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1. Find a basis for the solution space of the homogeneous system
r+y+z—t = 0

20 —y — 22 + 3t 0

—r+2y—3z2+4 = 0

204+ 2y —4246t = 0

2. Find a basis for the solution space of
20 —y+32+t = 0
—Sr+y+4z—t = 0
—x—y+10z+t = 0

3. Find a basis for the solution space of

-1 1 2 1 7
4 -2 1 2 To
1 0 1 -1 T3 | =
5 =3 -1 1 Ty
0 0 1 -1 Ty

O = O kW
O OO oo

4. Find a basis for the subspace of R* given by
{(a,b,c,d):a—b+c+d=0,2a+3b—d=0}..

5. Find a basis for the vector space of polynomials given by

{a+br+ca®+de®a+b+c=0,a+b+d=0}.

6. Find a basis for the column space of each of the following

2 5 3 1 0 -1 0 1 -1 3
1 1 1 0 1 0 -1 2 1 1
Al 1 1 PPl 1 11 91 1 4
4 -1 1 1 -1 1 1 1 -1 1




7. Find a basis for the space of 2 x 2 matrices

N

satisfying x +t = 0.

8. Find a basis for the row space of the following matrices

2 -1 1 3 1 -1 1 3 4 11 3 1 4 5
4 1 1 -1 -1 1 1 41

a) . b) ol 2 1 -11 0 4
1 2 -1 3 3 -1 2 01 14 8 4 12 19
0 3 -1 -7 3 1 476

9. Find a basis for the column space of each of the following
2 5 3 1 0 1 -1 3
-1 1 1 0 1 2 1 1

L IS T T EON 1 11 -1
4 -1 1 1 1 -1 1

10. Find the rank of each matrix below:

1 -11 1 4 2 1 -1 4
2 1 4 -5 6 11 3 4
a) | -1 4 1 -8 —6|,b)|3 2 2 8
2 3 6 —12 4 10 1 0
1 7 7 -2 -2 43 5 12

11. Find the order of the largest invertible submatrix of

11 -1 1
42 1 0
20 3 =2
73 3 -1

12. Let S = {(1,1,1),(-1,1,-1),(3,2,3),(4,6,1),(1,0,4)}. Find all subsets of S which are
bases for span(S) by considering

a) S as a subset of R?

b) S as a subset of Zj

c) S as a subset of Z3.

13. Is (0,—1,2,—7) in span {(1,2, —3,4), (1,1, —1,-3), (2,3, —4,1)}?

14. Find the number of subsets of

S={(1,-1,1),(-1,1,-1),(3,—4,2),(4,-3,5)}

which are bases for span(S) over R.

15. Find the number of all bases for Zj.

16. Express



span {(1,-3,2,1),(1,1,1,1), (3,-5,5,3), (2, -2, 3,2)}

as the solution space of a homogeneous system of linear system.

17. Express the space spanned by

1 3 -2
-1 1 —2
2 |17 -117] 3
4 1 3

as the solution space of a homogeneous system.

18. Find a basis for the column space of

9 4 0 4 2 013 =27
1 4 1 4
1 1 -1 0 0 Sl 4
)| -1 -1 1 0 o [ b
3 1 -5 —4 —2 s
4 0 -8 -8 —4 s 0 1

19. Determine whether (2,—1,1,4), (—1,1,5,—2), (—3,2,4,—6),are linearly independent. If
not, write one vector as a linear combination of the others.

20. What must be « if the vectors

(1,—a,1,1), (=1,a+2,-2,a —1), (0,2,—-1,a* +a —4).

21. Which of the following sets of vectors span R*?
a) {(3> _1>4)> (5a _1a 7)) (4> _2> 5)) (1> _1> 1)}

b) {(2’ _1a 1)> (1>4a _1)a (_L 5> _2)> (Oa 9a _3)}

C) {(0>0a0)’ (1> _1> 1)> (4a 2> _1)}

22. Determine the following subsets of R* are linearly dependent or independent. In case it is
linearly dependent express one vector as a linear combination of the preceding vectors, in case
it is linearly independent find a basis for R*

a) {(1> _1> 2> 3)a (_1a 4a 1> 1)> (1a 2> 5> 7)}

b) {(1,-1,1,1), (2,1,-1,1), (1,0,0,1)}

C) {(2> _1> 1a 1)’ (1> _1> 1a _1)}

23. Find a basis for the subspace of R® generated by
(1,-1,4) (3,—1,4), (1,1,—4), (4,-2,8).

24.
a) Find a basis for the subspace of R* generated by

(—2,1,-2,1),(1,0,1,0),(—1,1,—1,1).



b) Show that (1,1,1,1) is contained in this subspace and express it in terms of basis vectors in

a)

c) What condition must be satisfied by a, b, ¢, d if (a, b, ¢, d) is in this subspace?

25. Find the dimension of the vector space of polynomials generated by z + 22, z — 22 + 22,2 —
3
r—x°,x+ 1.

26. Find a basis for R* containing the vector (1,2, —3,0).

27. Find a basis for R® containing the vectors

(1,—1,1,1,—1) and (0,1,1,1,0).

28. Find a basis for the vector space of 2 x 3 matrices containing

-1 2 1 qfrot
41 =1 *™ o010l

29. Find a basis for the vector space of polynomials of degree < 3 containing 1+ x+ 22, =+ 22

30. Find a basis for the vector space of 2 x 2 symmetric matrices.

31. Find a basis for R containing {(1, —3,2), (4, —5,0)}.

32. Complete the set {(1,—1,5,3),(—1,2,—1,0)} to a basis for R*.

33. Supplement the set of matrices

)l v ) T

to a basis of the space of 2 x 2 matrices.

34. Find a basis of R? which is a subset of
{(1,-2,1),(-2,4,-2),(1,1,1),(2,-1,2),(1,1,0)}

35. Find a basis for polynomials of degree < 3 consisting of polynomials from

r—2% 1l—x+2% 1—224+23 z, 1 -z

36. Find the coordinate matrix of the function cos® x relative to the ordered basis {1, cos z, sin z, cos 2, s

37. Find a basis for the solution space of y" +¢' = 0.

38. Find a basis for the solution space of ¢’ — ¢’ = 0.




39. What must be £ if the functions cos z +sinx — 3 cos 2x + k sin 2z, k cos x —sin x + k cos 2z +
2sin 2x, — cos x +sin x — 5 cos 2x are linearly dependent. For this value express the last function
as a linear combination of the first two functions.

40. What is the dimension of the solution space of y" + 2y” = 07

41. Describe the intersection of the solution spaces of

T+ 205 +x3—24 = 0
200 — 319 —ax3— 14 = 0
1 — 5Ty —2x3+2x4 = 0
and
3r1 — 8rg — 3x3 + 314 0
—r1— 202 —x3—14 = 0
Txo+3r3—3x4 = 0

42. Let W, be the subspace of R* spanned by (1,-1,2,1) and let
W2 = {(331,332,1’3,..’234) | T + Lo — X3 — Ty = 0}

(a) Find a spanning set for Wy + Ws.
(b) Find bases for W; N W, and for Wy + Wy
(c) Is the sum Wy + W a direct sum?

43. Let W, =< 2+ 2*,2 — 2%, > and Wy =< x,2° + 1 >. Find dim(W; + W,) and
dlm(W1 N Wg)

44. Let W, and W5 be the spaces of odd and even fuctions defined on R respectively. Prove
the Wi + W5 is a direct sum.

45. Let W = {(a,a,a) | a € R}. Find 5 distinct elements of R?/IV/.

46. Describe V if V is F[z] and W is the subspace {z*P(z)| P(z) € F[z]} and find its
dimension.

47. Find a basis for R*/W where W is the subspace {(:L“, y,2) ER? |y — 2 = 0}.

48. Find dim R*/W for the subspace W spanned by (2,1, —1,3), (—1,1,1,4),(1,2,0,7),(0,1,0, —1).

49. What must be W if dim V/W = dim V' for a finite dimensional vector space V7

50. For that for the finite dimensional subspaces W; and W5 of a vector space prove the equaity
dim Wl/Wl N W2 —+ dim WQ/Wl N Wg = d1m(W1 + W2> — d1m(W1 N W2>




