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1. Let L : R5 −→ R
4 be the linear transformation defined by

L (x, y, z, t, u) = (x− y, z − t, y − z − t+ u, x− z, t− u) .

(a) Is (1, 1, 1, 1, 1) in N (L)?

(b) Is (1,−1, 1,−1, 1) in N (L)?

(c) Is (2,−1, 2) in R (L)?

(d) Is (0, 0, 0, 0, 0) in N (L)?

(e) Is (0, 0, 0) in R (L)?

(f) Is (1, 0, 1) in R (L)?.

2. Which conditions must be placed on a, b, and c for (a, b, c, d) to be in the range of the
operator L on R4 given by

L (x1, x2, x3, x4) = (2x1 − x2 + x3 − x4, x2 + x4, 2x1 + x3, x1)

Use this to find a basis for ImL = R (T ).

3. Express the range of the linear transformation L : R4 −→ R
5given by

L (x, y, z, t) = (2x+ y + z, 2x− y − z, , x− z, z − t, y + z + t)

as the solution space of a homogeneous system.

4. Is there a linear transformation L : C3 −→ C
4 so that

L (1, 0, 0) = L (1, 0, i) = (1, 1, 1, 1) , L (0, 1, 0) = (1,−1, 1,−1)?

If so find its nullspace and range as the solution spaces of homogeneous systems.

5. What must be k if (k, k + 1, k − 1) is in the image of the linear operator L on R3 defined by

L (x1, x2, x3) = (x1 + 2x2 − x3,−2x1 + x2 − x3,−x1 + 3x2 − 2x3)?

6. Find a basis for the nullspace of the linear map L : R4 −→ R
2 given by

L (x1, x2, x3, x4) = (x1 + x2, x2 − x4) .

.



7. Given the linear map L : M2×2 (R) −→ R3 defined by

L

(
a b

c d

)
= (a+ b+ c, b+ c+ d, a+ d)

(a) Find bases for the nullspace and range of L.
(b) Find its rank and nullity.

8. Find the nullity and rank of the linear operator on M2×2 (R) given by L (B) = AB − BA
where

A =

[
1 1
1 1

]
.

9. Show that the differentiation operator is a linear operator on the subspace of functions
spanned by 1, sin x, cosx, sin 2x, cos 2x. Find its rank and nullity.

10. Let L and T be the linear operators on R4 given by

L (x1, x2, x3, x4) = (x1 + x2 − x3, 2x1 − x2 + x4, x1 − 2x2 + x3 + x4, 3x2 − 2x3 − x4)

T (x1, x2, x3, x4) = (x1 + x2 + x3 − x4) (1, 1, 1, 1).

11. Prove that the function

P (x) �−→ x2
d

dx
(P (x)) + x

∫
1

0

P (t) dt

is a linear operator on real polynomial functions. Is this linear operator injective? Is it surjec-
tive?

12. Prove that the mapping defined by
L
(
a0 + a1x+ a2x

2
)
= (a0 − a1 + a2,−2a0 + a1 + a2,−3a0 + 2a1) is not onto.

13. Prove that the mapping defined by
L
(
a0 + a1x+ a2x

2
)
= (a0 − a1 + a2,−2a0 + a1 + a2, a2) is an isomorphism between the space

of polynomials of degree ≤ 2 and R3.

14. Prove that the mapping L : C −→ M 2×2 (R) given by

L (a+ ib) =

[
a b

−b a

]
is an injective linear transformation which preserves products.

15. Which of the following form isomorphic pairs of vector spaces?
a) R4, b) M 2×2 (R), c) M 3×1 (R), M 1×3 (R)
e) the subspace ofR5 spanned by {(1, 1, 1, 1, 1) , (1, 0, 0, 0, 0) , (0, 1, 0, 0, 0) , (1, 1, 0, 0, 0) , (1, 1, 1, 0, 0)}.

16. Show that there is an isomorphism from W1 to W2 where
(a) W1 is the solution space of

x1 + x2 − x3 + x4 = 0
x1 + x2 + x3 − x4 = 0
(b) W2 is the vector space of real polynomials spanned by
1 + x+ x2 + x3, x− x31− x+ x2 + 3x3.


