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e The exam consists of 6 questions.

e Please read the questions carefully and write your answers under the corresponding
questions. Be neat.

e Show all your work. Correct answers without sufficient explanation might not get full
credit.

e Calculators are not allowed.

GOOD LUCK!

Please do not write below this line.
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1. Given the system S of linear equations

x1+2x2+am3+2x4 = 1
T+ 3%3 + 4.%'4 =
2x1+x2—|—(a+b)x3+7x4 = 2

S

i) Find the value(s) of a and b so that the system has
a) no solution;
b) a unique solution;
c) infinitely many solutions.

ii) Find all solutions in the case a = 7,b = 1.

Solution:
(i)
1 2 a 211 1 2 a 2 1 1 2 a 2 1
1 0 3 41| — |0 -2 3—a 2|b—-1]| — |0 1 3—b —-1|b—-1
2 1 a+b 7|2 0 -3 —a+b 3 0 0 -3 —a+b 3 0
1 2 a 2 1
— 10 1 3—-b —1]1b6-1
00 9—a—2b 0 |3b—3

This last matrix has no bad row if 9 —a —2b=0and 3b —3 =0, ie.,ifa=7,0=1.
a) The system has no solution if 9 — a — 2b =0 and b # 1.
b) The system has infinitely many solutions if a = 7 and b # 1.

c¢) There are no values of a and b that yields unique solution.

(i)

1 2 7 2 1 127 21 10 3 4|1
0 1 3—1 —1 1-1 — ({012 —-1/0| — |01 2 —1]0
00 9-7—2 0 |3(1)—3 00 0 010 000 010
T +3U1 +4U2 =1 ry = 1-— 31,61 - 4U2
) +2U1 —U2 = To = —2U1 + Uo
T 1— 3U1 — 4U2 1 -3 —4
o i) o —2"&1 + U3 . 0 —2 1
A= | = " =10 + 1 + Uo 0 where uy,us € R
Ty Ug 0 0 1



2.
a) Compute the following product

1 2 3 4 5
-5 -4 -3 -2 -1

— = =
= W N = O

No explanation is necessary.

b) Let U be the matrix below. Find all solutions to the homogeneous system Uz = 0.

111 -2 0
U=1[0 01 7 5
0 0O 07
Solution:
a)
1 0
12 03 4 5|y o | [ 142434445 0+246412420] [ 15 40
-5 -4 -3 -2 -1 1 3 | -5-4-3-2—-1 0-4-6—-6—-4 | =15 =20 |-
1 4
b)
111 -2 0 110 -9 -5 110 -9 0
U=1[10 01 75| —|001 7 5| —1]001 70
0 00 0 7 00O 0 7 0 00 01
r1+u —9uy = 0 r1 = —up+ Yus
r3+Tuy = 0 = 3 = —Tus
Ty = 0 Ty = 0
Thus all solutions are of the form
T —U1—|—9U2 -1 9
T2 U 1 0
r3 | = —Tus = u 0 +us | —7 | where uj,us € R
Ty Ug 0 1
Ts 0 0 0




3. Compute the determinant

det |:

0 0
-1 0
2 -1
-1 2

-1
2
-1
0

2
—1
0
0

Note. You must show your work to receive credit for this problem.

Solution:
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4. Let A =

N = =
S Ot N
o O W

a) Find the number ¢ that makes this matrix not invertible.
b) If ¢ = 20 factor the matrix into A = LU (lower triangular L and upper triangular U).
c) If B? = 0, the zero matrix, explain why B is not invertible.

Solution:
a)

1 2 3 1 2 3 1 2 3 1 2 3
A=11 56| — |0 3 3 — | 0 1 1 — |1 0 1 1

2 6 ¢ 0 2 ¢c—6 0 2 ¢c—6 0 0 ¢c—8

Hence if ¢ = 10, then the matrix A is not invertible.

b) Using our multipliers from our elimination

1 2 3 1 0 0 1 2 3
A=]15 6 |=]1 1 0 03 3
2 6 20 2 2/3 1 0 0 12

c) If B were invertible with inverse B!, then B~'B? = B0, this would imply that B = 0, itself
the zero matrix. But the zero matrix cannot be invertible.




5. Let

2 1 -4 11 3 -2 —-13 13
A= 1 -2 -7 3 | and B = 1 4 ) 9
-3 1 11 -14 -7 9 39 -26

a) Show that A and B have the same row reduced echelon form R.
b) Find invertible matrices P, and P, such that R = P;A and R = P, B.
c) Find an invertible matrix P such that A = PB.

Solution:
2 1 -4 11|10 0 1 =2 =7 3[0 10

a) [AlT]=] 1 -2 -7 3/010|—| 2 1 -4 11|10 0
-3 1 11 —-14|0 0 1 -3 1 11 —-14|0 0 1

(1 -2 -7 3|0 1 0 1 -2 =7 3/0 1 0

— |0 5 10 5(1 20— |0 5 10 5/1 =2 0

|0 =5 —10 =5|0 3 1 0 0 001 1 1

(1 -2 -7 3|0 1 0 10—35%%0 %%o

— |0 1 21| 20| — 1 21|y 2 0|=RsoP=|: 2 0

0 0 001 1 1 00 001 1 1 11 1
3 -2 —-13 13|10 0 1 4 5 9[010

[B|I]=| 1 4 5 9/010|—| 3 -2 -13 13|10 0
-7 9 39 —26(|0 0 1 -7 9 39 —26(0 0 1

— |0 —14 —28 —14|1 =3 0
0 37 74 37|0 7 1
14590 1 0 10—35%i -2 0
_>0121;—41%0_>0121ﬂ = 0
1 T _ 3 1
01210 £ & 00 004 =-2 &
1
SO I'r = | —53 =
i o
14 518 37

Hence A and B have the same row reduced echelon form R. Also A = PR and B = P, R. Thus,
R = P 'Aand R = P; ' B which gives P, 'A = P; ' B. This implies that A = P, P; ' B. Therefore
we let P = PPy,




6. (Bonus) Suppose the matrix A has row reduced echelon form R:

1 2 1 b 1 2 0 3
A= 2 a 18 |,R=1001 2
row 3 00 00O

a) What can you say about row 3 of A?
b) What are the numbers a and b?

Solution:

a) Because row 3 of R is all zeros, row 3 of A must be a linear combination of rows 1 and 2 of A.
The three rows of A are linearly dependent.

b) After one step of elimination we have

1 2 1 b
0 a—4 -1 8—-2b

row 3

Looking at R we see that the second column of A is not a basic column, so a = 4. Continuing with
elimination, we get to

o O =
S O N
SO = O
[\
|
S 00 o

Comparing this to R we see that b = 5.




