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1. (20 pts.) Mark each of the following assertions True (T) or False (F). Justify your answer:
give a proof or a counterexample.

a) The function T : R? — R? defined by T (ay,as) = (1, ay) is linear.

Solution:
FALSE. Since T'(0,0) = (1,0) # (0,0), T" does not take the zero vector to the zero vector, and
so T' cannot be linear.

b) If T : R* — R? is given by T (a1, az, az) = (a; — ag, 2a3), then rank (T') = 1.
Solution:

FALSE
span{T (1,0,0),7(0,1,0),7(0,0,1)} = span{(1,0),(—1,0),(0,2)} = span{(1,0),(0,2)}.

Hence rank (T') = 2.
¢) The function h : R — R defined by h (z) = 2? is a linear transformation.

Solution:
FALSE. Since h(1+1) =22 #h (1) + h(1).

d) There exists a linear transformation 7' : M3y (R) — Moy, (R) for which

1 1 0
() =1 =121 () =121
1 1 0
Solution:

FALSE The three conditions together violate linearity. Note that the vectors in the two last
equations add up to the vector in the first equation.




2. (15 pts.) Let F be a field.
Define T': Myys (F) — My (F) byT<{z Z}) = [3} )

Determine if 7' is a linear transformation. Give a proof.

Solution:

ap by as by
Let |:Cl d1:|’|:C2 d2:| GMQXQ(F),/\EIF.

aq bl as bg . /\a1+a2 )\b1+bQ . )\a1+a2
T<A{c1 dJ*{CQ dQD_T([Ac1+c2 )\d1+d2})_[)\d1+d2}

la L] (e a]) e (2 i)

Thus T is linear.




3. (21 pts.) Let T : R* — P, (R) be a linear transformation such that 7'(—1,4) = 2> — 3 and
T(-2,9) =x+1

(a) Find T'(7, —2)

(b) Find a vector v = (a;, ay) € R? for which T’ (v) = 32® — 2z — 11.

(¢) Find a polynomial p () € Py (R) but p(z) ¢ R(T).

Solution:

a

)

First note that {(—1,4),(—2,9)} is a basis for R*>. Then we find the scalars ¢, c; satisfying
(77 _2) = (_174) + G (_27 9)

This is true if and only if 4_0011—{—_920622:_—72 ,l.e., _446011;980022:__22 — 2 _ 2_659 .

Hence

T(7,-2) = (=59) T (—1,4) + (26) T (—2,9) = (—59) (z* — 3) + (26) (z + 1)

= —592” 4 26 + 203.

b)
Thevector3az2—2:1:—11Espan({m -3, x+1}) iff 327 —2x—11:cl(:v —3)+62(:B—|—1)

This is possible iff 322 — 22 — 11 = ¢;22 + cox + ¢o — 3.
Hence ¢ = 3,¢c0 = —2.

Thus v =3(—1,4) + (—-2) (—2,9) = (1, —6).

)

We want p (z) ¢ span{z* — 3,2+ 1}.

For this, az® + bz + ¢ € span ({2* = 3,2 + 1}) iff az® + br +c =\ (2" = 3) + A (z + 1) <=
a:)\l,b:)\27c:—3)\1+)\2.

Now let Ay =Xy =1. Thena=b=1,c= —2.

Now it is easy to check that p (z) = 2°+x+1 ¢ span ({2* — 3,2+ 1}),ie, p(z) = 2> +2+1 ¢
R(T).




4. (20 pts.) Let T': Moy (R) — Py (R) be the linear transformation defined by

T([i ZD —(a+d)+ (bt

Consider the following two bases for Mayo (R) and P; (R) respectively:
10 11 0 0 01

= Lo L[ [ ren,

a) Find [T1}

b) Find {T ({ ?7) ])} only by using part a).
v

ot =

Solution:

a)

(o7,

—_
=}

=2=c+c(l4+2)=2+0(1+2) < c; =2,¢0=0.

~
—_
—_

~

7~ N -~/ N /
)
)

l4+z=d+dy(14+2)=0+1(1+2) <= d; =0,dy = 1.

l+z=9g1+90(1+2)=0+1(142) <= g1 =0,g0 = 1.

e}
S
A A A

T (1) 1 =1l+2r=fi+fo(l+ax)=—-14+2(1+z)<= f1=—-1,f, =2
. [200 -1
[T]ﬂ:{o 11 2]
b)
Tq? é]):(3+5)+(1+7)x=8+8x:0+8(1+x):>{T({?

or by using part a), we get

(DLl s =10 ] =[]




5. (20 pts.) Consider the linear tansformation 7" : P3 (R) — R? given by

T (p) = (0" (0),1'(0))
a) Find a basis for N (T'), compute the nullity of 7.
b) Find a basis for R (T"), compute the rank of T’
c¢) Determine whether 7' is one-to-one or onto.
Solution

a)

Let p(z) = a + bz + ca® + dr® € P3 (R).
Then p' (z) = b+ 2cx + 3dx?,p” (z) = 2¢ + 6dx, and so p’ (0) = b,p" (0) = 2c.
Thus we see that

p(z) € N(T) < (p" (0),p' (0)) = (0,0) <> (b,2¢) = (0,0) <= b =c =0, and a,d can be
anything.

Therefore p (z) € N (T) < p(z) = a+da’ € span ({1,2°}) = N (T). So {1,2%} is a basis
for N (7).

b)
We have

R(T) = span ({T (z),T (2°)}) = span({(0,1),(2,0)}) = R
We conclude that {(0,1),(2,0)} is a basis for R (7). Thus rank (T") = 2.
c)

Since nullity (T') = 2 # 0, T is not one-to-one.

Nevertheless, rank (T) = 2 = dim (R*) = R (T) = R? shows that 7" is onto.




6. (14 pts.) Suppose T : R? — R? is a linear transformation with N (T) = R (T).

(a) Show that T (T (v)) = 0 for all v € R?.

(b) Show that there is a vector v € R? such that {v,T (v)} is a basis for R®. (Hint: show first
that T (v) # 0 for some v € R?.)

(c) Determine [T, for the ordered basis # = {v,T (v)} from part (b)

Solution:

(a)
For any v € R?, we have T (v) € R(T). Since N (T) = R(T), we get T (v) € N (T). Hence
T (T (v)) = 0 and this holds for each v € R%

(b)
If T (v) = 0 for each v € R?, then N (T) = R* and R(T) = {0}, but this is contrary to the

hypothesis that N (T) = R(T). So T (v) # 0 for some v € R%.. We now consider the subset
{v, T (v)}. This set is not linearly dependent, for if T (v) = cv for some scalar ¢ # 0. We apply
T to both sides T' (T (v)) = ¢T (v) and so we get 0 = ¢TI (v) = T (v) = 0, contradiction. So
T (v) # cv for any scalar ¢. Hence the subset {v,7T (v)} must be linearly independent. Since
dim (R?) = 2, we see that {v, T (v)} is a basis for R

(c)
We compute images of each vector in the basis § = {v,T (v)}. Thus T (v) = (0)v + (1) T (v)
and also T' (T (v)) = 0 = (0) v + (0) T (v). Thus the matrix that represents T relative to the

basis is 3 = {v, T (1)}
T), = [ v ] .




