n

n+ 1

)
< 1 =⇒

|x+ 4|
3

< 1

=⇒ −3 < x+ 4 < 3 =⇒ −7 < x < −1; at x = −7 we have

∞∑

n=1

(−1)n 3n
n3n

=
∞∑

n=1

(−1)n
n

, the alternating harmonic series, which converges conditionally; at

x = −1 we have

∞∑

n=1

3n

n3n
=

∞∑

n=1

1

n
, the divergent harmonic series

(a) the radius is 3; the interval of convergence is −7 ≤ x < −1
(b) the interval of absolute convergence is −7 < x < −1
(c) the series converges conditionally at x = −7.
––––––––––––––––––––––––––––––––––––––––––

42.

∞∑

n=1

(x− 1)2n−2
(2n− 1)!

Solution:

lim
n→∞

∣∣∣∣
un+1
un

∣∣∣∣ < 1 =⇒ lim
n→∞

∣∣∣∣∣
(x− 1)2n
(2n+ 1)!

· (2n− 1)!
(x− 1)2n−2

∣∣∣∣∣
< 1 =⇒ (x− 1)2 lim

n→∞

1

2n (2n+ 1)
= 0 < 1

which holds for all x

(a) the radius is ∞; the interval of convergence is −∞ < x <∞
(b) the interval of absolute convergence is −∞ < x <∞
(c) there are no values for which the series converges conditionally.
––––––––––––––––––––––––––––––––––––––––––

43.
∞∑

n=1

(−1)n−1 (3x− 1)n
n2

Solution:



lim
n→∞

∣∣∣∣
un+1
un

∣∣∣∣ < 1 =⇒ lim
n→∞

∣∣∣∣∣
(3x− 1)n+1

(n+ 1)2
· n2

(3x− 1)n

∣∣∣∣∣
< 1 =⇒ |3x− 1| lim

n→∞

n2

(n+ 1)2
< 1 =⇒

|3x− 1| (1) < 1

|3x− 1| < 1 =⇒ −1 < 3x− 1 < 1 =⇒ 0 < 3x < 2 =⇒ 0 < x <
2

3
; at x = 0 we have

∞∑

n=1

(−1)n−1 (−1)n
n2

=
∞∑

n=1

(−1)2n−1
n2

= −
∞∑

n=1

1

n2
, a nonzero constant multiple of a convergent

p-series, which is absolutely convergent;

at x =
2

3
we have

∞∑

n=1

(−1)n−1 (1)n
n2

=
∞∑

n=1

(−1)n−1
n2

, which converges absolutely

(a) the radius is
1

3
; the interval of convergence is 0 ≤ x ≤ 2

3

(b) the interval of absolute convergence is 0 ≤ x ≤ 2

3
(c) there are no values for which the series converges conditionally.
––––––––––––––––––––––––––––––––––––––––––

44.
∞∑

n=0

(n+ 1) (2x+ 1)n

(2n+ 1) 2n

Solution:

lim
n→∞

∣∣∣∣
un+1
un

∣∣∣∣ < 1 =⇒ lim
n→∞

∣∣∣∣∣
n+ 2

2n+ 3
· (2x+ 1)

n+1

2n+1
· 2n+ 1
n+ 1

· 2n

(2x+ 1)n

∣∣∣∣∣
< 1 =⇒ |2x+ 1|

2
lim
n→∞

∣∣∣∣
n+ 2

2n+ 3
· 2n
n+

1 =⇒ |2x+ 1|
2

(1) < 1

|2x+ 1| < 2 =⇒ −2 < 2x+ 1 < 2 =⇒ −3 < 2x < 1 =⇒ −3
2
< x <

1

2
; at x = −3

2
we have

∞∑

n=1

n+ 1

2n+ 1
· (−2)

n

2n
=

∞∑

n=1

(−1)n (n+ 1)
2n+ 1

, which diverges by the nth Term Test for Divergence

since

lim
n→∞

(
n+ 1

2n+ 1

)
=
1

2
	= 0; at x =

1

2
we have

∞∑

n=1

n+ 1

2n+ 1
· 2

n

2n
=

∞∑

n=1

n+ 1

2n+ 1
, which diverges by

the nth
Term Test for Divergence

(a) the radius is 1; the interval of convergence is −3
2
< x <

1

2

(b) the interval of absolute convergence is −3
2
< x <

1

2
(c) there are no values for which the series converges conditionally.
––––––––––––––––––––––––––––––––––––––––––

45.
∞∑

n=1

xn

nn

Solution:



lim
n→∞

∣∣∣∣
un+1
un

∣∣∣∣ < 1 =⇒ lim
n→∞

∣∣∣∣
xn+1

(n+ 1)n+1
· n

n

xn

∣∣∣∣ < 1 =⇒ |x| lim
n→∞

(
n

n+ 1

)n(
1

n+ 1

)
< 1 =⇒

|x|
e
lim
n→∞

(
1

n+ 1

)
< 1

|x|
e
· 0 < 1; whic holds for all x

(a) the radius is ∞; the series converges for all x
(b) the series converges absolutely for all x
(c) there are no values for which the series converges conditionally.
––––––––––––––––––––––––––––––––––––––––––

46.

∞∑

n=1

xn√
n

Solution:

lim
n→∞

∣∣∣∣
un+1
un

∣∣∣∣ < 1 =⇒ lim
n→∞

∣∣∣∣
xn+1√
n+ 1

·
√
n
n

xn

∣∣∣∣ < 1 =⇒ |x| lim
n→∞

√
n

n+ 1
< 1 =⇒ |x| < 1; when

x = −1 we have
∞∑

n=1

(−1)n√
n

, which converges by the Alternating Series Test; we have
∞∑

n=1

1√
n
, a divergent p-series

(a) the radius is 1; the interval of convergence is −1 ≤ x < 1
(b) the interval of absolute convergence is −1 < x < 1
(c) the series converges conditionally at x = −1.
––––––––––––––––––––––––––––––––––––––––––

47.
∞∑

n=1

(n+ 1)x2n−1

3n

Solution:

lim
n→∞

∣∣∣∣
un+1
un

∣∣∣∣ < 1 =⇒ lim
n→∞

∣∣∣∣
(n+ 2)x2n+1

3n+1
· 3n

(n+ 1) x2n−1

∣∣∣∣ < 1 =⇒
x2

3
lim
n→∞

(
n+ 2

n+ 1

)
< 1

−
√
3 < x <

√
3; the series

∞∑

n=1

−(n+ 1)√
3

and
∞∑

n=1

(n+ 1)√
3

, obtained with x = ±
√
3, both

diverge

(a) the radius is
√
3; the interval of convergence is −

√
3 < x <

√
3

(b) the interval of absolute convergence is −
√
3 < x <

√
3

(c) there are no values for which the series converges conditionally
––––––––––––––––––––––––––––––––––––––––––

48.
∞∑

n=0

(−1)n (x− 1)2n+1
2n+ 1

Solution:



lim
n→∞

∣∣∣∣
un+1
un

∣∣∣∣ < 1 =⇒ lim
n→∞

∣∣∣∣
(x− 1) x2n+3
2n+ 3

· 2n+ 1

(x− 1)2n+1
∣∣∣∣ < 1 =⇒ (x− 1)2 lim

n→∞

2n+ 3

2n+ 1
< 1

(x− 1)2 (1) < 1 =⇒ |x− 1| < 1 =⇒ −1 < x− 1 < 1 =⇒ 0 < x < 2; at x = 0 we have

∞∑

n=0

(−1)n (−1)2n+1
2n+ 1

=
∞∑

n=0

(−1)3n+1
2n+ 1

which converges conditionally by the Alternating Series

Test and the fact that

∞∑

n=0

1

2n+ 1
diverges; at x = 0 we have

∞∑

n=0

(−1)n (1)2n+1
2n+ 1

=
∞∑

n=0

(−1)n
2n+ 1

which also converges conditionally

(a) the radius is 1; the interval of convergence is 0 ≤ x ≤ 2
(b) the interval of absolute convergence is 0 < x < 2
(c) the series converges conditionally at x = 0 and x = 2
––––––––––––––––––––––––––––––––––––––––––

49.

∞∑

n=1

(cschn)xn

Solution: Omitted
––––––––––––––––––––––––––––––––––––––––––

50.
∞∑

n=1

(cothn)xn

Solution: Omitted
––––––––––––––––––––––––––––––––––––––––––

4. M������
� S��
��

Each of the series in Exercises 51-56 is the value of the Taylor series at x = 0 of a function
f (x) at a particular point. What function and what point? What is the sum of the series?
––––––––––––––––––––––––––––––––––––––––––

51. 1− 1
4
+
1

16
− · · ·+ (−1)n 1

4n
+ · · ·

Solution:

The given series has the form

1− x+ x2 − x3 + · · ·+ (−x)n + · · · = 1

1 + x
, where x =

1

4
; the sum is

1

1 + 1
4

=
4

5
.

––––––––––––––––––––––––––––––––––––––––––



52.
2

3
− 4

18
+
8

81
− · · ·+ (−1)n−1 2

n

n3n
+ · · ·

Solution:

The given series has the form

x−x
2

2
+
x3

3
−· · ·+(−1)n−1 x

n

n
+· · · = ln (1 + x), where x =

2

3
; the sum is ln

(
5

3

)
≈ 0, 510825624.

––––––––––––––––––––––––––––––––––––––––––

53. π − π
3

3!
+
π5

5!
− · · ·+ (−1)n π2n+1

(2n+ 1)!
+ · · ·

Solution:

The given series has the form

x− x
3

3!
+
x5

5!
− · · ·+ (−1)n x2n+1

(2n+ 1)!
+ · · · = sin x, where x = π; the sum is sinπ = 0.

––––––––––––––––––––––––––––––––––––––––––

54. 1− π2

9.2!
+

π4

81.4!
− · · ·+ (−1)n π2n

32n (2n)!
+ · · ·

Solution:

The given series has the form

1− x
2

2!
+
x4

4!
− · · ·+ (−1)n x2n

(2n)!
+ · · · = cosx, where x =

π

3
; the sum is cos

π

3
=
1

2
.

––––––––––––––––––––––––––––––––––––––––––

55. 1 + ln 2 +
(ln 2)2

2!
+ · · ·+ (ln 2)

n

n!
+ · · ·

Solution:

The given series has the form

1 + x+
x2

2!
+
x3

3!
+ · · ·+ x

n

n!
+ · · · = ex, where x = ln 2; the sum is eln 2 = 2.

––––––––––––––––––––––––––––––––––––––––––

56.
1√
3
− 1

9
√
3
+

1

45
√
3
− · · ·+ (−1)n−1 1

(2n− 1)
(√
3
)2n−1 + · · ·

Solution:

The given series has the form

x− x
3

3
+
x5

5
−· · ·+(−1)n x2n−1

(2n− 1) +· · · = tan
−1 x, where x =

1√
3
; the sum is tan−1

(
1√
3

)
=
π

6
.

––––––––––––––––––––––––––––––––––––––––––

Find the Taylor series at x = 0 for the functions in Exercises 57-64.



––––––––––––––––––––––––––––––––––––––––––

57.
1

1− 2x
Solution:

Consider
1

1− 2x as the sum of a convergent geometric series with a = 1 and r = 2x

=⇒ 1

1− 2x = 1 + (2x) + (2x)
2 + (2x)3 + · · · =

∞∑

n=0

2nxn where |2x| < 1

=⇒ |x| < 1

2
.

––––––––––––––––––––––––––––––––––––––––––

58.
1

1 + x3
Solution:

Consider
1

1 + x3
as the sum of a convergent geometric series with a = 1 and r = −x3

=⇒ 1

1 + x3
=

1

1− (−x3) = 1+
(
−x3

)
+
(
−x3

)2
+
(
−x3

)3
+ · · · =

∞∑

n=0

(−1)n x3n where
∣∣−x3

∣∣ < 1

=⇒
∣∣x3
∣∣ < 1 =⇒ |x| < 1.

––––––––––––––––––––––––––––––––––––––––––

59. sinπx
Solution:

sinx =

∞∑

n=0

(−1)n x2n+1
(2n+ 1)!

=⇒ sin (πx) =
∞∑

n=0

(−1)n (πx)2n+1
(2n+ 1)!

=
∞∑

n=0

(−1)n π2n+1x2n+1
(2n+ 1)!

––––––––––––––––––––––––––––––––––––––––––

60. sin
2x

3
Solution:

sinx =
∞∑

n=0

(−1)n x2n+1
(2n+ 1)!

=⇒ sin
2x

3
=

∞∑

n=0

(−1)n
(
2x
3

)2n+1

(2n+ 1)!
=

∞∑

n=0

(−1)n 22n+1x2n+1
32n+1 (2n+ 1)!

–––––––––––––––––––––––––––––––––––––––
61. cos

(
x5/2

)

Solution:

cosx =

∞∑

n=0

(−1)n x2n
(2n)!

=⇒ cos
(
x5/2

)
=

∞∑

n=0

(−1)n
(
x5/2

)2n

(2n)!
=

∞∑

n=0

(−1)n x5n
(2n)!

––––––––––––––––––––––––––––––––––––––––––



62. cos
√
5x

Solution:

cosx =

∞∑

n=0

(−1)n x2n
(2n)!

=⇒ cos
(√
5x
)
= cos (5x)1/2 =

∞∑

n=0

(−1)n
(
(5x)1/2

)2n

(2n)!
=

∞∑

n=0

(−1)n 5nxn
(2n)!

––––––––––––––––––––––––––––––––––––––––––

63. e(πx/2)

Solution:

ex =
∞∑

n=0

xn

n!
=⇒ e(πx/2) =

∞∑

n=0

(
πx
2

)n

n!
=

∞∑

n=0

πnxn

2nn!
––––––––––––––––––––––––––––––––––––––––––

64. e−x
2

Solution:

ex =
∞∑

n=0

xn

n!
=⇒ e−x

2

=
∞∑

n=0

(−x2)n

n!
=

∞∑

n=0

(−1)n x2n
n!

––––––––––––––––––––––––––––––––––––––––––

5. T����� S��
��

In Exercises 65-68, find the first four nonzero terms of the Taylor series generated by f at x = a.
––––––––––––––––––––––––––––––––––––––––––

65. f (x) =
√
3 + x2 at x = −1

Solution:

f (x) =
√
3 + x2 =

(
3 + x2

)1/2 ⇒ f ′ (x) = x
(
3 + x2

)−1/2 ⇒ f ′
′

(x) = −x2
(
3 + x2

)−3/2

f ′′′ (x) = 3x3
(
3 + x2

)−5/2 − 3x
(
3 + x2

)−3/2
; f (−1) = 2, f ′ (−1) = −1

2
, f ′′ (−1) = −1

8
+
1

2
=
3

8

f ′′′ (−1) = − 3
32
+
3

8
=
9

32

f (x) =
√
3 + x2 = 2− (x+ 1)

2.1!
+
3 (x+ 1)2

23.2!
+
9 (x+ 1)3

25.3!
+ · · ·

––––––––––––––––––––––––––––––––––––––––––

66. f (x) =
1

1− x at x = 2

Solution:



f (x) =
1

1− x = (1− x)
−1 ⇒ f ′ (x) = (1− x)−2 ⇒ f ′

′

(x) = 2 (1− x)−3

⇒ f ′
′
′

(x) = 6 (1− x)−4 ; f (2) = −1, f ′ (2) = 1, f ′′ (2) = −2, f ′
′
′

(2) = 6

⇒ 1

1− x = −1 + (x− 2)− (x− 2)
2 + (x− 2)3 − · · ·

––––––––––––––––––––––––––––––––––––––––––

67. f (x) =
1

x+ 1
at x = 3

Solution:

f (x) =
1

x+ 1
= (x+ 1)−1 =⇒ f ′ (x) = − (x+ 1)−2 =⇒ f ′

′

(x) = 2 (x+ 1)−3

=⇒ f ′
′′

(x) = −6 (x+ 1)−4 ; f (3) = 1

4
, f ′ (3) = − 1

42
, f ′′ (3) =

2

43
, f ′′′ (3) =

−6
44

=⇒ 1

x+ 1
=
1

4
− 1

42
(x− 3) + 1

43
(x− 3)2 − 1

44
(x− 3)3 + · · ·

––––––––––––––––––––––––––––––––––––––––––

68. f (x) =
1

x
at x = a > 0

Solution:

f (x) =
1

x
= x−1 ⇒ f ′ (x) = −x−2 ⇒ f ′′ (x) = 2x−3 ⇒ f ′′

′

(x) = −6x−4

⇒ f (a) =
1

a
, f ′ (a) = − 1

a2
, f ′′ (a) =

2

a3
, f ′′′ (a) =

−6
a4

=⇒ 1

x
=
1

a
− 1

a2
(x− a) + 1

a3
(x− a)2 − 1

a4
(x− a)3 + · · ·

––––––––––––––––––––––––––––––––––––––––––

6. N������������ I��������

Use series to approximate the values of the integrals in Exercises 77-80 with an error of mag-
nitude less than 10−8. The answer section gives the integrals’ values rounded to 10 decimal
places.)
–––––––––––––––––––––––––––––––––—

77.

∫ 1/2

0

e−x
3

dx

Solution:

∫ 1/2

0

e−x
3

dx =

∫ 1/2

0

(
1− x3 + x

6

2!
− x

9

3!
+
x12

4!
− · · ·

)
dx



=

[
x− x

4

4
+
x7

7.2!
− x10

10.3!
+
x13

13.4!
− · · ·

]1/2

0

≈ 1

2
− 1

24.4
+

1

27.7.2!
− 1

210.10.3!
+

1

213.13.4!
− 1

216.16.5!
≈ 0, 484917143

–––––––––––––––––––––––––––––––––—

78.

∫ 1

0

x sin
(
x3
)
dx

Solution:

∫ 1

0

x sin
(
x3
)
dx =

∫ 1

0

x

(
x3 − x

9

3!
+
x15

5!
− x

21

7!
+
x27

9!
− · · ·

)
dx

=

∫ 1

0

(
x4 − x

10

3!
+
x16

5!
− x

22

7!
+
x28

9!
− · · ·

)
dx

=

[
x5

5
− x11

11.3!
+
x17

17.5!
− x23

23.7!
+
x29

29.9!
− · · ·

]1

0

≈ 0, 185330149
–––––––––––––––––––––––––––––––––—

79.

∫ 1/2

0

tan−1 x

x
dx

Solution:

∫ 1/2

0

tan−1 x

x
dx =

∫ 1/2

0

(
1− x

2

3
+
x4

5
− x

6

7
+
x8

9
− x

10

11
+ · · ·

)
dx

=

[
x− x

3

9
+
x5

25
− x

7

49
+
x9

81
− x11

121
+ · · ·

]1/2

0

≈ 1

2
− 1

9.23
+

1

25.25
− 1

49.27
+

1

81.29
− 1

121.211
+

1

132.213
− 1

152.215
+

1

172.217
− 1

192.219
+

1

212.221

≈ 0, 4872223583
–––––––––––––––––––––––––––––––––—

80.

∫ 1/64

0

tan−1 x√
x

dx

Solution:

=

∫ 1/64

0

tan−1 x√
x

dx =

∫ 1/64

0

1√
x

(
x− x

3

3
+
x5

5
− x

7

7
+ · · ·

)
dx

=

∫ 1/64

0

(
x1/2 − 1

3
x5/2 +

1

5
x9/2 − 1

7
x13/2 + · · ·

)
dx

=

[
2

3
x3/2 − 2

21
x7/2 +

2

55
x11/2 − 2

105
x15/2 + · · ·

]1/64

0

=

[
2

3.83
− 2

21.87
+

2

55.811
− 2

105.815
+ · · ·

]
≈ 0.0013020379



–––––––––––––––––––––––––––––––––—

7. I�������
���� F����

In Exercises 81-86 use power series to evaluate the limit.
–––––––––––––––––––––––––––––––––—

81. lim
x→0

7 sin x

e2x − 1
Solution:

lim
x→0

7 sin x

e2x − 1 = limx→0
7
(
x− x3

3!
+ x5

5!
− · · ·

)

(
2x+ 22x2

2!
+ 23x3

3!
+ · · ·

) = lim
x→0

7
(
1− x2

3!
+ x4

5!
− · · ·

)

(
2 + 22x

2!
+ 23x2

3!
+ · · ·

) =
7

2
–––––––––––––––––––––––––––––––––—

82. lim
θ→0

eθ − e−θ − 2θ
θ − sin θ

Solution:

lim
θ→0

eθ − e−θ − 2θ
θ − sin θ = lim

θ→0

(
1 + θ + θ2

2!
+ θ3

3!
+ · · ·

)
−
(
1− θ + θ2

2!
− θ3

3!
+ · · ·

)
− 2θ

θ −
(
θ − θ3

3!
+ θ5

5!
− · · ·

)

= lim
θ→0

2
(
θ3

3!
+ θ5

5!
+ · · ·

)

(
θ3

3!
− θ5

5!
+ · · ·

) = lim
θ→0

2
(
1
3!
+ θ2

5!
+ · · ·

)

(
1
3!
− θ2

5!
+ · · ·

) = 2

–––––––––––––––––––––––––––––––––—

83. lim
t→0

(
1

2− 2 cos t −
1

t2

)

Solution:

lim
t→0

(
1

2− 2 cos t −
1

t2

)
= lim

t→0

t2 − 2 + 2 cos t
2t2 (1− cos t)

= lim
t→0

t2 − 2 + 2
(
1− t2

2
+ t4

4!
− · · ·

)

2t2
(
1− 1 + t2

2
− t4

4!
+ · · ·

) == lim
t→0

2
(
1
4!
− t2

6!
+ · · ·

)

(
1− 2t2

4!
+ · · ·

) =
1

12
–––––––––––––––––––––––––––––––––—

84. lim
h→0

(sinh) /h− cosh
h2

Solution:

lim
h→0

(sinh) /h− cosh
h2

= lim
h→0

(sinh) /h− cosh
h2

= lim
h→0

(
1− h2

3′
+ h4

5!
− · · ·

)
−
(
1− h2

2!
+ h4

4!
− · · ·

)

h2

lim
h→0

(
h2

2!
− h2

3′
+ h4

5!
− h4

4!
+ h6

6!
− h6

7!
+ · · ·

)

h2
= lim

h→0

(
1

2!
− 1

3′
+
h2

5!
− h

2

4!
+
h4

6!
− h

4

7!
+ · · ·

)
=
1

3
–––––––––––––––––––––––––––––––––—

85. lim
z→0

1− cos2 z
ln (1− z) + sin z

Solution:



lim
z→0

1− cos2 z
ln (1− z) + sin z = limz→0

1−
(
1− z2 + z4

3
− · · ·

)

(
−z − z2

3
− z3

3
− · · ·

)
+
(
z − z3

3′
+ z5

5!
− · · ·

)

= lim
z→0

(
z2 − z4

3
+ · · ·

)

(
− z2

2
− 2z3

3
− z4

4
− · · ·

) = lim
z→0

(
1− z2

3
+ · · ·

)

(
−1
2
− 2z

3
− z2

4
− · · ·

) = −2
–––––––––––––––––––––––––––––––––—

86. lim
y→0

y2

cos y − cosh y
Solution: omitted
–––––––––––––––––––––––––––––––––—
87. Use a series representation of sin 3x to find values of r and s for which

lim
x→0

(
sin 3x

x3
+
r

x2
+ s

)
= 0.

Solution:

lim
x→0

(
sin 3x

x3
+
r

x2
+ s

)
= lim

x→0





(
3x− (3x)3

6
+ (3x)5

120
− · · ·

)

x3
+
r

x2
+ s





= lim
x→0

(
3

x2
− 9
2
+
81x2

40
+ · · ·+ r

x2

)
= 0

=⇒ r

x2
+
3

x2
= 0 and s− 9

2
⇒ r = −3 and s =

9

2
.

–––––––––––––––––––––––––––––––––—
–––––––––––––––––––––––––––––––––—
Problem: Find the sum of the series
∞∑

n=0

(−1)n
n!

correct to three decimal places.

Solution:

We first observe that the series is convergent by the Alternating Series Test because
(i)

1

(n+ 1)!
<

1

n! (n+ 1)
<
1

n!
(ii)

0 <
1

n!
<
1

n
→ 0 as n→∞

To get a feel for how many terms we need to use in our approximation, let’s write out the first
few terms of the series:

s =
1

0!
− 1

1!
+
1

2!
− 1

3!
+
1

4!
− 1

5!
+
1

6!
− 1

7!
+ · · ·

= 1− 1 + 1
2
− 1
6
+
1

24
− 1

120
+

1

720
− 1

5040
+ · · ·



Notice that

u7 =
1

5040
<

1

5000
= 0.0002

and

s6 = 1− 1 +
1

2
− 1
6
+
1

24
− 1

120
+

1

720
≈ 0.368056

By the Alternating Series Estimation Theorem we know that

|s− s6| ≤ u7 < 0.0002
This error of less than 0.0002 does not affect the third decimal place, so we have

s ≈ 0.368
correct to three decimal places.
–––––––––––––––––––––––––––––––––––––––––
NOTE: The rule that the error (in using sn to approximate s) is smaller than the first neglected
term is, in general, valid only for alternating series that satisfy the conditions of the Alternating
Series Estimation Theorem. The rule does not apply to other types of series.
–––––––––––––––––––––––––––––––––––––––––
Problem: How many terms of the series do we need to add in order to find the sum to the
indicated accuracy
∞∑

n=1

(−1)n+1
n4

(|error| < 0.001)

Solution:

The series

∞∑

n=1

(−1)n+1
n4

satisfies (i) of the Alternating Series Test because
1

(n+ 1)4
<
1

n4
and lim

n→∞

1

n4
= 0, so the series

is convergent.

Now u5 =
1

54
= 0.0016 > 0.001 and u6 =

1

64
≈ 0.00077 < 0.001, so by the Alternating Series

Estimation

Theorem, n = 5.
–––––––––––––––––––––––––––––––––––––––––


