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Numbers and Functions






Numbers

The Natural Numbers

The set

is called the set of matural numbers.
numbers that children learn. The symbol € means

example

2eN
7€eN
3 EN
0¢N
—-5¢N

N ={1,2,3,4,5,6,...}

means

means

means

means

means

(199

“2 is a natural number”
“7 is a natural number”
“% is not a natural number”
“0 is not a natural number”

“—5 is not a natural number”

In the natural numbers, we can do “+” and “x”

2+7=9€N, 2x7=14 € N.
However we can not do “—” because
2—-T¢N.

So we invent new numbers!

The Integers

The set

Z={. , —4,-3,-2,-1,0,1,2,3,4,.. .}

is called the set of integers. We use a Z for the German word

‘zahlen’ (numbers). In Z, we can do “4”, “—” and “x” but we
can not do “+”. For example 3 € Z, 4 € Z, —5 € Z and
3+4€7Z, 3-4€Z, 3x4eZ, 3+-4¢7,

3+ (-5) € Z,

3—(=5)€Z, 3x(-5)€Z, 3+(-5)¢Z

So we invent new numbers!

These are the first
n

Sayilar

Dogal sayilar

N=1{1,2,3,4,5,6,...}

kiimesi dogal sayilar kiimesi olarak adlandiririlir. Bunlar
gocuklugumuzda ilk 6grenilen sayilardir. € sembolii “elemanidir”
anlamina gelir. Ornegin,

2 e N demek “2 bir dogal sayidir”

7€ N anlami “7 bir dogal sayidir”

% ¢ N anlami “% bir dogal say1 degildir”

0¢ N anlami “0 bir dogal say1 degildir”
—5¢ N anlami “—5 bir dogal say1 degildir”

Dogal sayilarla “+” ve “x” iglemlerini yapariz.
24+7=9€N, 2x7=14€N.
Ne yazik ki “—” iglemini yapamay1, ¢iinkii, ornegin

2-7¢&N.

dir.

Bu yiizden yeni sayilar kesfederiz.!

Tam sayilar

Z={. 6 —4,-3,-2-1,0,1,2,3,4,...}

kiimesine tam sayilar denir. Bunu Almanca ‘zahlen’ (sayilar)
kelimesinden Z ile gosteririz. Z igerisinde, “+7, “—” “x”

ve
yapabiliriz ama “+” yapamayiz. Ornegin 3 € Z, 4 € Z, -5 € Z
ve

34+44€Z, 3-4€Z, 3x4€Z, 3+-4¢7,

3+(-5)€Z, 3—(-5H)eZ, 3x(-b)eZ 3+(-5H)¢&Z.

Dolayisiyla yeni sayilar kesfederiz!



a hole at v/2 a hole at w
----- O—OrO 0-0—0-00—T—0—O0——0—0:0——O0—/—0—0—T00-0—0r0 O—=0—O0—"=-+
4 -3 -2 -1 0 1 2 3 4

Figure 1.1: The Rational Numbers
Sekil 1.1: Rasyonel Sayilar

The Rational Numbers

The set
a

Q = {all fractions} = { 3 ’a,b € Z and b # 0}

is called the set of rational numbers. We use a Q for the
word ‘quotient’. For example

0 100
== — €
0=7¢€ Q 13 Q
1
8
3 4="c
1€0 20
12345
12345 = .
T¢Q 012345 = 755000 < @
In Q we can do “+7, “=7, “x” and “=(by a number # 0)”.
Are we happy now?
No!
Why?
Because if we draw all the rational numbers in a line, then the
line has lots of holes in it — see figure 1.1. In fact, Q has oo

many holes in it.

So we invent new numbers!

The Real Numbers

The set
R = {all numbers which can be written as a decimal}

is called the set of real numbers. For example

100
0=00eR 1—3:7.692307...6R
2
9—3:0.232323...6R \/5:1.414213...€R
123
3 —=2 =0.123123...€R
i =075 R 999
12345
m=3.141592... ¢ R  —=0.12345 € R.
100000

The real numbers are complete — this means that if we draw
all the real numbers in a line, then there are no holes in the
line. See figure 1.2 on page 5.

Are we happy now?
Yes!

Rasyonel Sayilar

Q = {tiim kesirler} = {% ‘mbeZveb;éO}

kiimesine rasyonel sayilar denir. Bunu Q ile gosteririz. Ornegin
100

0
= — — €
0=7€Q 3 €Q
1
8
3 4=—¢
10 20
12345
TdQ 0.12345 = 100000 € Q.
Q daki sayilarla “+7, “=7 “x” ve (# 0 sayilarla) “+ yapa-
biliriz”.
Simdi oldu mu?
Hayir!
Neden?
Cunkii rasyonel sayilar1 bir say1 dogrusu tizerinde gosterirsek,
o zaman — gekil 1.1 deki gibi bir siirii rasyonel olmayan sayinin

kargilik geldigi nokta buluruz .
bulmak miimkiindiir.

Aslinda, Q da oo sayida delik

Boylece hala yeni sayilara ihtiyacimiz
var!

Reel Sayilar

R = {ondalik olarak yazilabilen sayilar}
kiimesine reel sayilar kiimesi denir. Ornegin

100

0=00eR —13 =17.692307... € R
2
9—2:0.232323...6R \/5:1.414213...€R
123
3 —=2 —=0.123123...€R
Z =0.755e¢R 999
12345
m=3.141592... e R =0.12345 € R.
100000

Reel sayilar tamdir — yani biitlin reel sayilari say:1 eksninde
gosterecek olursak, eksen iizerinde reel say1 karsilik gelmeyen
nokta kalmadigini goriiriiz. Sayfa 5 gekil 1.2 inceleyiniz.

Simdi tamam m1?

Evet!



Figure 1.2: The Real Numbers
Sekil 1.2: Reel Sayilar

Intervals

A subset of R is called an interval if
(i). it contains atleast 2 numbers; and
(ii). it doesn’t have any holes in it.

Example 1.1. The set {z | z is a real number and x > 6} is
an interval.

> 0O

Because 6 is not in this set, we use O at 6.

Example 1.2. The set of all real numbers x such that —2 <
x < 5 is an interval.

@ ®
-2 5

Because —2 and 5 are in this set, we use ® at —2 and 5.

Example 1.3. The set {z | x € R and x # 0} is not an inter-

val.
a hole at 0

/

oV
~
0

A finite interval is
e closed if it contains both its endpoints;
e half-open if it contains one of its endpoints;
e open if it does not contain its endpoints;
as shown in table 1.1 on page 6. An infinite interval is
e closed if it contains a finite endpoint;
e open if it is not closed.

There is one exception to this rule: The whole real line is called
both open and closed. See table 1.2 on page 6.

We can combine two (or more) intervals with the notation
U. For example, [—8, —2]U[2, 8] is called the union of [—8, —2]
and [2, 8] and is shown below.

Y 1
—8 —2 2

Intervals

R nin su iki 6zelligini saglayan bir altkiimesine aralik denir
(i). en az 2 say1 igeriyorsa; ve
(ii). igerisinde hig bosgluk yoksa.

Ornek 1.1. The set {z | z reel say1 ve 2 > 6} kiimesi bir

araliktir.
O

6

6 bu kiimede olmadigindan, 6 noktasinda O olarak gosteririz.

Ornek 1.2. —2 < z < 5 olacak sekildeki tiim x reel sayilarinin
kiimesi bir araliktir.

L ®
-2 5

—2 ve 5 bu kiimede yer aldiklarindan, —2 ve 5 noktalarinda @

kullamiriz.

Ornek 1.3. {2 | 2 € R ve 2 # 0} kiimesi bir aralik degildir.
delik 0 da

/

raY
~
0

Bir sonlu aralik

e ug¢ noktalarinin her ikisini de igeriyorsa kapals;

e ug¢ noktalarinin higbirini igermiyorsa, ac¢tk olarak adlandirilir.

6 daki tablo 1.1 gosterilmektedir. Bir sonsuz aralik
e bir sonlu ug noktasini iceriyorsa kapals;
e kapali degilse de a¢ik adinm alir.

Bu kuralin bir istisnasi vardir: Tiim reel say1 dogrusu hem acik
hem kapalidir. Bakiniz sayfa 6 tablo 1.2.

Iki (veya daha fazla) araligi, U notasyonu ile birlestirebiliriz.
Ornegin [-8, —2] U [2, 8] ’a [-8, —2] ve [2, 8] in birlesimi denir
ve agagidaki sekilde gosterilmigtir.

oA
—8 -2 2




Notation | Set Type Picture
Notasyon | Agiklama Tip Resim

(a,b) {z|a <z < b} open / agik %
[a, D] {z|la <2z < b} closed / kapali 2
[a, b) {z|a <z < b} half open / yari-acik :
(a,b] {z|la < 2 < b} half open / yari-agik %

Table 1.1: Types of Finite Interval
Tablo 1.1: Sonlu Aralhk Cesitleri

Notation | Set Type Picture
Notasyon | Acgiklama Tip Resim
(@, 00) {z|a < x} open / agik o,
a
[a, 00) {z]a <z} closed / kapal @
a
(—00,b) {z|z < b} open / agik O
b
(—00, b] {z|x < b} closed / kapali ®
b
(—oc0,00) | R both open and closed
hem acik hem kapal

Table 1.2: Types of Infinite Interval
Tablo 1.2: Sonsuz Aralik Cegitleri




Cartesian Coordinates Kartezyen Koordinatlar

Y
5
Q(—2,4)
$------- 4+
: P(4,3
| 3———————————————————(0 )
E 2 4 1
= | | en
1 1. l & the z-axis
: right4 : /
[ | x

\ the y-axis

Definition. The set Tanim.

{(z,y)|z,y € R}

{(z,y)lz,y € R}
kiimesini R? ile gosteririz.

: 2
is denoted by R”. Tanim. O(0,0) noktasi orijin olarak adlandirilir.

Definition. The point O(0,0) is called the origin. Ornek 2.2. A(1,2) ve B(4,—2), R? de noktalar olsun. OAB

Example 2.1. Let A(2,—1) and B(3, 1)be points in R?. Draw li¢genini ¢iziniz.
the triangle OAB.

¢coziim:
solution:
9 4Y
9 4Y
1 p
1 a
T
T T T Tx 2 3 4
2 3 4 1
14
—9
—9 4




Example 2.3. Draw the region of points which satisfy 1 < Ornek 2.4. -1 < y <1 kosulunu saglayan bolgeyi ¢iziniz.
x <3.

cozium:
solution:
2 4 y
2 4 y
1 a
g
: 5 2 1 1 2
2 4
1
—14
_9 ]
—9 ]

Ornek 2.6. 1<z <3vel< y <2 egitsizliklerinin sagladigi
Example 2.5. Draw the region of points which satisfy 1 < bglgeyi ciziniz.
r<2and1<y<3.

cozum:
solution:
Yy
3 ]
31 Yy
2 A
2 .
1 A
1 .
X
x T T T T
T T T T 1 2 3 4
1 2 3 4
Distance in R2. Distance in R2.

Definition. The distance between Pj(z1,y1) and Py(z2,y2) Tanum. Pj(xz1,y1) ve Pa(xa,y2) arasindaki uzaklik
is

PPl = /(w2 — 21)2 + (2 — 1) 1PLPy|| = /(@2 — 21)? + (y2 — 1)

Example 2.7. The distance between A(1,3) and B(4,—1)is  Ornek 2.7. A(1,3) ve B(4,—1) arasmdaki uzaklk

[AB|| = V(4 =12+ (-1-3)2 = /3 + (42 =V25=5.  |AB||= /A—1)2+ (-1 -3)2 = /32 + (—4)2 = V25 = 5.

Yy
Py (2, y2)
PR
T
Ve |
P
W Y2 — 1
ks | T
|
Pi(x1,y1) -~ -l
|zo — 21|

Figure 2.1: The distance between P; and P is easy to calculate
using Pythagoras.

Sekil 2.1: P; ve P, arasindaki uzaklik Pisagor bagintisi kulla-
narak kolayca elde edilebilir.



Functions

dependent variable
bagiml degigsken

N
y:

“y is equal to f of x”

e

function
fonksiyon

Definition. A function from a set D to a set Y is a rule that
assigns a unique element of Y to each element of D.

Definition. The set D of all possible values is called the
domain of f.

Definition. The set Y is called the target of f.

Definition. The set of all possible values of f(x) is called the
range of f.

If f is a function with domain D and target Y, we can write

fl/?%ﬂ\/

target

Example 3.1. f:R = R, f(z) = 22.

Example 3.2. f:(—00,00) = [0,00), f(x) = 2.

Fonksiyonlar

“y esittir f a”

x
N

independent variable
bagimsiz degisken

Tanim. D ve Y bosg olmayan iki kiime olmak iizere D nin
her bir elemanini Y nin sadece bir elemanina egleyen kurala
fonksiyon denir.

Tanim. D kiimesine f nin tanwm kidmest denir.
Tanim. Y kiimesine f nin deger kiimesi denir.

Tanim. Biitin mimkiin f(z) degerlerinin kiimesine f nin
gorunti kimest denir.

Eger f tanmim kiimesi D ve deger kiimesi Y olan bir fonksiyon
ise, bunu goyle gosteririz

fl/?%ﬂ\/

tanim kiimesi

Ornek 3.1. f:R = R, f(z) = 22.

Ornek 3.2. f: (—00,00) —= [0,00), f(z) = x2.



Figure 3.1: A function f: D —» Y.
Sekil 3.1: f: D — Y Bir Fonksiyon.

input
T €D ——m—

f

Figure 3.2: A function f: D — Y.
Sekil 3.2: f: D — Y Bir Fonksiyon.

function domain (z) range (y)
fonksiyon | tamm kiimesi () | goriintii kiimesi (y)
y =22 (—00,00) [0, 00)
y=1 {z|zeRa#0} | {x|reRz#0}
Y=z [0, 00) [0, 00)
y=+vi—z (00, 4] [0, 00)
y=v1-—2a? [-1,1] [0, 1]
y = a? [1,2] [1,4]
y = ? [2, 00) (4, 00)
y = a? (=00, —2] [4,00)
y=1+22 [1,3) [2,10)
y=1-x [0, 00) (=00, 1]

Table 3.1: Domains and ranges of some fuctions.

Tablo 3.1: Baz1 fonksiyonlarin tanim ve goriintii kiimeleri.
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Graphs of Functions Fonksiyonlarin Grafikleri

Definition. The graph of f is the set containing all the points Tanim. y = f(x) esitligini saglayan (z, y) noktalarimin kiimesine
(z,y) which satisty y = f(z). f nin grafigi denir.

Example 3.3. Graph the function y = 1+ 22 over the interval Ornek 3.4. y = I+ 2 fonksiyonunun [—1,8] arahigmdaki
[—2,2]. grafigini ¢iziniz.

solution: ¢ozlm:

STEP 1. Make a table of (x,y) points which satisfy y = 1+22. ADIM 1. y = /1 4 z esitligini saglayan (z,y) noktalarmm bir
tablosunu yapin.

x Y
T
-2 5
-1 0
-1 2
—% ~ 0.707
0 1
0 1
1 2
3|13 _31 1 | =~ 1414
2 | 4 1 3 9
2 5
8 3
STEP 2. Plot these points. . . . .. .
ApIM 2. Bu noktalar1 koordinat sisteminde gosterin.
r= -2 Yy
1 Y
.U =5 o ¢ 3t °
4 2.5
.x = % xr = 3
3 y =33 ? *y=2
1.5 ¢
o 2 ° ¢
le
le °
0.5 |
. ; ; T €T
-2 ~1 1 2 e 1 5 3
STEP 3. Draw a smooth curve through these points. ADIM 3. Bu noktalardan gegen piirtizsiiz bir egri ¢iziniz.
Y
‘ x x
-2 -1 1 2




12

y=1+ 22

1 intersection

2 intersections

Figure 3.3: The Vertical Line Test.
Sekil 3.3: Dikey Dogru Testi

The Vertical Line Test

Not every curve that you draw is a graph of a function. A
function can have only one value f(z) for each x € D. This
means that a vertical line can intersect the graph of a function
at most once.

See figure 3.3. A circle can not be the graph of a function
because some vertical lines intersect the circle at two points.

If @ € D, then the vertical line x = a will intersect the
graph of f: D — Y only at the point (a, f(a)).

Piecewise-Defined Functions

Example 3.5.
T z>0
le|=4"
—x <0
Yy
T
Example 3.6.
—r <0
flxy=<2?> 0<z<1
1 z>1
Y
1 i
T

Diisey Dogru Testi

Cizdiginiz her egri bir fonksiyonun grafigi degildir. Bir fonksiyon
her x € D igin yalmzca bir tane f(z) degerine sahip olabilir.
Bu, diisey her dogrunun, bir fonksiyonunun grafigini en fazla
bir kez kesebilecegi anlamina gelir.

Bakiniz sekil 3.3. Bir ¢ember, bir fonksiyonun grafigi ola-
maz; ¢linki bazi diigey dogrular ¢emberi iki noktada keser.

a € D ise, x = a diigey dogrusu f : D — Y’nin grafigini
(a, f(a)) noktasimda kesecektir.

Parcali Tanimli Fonksiyonlar

Ornek 3.7.
% r< -1
g(x) =< 23 -l<zx<1
33—z z>1
o 1Y
1 4
-3 -2 -1
114
_2 |1
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Increasing and Decreasing Functions
Definition. Let I be an interval. Let f : I — R be a function.
(i). f is called increasing on I if
flz1) < f(a2)
for all z1, 2, € I which satisfy z; < z;
(ii). f is called decreasing on I if
f(z1) > f(z2)

for all x1,zy € I which satisfy x7 < .

an increasing
function

-/

Artan ve Azalan Fonksiyonlar

Tanim. [ bir aralik ve f: I — R bir fonksiyon olsun.

(i). her zq, 29 € I icin 21 < x9 iken

flz1) < f(a2)
oluyorsa f ye I da artan denir;

(ii). her z1,29 € I igin x1 < x2 iken

f(z1) > f(z2)

oluyorsa f ye I da azalan denir.

a decreasing
function

/\/\//\/\/

AN

bir azalan fonksiyon

bir artan fonksiyon

not increasing
not decreasing

artmiyor
azalmiyor

\

Figure 3.4: A increasing function, a decreasing function and a function which is neither increasing nor decreasing.

Sekil 3.4:

Even Functions and Odd Functions
Recall that

e 2.4.6,8,10,... are even numbers; and

e 1,3,5,7,9,... are odd numbers.

Definition.

(i). f: D — Ris an even function if f(—x)
x €D

f(z) for all
(ii). f: D — Ris an odd function if f(—z) = —f(x) for all
z € D.

Example 3.8. f(z) = 22 is an even function because

See figure 3.5.

Example 3.9. f(z) =23 is an odd function because

See figure 3.6.

Cift Fonksiyonlar ve Tek Fonsiyonlar
Hatirlayalhm ki

e 2,4,6,8,10,... sayilar cift; ve

e 1,3,5,7,9,... sayilar da tek sayilardir.

Tanim.

(i). Bir f : D — R fonksiyona her z € D i¢in f(—x) = f(z)
oluyorsa ¢ift fonksiyon denir ;

(ii). f : D — R fonksiyonu her z € D i¢in f(—z) = —f(z)
oluyorsa tek fonksiyon adini alir.

Ornek 3.8. f (r) = 2? bir cift fonksiyondur ¢iinkii

Bakiniz gekil 3.5.

Ornek 3.9. f(x) = 23 bir tek fonksiyondur ¢iinkii

Bakiniz gekil 3.6.
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2

Figure 3.5: 2 is an even number and f(x) = 2° is an even

function.
Sekil 3.5: 2 bir ¢ift sayidir ve f(z) = 22 bir ¢ift fonksiyondur.

Example 3.10. Is f(x) = 22 + 1 even, odd or neither?

solution: Since

f is an even function.

Example 3.11. Is g(z) = « + 1 even, odd or neither?

solution: Since g(—2) = -2+ 1 = —1 and ¢(2) = 3, we have
9(—2) # ¢(2) and g(—2) # —g(2). Hence g is neither even nor
odd.

Linear Functions

flx)=mx+0b

3

Figure 3.6: 3 is an odd number and f(z) = 2° is an odd

function.

Sekil 3.6: 3 bir tek sayidir ve f(z) = 23 bir tek fonksiyon.

Ornek 3.10. f(x) = 22 4 1 fonksiyonu cift, tek yoksa hicbiri
mi?

¢cozim:
fl=2) = (-2’ +1=2" +1= f(a),
f oldugundan bir ¢ift fonksiyondur.
Ornek 3.11. g(x) = x + 1 fonksiyonu ¢ift, tek veya hicbirisi

mi?

¢ozim: g(—2) = =2+ 1 = —1 ve ¢g(2) = 3 oldugundan,
g(—2) # g(2) ve g(—2) # —g(2) olur. Boylece g fonksiyonu
ne ¢ift fonksiyondur ne de tek.

Lineer Fonksiyonlar

(m,b € R)

2”?/ y=3x+1(m=3b=1)

y= Lo (m=1b=0)
‘ o
9 1 1 2

114
y = fj; (m =20, ])7,%)

-2+ \

=-2x+1(m=-2,b=1)

y_
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Power Functions Kuvvet Fonksiyonlari

“r to the power of a”

Y
y=x
T
a=1 a=2 a=3 a=4
Y
T
y:%:x_l y:m%:([;_g
a=—1 a=-—2
Y Y Y
Yy=x
1 _ .2
_ﬁ_lé T y= 4
a—% a=1 a:% az%

Polynomials Polinomlar

p(r) = apx™ + ap_12" 1 + ..+ agx? + a1z + ag

(n e NU{0}, a; € R).
The domain of a polynomial is always (—oo,00). If n > 0 Bir polinomun tanim kiimesi (—oo, o) dur. n > 0 ve a,, # 0
and a, # 0, then n is called the degree of p(z).

ise, n tamsayisina p(z) in derecesi denir.

Rational Functions Rasyonel Fonsiyonlar

— p (ZL' ) polynomial
rational function / CU 7N

- polinom fonksiyon
rasyonel fonksiyon q ( &L )

Example 3.12. Ornek 3.13.

22° — 3 522+ 8x — 3
— g(z) = ———-—
/(@) Tr+4 (=)

322 42
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Exponential Functions Ustel Fonksiyonlar

f(z) = a*
(aeR,a>0,a+#1)

2 15 -1 —05

The domain of an exponential function is (—oo, 00). Ustel fonksiyonun tanim kiimesi (—oco, co) dur.

Logarithmic Functions Logaritmik Fonksiyonlar

y=log,x <= x=a? 21

(@aeR,a>0,a#1)

“log base a of z” 1

y=logix
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Angles

There are two ways to measure angles. Using degrees or using
radians.

0 radians

a circle of radius 1

We have that

7 radians = 180 degrees

180
1 radian = — degrees
T

1 degree = % radians.
Remark. In Calculus, we use radians!!!! If you see an angle

in Part II of this course, it will be in radians. Calculus doesn’t
work with degrees!!

Trigonometric Functions

: .Y -
sine sinf = = sintis
T
cosine cosf = — kosintis
r
sin 6 .
tangent tanf = tanjant
cos
1
secant secf = sekant
cos
1
cosecant cosec = cscl) = — kosekant
sin 0
1 .
cotangent cotf = kotanjant
tan

Remark. Note that tan 6 and sec are only defined if cos§ #
0; and cosec f and cot § are only defined if sin 6 # 0.

Acilar

Aq 6lgmede iki yol vardir. Derece kullanarak veya radyan kul-
lanarak

7 radians

180°

LN

Su bagintilar mevcuttur.

7 radyan = 180 derece
180

1 radyan = — derece
™

1 derece = f@ radyan.

45° = 60° = 07 =3

jus
3

INE]

Not. Kalkiiliiste radyan kullaniriz!!!! Bu dersin II kisminda

bir ac1 goriirseniz, o radyan cinsinden olacaktir. Kalkiiliiste
derece kullanmayacagiz!!
Trigonometrik Fonsiyonlar
r
——————————— y
| 0
x r

Not. tan@ ve sec nin sadece cos 8 # 0 oldugunda; ve cosec 6
ve cotf nin da tam olarak sinf # 0 ise tamimli olduklarina
dikkat edin.
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2
sin45° = sin ~ ! V3
in =sin— = —
4 2 sin 60° = sin — = -
I 1
cos45° = cos — = — o |
60° = cos = = =
4711_ \/5 COS COs 5
tan45° =tan— =1 tan 60° = tanz = \/§
3
™
o _ 2 2
sec 45 —sec4 =2 sec60°zsecg:ﬁ
T
45° = — =2
cosee coReCy V2 cosec 60° = cosec — = 2
cot 45° = cot T_ 1 T 1
cot 60° = cot — = —
33
Y
y=sinw Y = Ccosw
| z
2 T3 2 5 m 2
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Problems

Problem 3.1 (Even and Odd Functions). State whether the
following functions are even, odd or neither.

(a) f(z)=3 (8) f(z) = =y
(b) f(z)=2aT" (h) f(z) = =ty
(c) flz)=a"+1 (i) flo) = -1
(d) flz) =2+ () flz)=sinz
(e) flz) =2+ k) flz)=22+1
(f) fl@)=2"+1 (1) f(z) = cosx

Problem 3.2 (Pointwise-Defined Functions). Graph the func-
tion g : R — R defined by

z <0
xz > 0.

Problem 3.3 (Rational Functions). Graph the following three
functions on the same axes:

(1) f : (Ov OO) - R, f(l’) = T
(ii). g: (0,00) = R, g(x) = %;

(iii). h:(0,00) > R, h(z) =z +

8=

Sorular

Soru 3.1 (Tek ve Cift Fonksiyonlar). Asagidaki fonksiyonlarin
cift, tek veya hicgbirisi olup olmadigimi bulunuz.

(a) f(z)=3 (8) f(z) = 5
(b) f(z)=2"" (h) f(2) = 2=y
(c) fla) =2 +1 () f(z)= X
(d) flz)=2"+= (j) f(z) =sinz
(e) f(z) =2+ (k) f(z)=2z+1
(f) fla)=2®+1 () f(z) =cosz
Soru 3.2 (Parcal-Tamml Fonksiyonlar).

<0
x> 0.

ile tanimli g : R — R fonksiyonunun grafigini ¢iziniz.

Soru 3.3 (Rayonel Fonksiyonlar). Asgagidaki ii¢ fonksiyonun
grafigini ayni koordinat diizleminde ¢iziniz:

(). f:(0,00) = R, fz) =2

(ii). g:(0,00) = R, g(z) = L;

x’

(iii). 72 : (0,00) = R, h(z) =z +

8=
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05 1 15 2

Figure 4.1: The function f(z) = 2’1

x—1

Sekil 4.1: f(z) = ””;:11 fonksiyonu.

Consider the function f : (—o0,1) U (1,00) = R, f(x) =

2
z°—1 : -
“— as shown in figure 4.1.

Question: How does f behave when z is close to 17

We can see from table 4.1 that:

“If x is close to 1, then f(x) is close
to 2.7

Mathematically, we write this as

lim f(z) =2

z—1

and read it as “the limit, as x tends to 1, of f(x) is equal to

27,

z | flz)
0.9 1.9
1.1 2.1
0.99 1.99
1.01 2.01
0.999 | 1.999
1.001 | 2.001
Table 4.1: Some values of f(z) = £=L.
Tablo 4.1: f(z) = %’nin baz degerleri.

fz) = % ile tamiml f : (—o0,1) U (1,00) = R nin baz
degerleri gekil 4.1 de veriliyor.

Soru: x, 1’e yakin oldugunda f nasil davraniyor?
Tablo 4.1 den su gozlemi yapabiliriz:
“r, 1’e yakinsa, f(x) de, 2’ye yakin
olur.”
Matematiksel olarak, bunu

lim f(z) =2

x—1

olarak yazariz ve z, 1 e yakagirken, f(z) in limiti 2’ye esittir
olarak okuruz .

23
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Example 4.1. Consider the following three functions: Ornek 4.1. Asagidaki ii¢ fonksiyonu inceleyecek olursak:

=
flx) = g(x)—{l x=1 hMz)=z+1

Note that

e lim f(z) =2, fakat f, z =1 de tammh degildir;

o lim1 f(z) =2, but f is not defined at x = 1; o1
z—

e lim g(z) = 2, fakat g(1) # 2; ve

. lim1 g(z) =2, but g(1) # 2; and o=l
T—
e lim h(z) =2 ve h(1) = 2.
o lirn1 h(x) =2 and h(1) = 2. o=l
T

olduguna dikkat edelim.

o t--------

Figure 4.3: A Constant Function
Sekil 4.3: Sabit fonksiyon.

Figure 4.2: The Identity Function
Sekil 4.2: Ozdes fonksiyon.

Ornek 4.2 (Birim Fonksiyon). f(z) =z

Example 4.2 (The Identity Function). f(z) == IILHJ}O fx) = IILHJ}O =1%o
xlgfclo fz) = xlgfclo T = Zo Ornek 4.3 (Sabit Fonksiyon). f(z) =13
Example 4.3 (A Constant Function). f(x) =13 zlggo flx) = 11520 13=13

lim f(z)= lim 13 =13

T—T0 T—T0
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?

Figure 4.4: A graph of the function u(z).
Sekil 4.4: u(z) fonksiyonunun bir grafigi.

Example 4.4 (Sometimes Limits Do Not Exist). Consider the

functions
0 0 0
u(z) = { vs and v(z) = { .
sin

1 z>0

<0
x>0

x

as shown in figures 4.4 and 4.5.
Note that lin}) u(z) does not exist. To understand why, we
T—>

consider z close to 0:
o If z is close to 0 and = < 0, then u(z) = 0.
o If z is close to 0 and = > 0, then u(z) = 1.

Because 0 is not close to 1, the limit as £ — 0 can not exist.
Moreover lirr%) v(x) does not exist because v(z) oscillates up
T—r

and down too quickly if x > 0 and = — O.

0.5

-0.4 -0.2 0.2

-0.5

A

Figure 4.5: A graph of the function v(x).
Sekil 4.5: v(x) fonksiyonunun bir grafigi.

Ornek 4.4 (Limit Her Zaman Mevcut Olmayabilir). Su fonksiy-

onlar1 inceleyelim
0
ve v(z) = { 1
sin

u(m):{o <0 ,

<0

1 z>0 x>0

bakiniz gekil 4.4 ve 4.5.
lir% u(z) limitinin mevcut olmadigina dikkat ediniz. Bunun
T—>

neden mevcut olmadigini anlamak icin, x ’in 0’a ¢ok yakin
oldugunu diiglinelim:

e z, 0’a ¢ok yakin ve x < 0 iken, u(x) = 0 dur.
e z, 0’a ¢ok yakin ve x > 0 iken, u(xz) = 1 olur.

0, 1’e ¢ok yakin olmadigi icin ,  — 0 iken limit mevcut degildir.
Ayrica, x > 0 ve x — 0 iken, v(x), ¢cok hizh bir gekilde
yukariya ve agagiya dogru salinir, ¢iinkii lir% v(x) meveut degildir.
T—
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Theorem 4.1 (The Limit Laws). Suppose that
o L. M,c,k eR;
e f and g are functions;
o i1_>mc f(z)=L; and

. }UI_,ng(x):M

Then
(). Sum Rule:

lim (f(2) +g(z)) = L+ M;

T—rC
(#). Difference Rule:

lim (f(:u) —g(x)) =L— M,

r—c

(#i). Constant Multiple Rule:

lim (kf(z)) = kL;

T—>C
(iv). Product Rule:

lim (f(x)g(x)) = LM;

T—cC

(v). Quotient Rule: if M # 0, then
. (f@))_ L.
A ( g(z)) ~ M’
(vi). Power Rule: if n € N, then

lim (f(z))" = L™;

T—rC
(vii). Root Rule: if n € N and /L exists, then
lim {/f(z) = VL = L~.

Tr—>C

Example 4.5. Find limz(glc3 + 422 - 3).
T—
solution:
. 3 2 _ . 3 . 2\ .
i;na(x + 4z — 3) (igz)+(i%4x) (i;ng3)
(sum and difference rules)
. 3 . 2 .
= (fimy=)" +4(im =)~ (Jmy3)

(power and constant multiple rules)

=23 4+4(2%) -3 =21.

4 2
1
Example 4.7. Find lim %
x—5 x?+5

solution:

(vid).

Teorem 4.1 (Limit Kurallar1). Varsayalawm ki
o [ M,c,k e R;
o f ve g iki fonksiyon;
o lim f(z) =L; ve

T—rC

e lim g(x) = M olsun.

Tr—cC

O halde

(i). Toplam Kurals:

lim (f(z) +g(x)) = L+ M;

T—rcC
(it). Fark Kurala:

lim (f(z) - g(x)) = L — M;

r—C
(iii). Sabitle Carpim Kurali:

lim (kf(z)) = kL;

Tr—>C
(iv). Carpwm Kurals:

lim (f(x)g(x)) = LM;

Tr—cC

(v). Bolim Kuralv: M # 0, ise

tm (67) = 77

(vi). Kuvvet Kurali: n € N, ise

lim (f(x))n = J

r—cC

lim {/f(z) = VL = Lv.

r—>c

Ornek 4.6. lim 8(z — 5)(x — 7) limitini bulunuz.

z—6

cozum:

lim 8(z —5)(x —7) = 8ii_>r116(x —5)(x—1)

z—6

(sabitle garpim kurali)

= 8( lim (x — 5)) (lim (z — 7))

(carpim kural)

=8(1)(~1) = —8.

22+ 3z —11

Ornek 4.8. lim —— """ limitini bulunuz.

z——5 r+6

¢cozim:

Kok Kural: if n € N ve /L mevcutsa, then
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et +2? -1 limgs(2t + 2% — 1)
2245  limg_s(z2 +5)

(quotient rule)

lim
r—5

_ limg 5 2t 4 limy 5 22 — lim, 5 1

lim,_,5 22 + limg,_5 5
(sum and difference rules)
5t 457 -1
© 5245
(power rule)
_ 649
=30

Theorem 4.2 (Limits of Polynomial Functions). If P(x) =
nx?+ap_12" ... +arx+ag is a polynomial function,
then

lim P(z) = P(c).

r—cC

Theorem 4.3 (Limits of Rational Functions). If P(x)
and Q(x) are polynomial functions and if Q(c) # 0, then

. P(z) _ P(c)
lim = .
a—e Qz)  Q(c)
Example 4.9.
3 2 _ _1)3 —1)2 _
hmx+4:17 3:( 1)° +4(-1) 3:9:0.
es-1 2245 (—=1)2+5 6

Eliminating Zero Denominators
Algebraically

P
lim (z)
z—c Q)
What can we do if Q(c) =07
Example 4.11.
. T4 —2
lim —5——
z—1 xI* -

If we just put in z = 1, we would get “%” and we never never
never want “%”.
Instead, we try to factor 22 + x — 2 and 22 —z. If z # 1,

we have that

?+r-2 (z—-1)(xz+2) 42
22—z  xxz-1) oz
So
w4 r—-2 . x+2 142
lim —— = lim = —=3.
=1 7?2 -2 o1 T 1

2? +3x— 11 limgy,_5(a? + 3z — 11)
z+6 o lim,_, _5(z + 6)

(boliim kurali)

lim

r——5

limg_,_5 2% + limgy_,_5 3z — limg,_,_5 11
- lim, ,_ 52+ lim,_, 56
(toplam ve fark kural)
(=5 -15-11
- 546
(kuvvet kuralh)

-1

= —1.
1

Teorem 4.2 (Polinomlarin Limitleri). P(z) = a,z? +
12"t 4+ ...+ a1z + ag bir polinom fonksiyonsa,

lim P(z) = P(c).

Tr—rc

Teorem 4.3 (Rasyonel Fonksiyonlarin Limitlari). P(z)
ve Q(z) polinomlar ve Q(c) # 0 ise, o halde

P(z) _ P(c)
1m = 0
a=eQz) Qo)
Ornek 4.10.
i e 4+40® =3 (2P +4(2° -3 8+16-3 21 7
a2 2245 (22+5 445 9 3

Sifir Paydalarin Cebirsel Olarak Yok
Edilmesi

P
lim (2)
z—c Q)
Q(c) = 0 ise ne yapilabilir?
Ornek 4.12.
2?2+ 32— 10
im ————
z——5 12+ 5z
If we just put in x = —5 koyarsak, “%” buluruz ve unutmayin
“%” asla ve asla istemedigimiz birgey.

Onun yerine, 22 + 3z — 10 ve 22 4 5z yi carpalarina ayiririz.
x # —5 ise, sunu buluruz

2 +32—-10 (z+5)(z—2) x-—2
r24+5z  wx(z+5) oz
Yani
22432 —10 . o x—2 =5-2 7
im ————— = lim = = —
z——-5 22+ 5z z——5 -5 5
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Figure 4.6: The Sandwich Theorem
Sekil 4.6: Sanddvig Teoremi

The Sandwich Theorem

See figure 4.6.

Theorem 4.4 (The Sandwich Theorem). Suppose that
o f(z) < g(x) < h(z) for all x “close” to ¢ (x # c);

and

e lim f(x) = lim h(z) = L.

T—cC r—cC

Then
lim g(z) = L

xr—rc
also.

Example 4.13. The inequality

T rsinx

1< —
6 2—2coszx

rsinx

holds for all x close to 0 (z # 0). Calculate lim ——.
) z—0 2 — 2cosx
solution: Since lim 1 — o 1- 9 =1land lim1l =1, it
z—0 6 6 _z~>0
follows by the Sandwich Theorem that lim _rSmE 1

z—02 — 2cosx

Theorem 4.5. If
o f(x) < g(x) for all z close to ¢ (x # ¢);

o lim f(x) exists; and
T—>C

o lim g(z) exists,
T—>rC
then
lim f(z) < lim g(x).

Tr—rc r—C

Sandovic Teoremi

See figure 4.6.

Teorem 4.4 (Sandovig Teoremi). Varsayalvm ki

o ¢ (x # ¢) ye “cok yakin” bitin x ler icin f(z) <
g9(z) < h(z) ve

e lim f(x) = lim h(x) = L olsun.

r—c r—cC

O zaman
li =L
lim g(z)

ifadesi dogrudur.

Ornek 4.13.
x? rsinx
l—-—< — <1

6 2 —2cosx

esitsizligi 0 a ¢ok yakin bitin x ler (z # 0) igin dogrudur.
rsinx

lim ———— limitini bulunuz.
z—02 — 2cosT
x? 0
¢oztim: lim1— — =1——- =1 ve lim1 = 1 oldugundan,
x—0 6 6 x—0
rsinx

Sandovig Teoremi geregince lim = 1 olarak bu-
x

—02 —2cosx
lunur.

Teorem 4.5. Eger

e Her ¢ ye ¢ok yakin (ama x # c¢) biutin x ler igin
f(z) < g(x) ise ;

e lim f(x) mevcutsa ve
T—>C

e lim g(z) mevcutsa,
T—=rC

o vakit
lim f(z) < lim g(z)

Tr—c r—c

dogru olur.
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Problems

Problem 4.1. Find the following limits. For each one, state
which limit laws or other theorems you are using.

2

I

(a) Bim, -

(b) lim 3z(2x — 1)
z—2

. y+2
(c) lim —>——
y—=2y? + 5y + 6
v3—8
(@ Iy 716
Problem 4.2. If 2—2? < g(z) < 2cosz for all z, find lim g(z).
z—

State which limit laws or other theorems you are using.

Problem 4.3. Suppose that lini1 f(z) =0and lin}L g(x) = —3.
r—r T—r

Find the following limits.

(a). lim (g(x)2)

z—4

(b). lim(g(z) + 3)

z—4

(c). lim zf(x)

z—4

(d). lim

z—4

gz
flx) =1

Sorular

Soru 4.1. Asagidaki limitleri bulunuz. her birinde, kullandiginiz
kural ve teoremleri yaziniz.

2

(a) y1~I>HflS Yy — 5

(b) lim 3z(2z —1)
z—2
2
(¢) lim _y+2
y=2y? + 5y +6

. 03 — 8
(d) T o5

Soru 4.2. Her z i¢gm, 2 — 22 < g(z) < 2cosz ise , lirr%)g(x)
xT—r

limitini bulunuz. Kullandiginiz kural ve teoremleri belirtiniz.

Soru 4.3. lim f(z) = 0 ve lim g(z) = —3 olsun. Asgagidaki
r—4 z—4

limitleri bulunuz.

(a). lim (g(m)Q)

z—4

(b). lim(g(z)+ 3)

r—4

(c¢). lim zf(x)

r—4

. g(x)
(@) lim =1



Continuity Sureklilik

Y Y

a function which|is not continuous

a continuous function /\/\/ ./\/—\

Figure 5.1: A continuous function and a function which is not continuous.
Sekil 5.1: Bir siirekli fonksiyon ve siirekli olmayan bir fonksiyon.

Definition. The function f: D — R is continuous at c€ D Tanmim. Su ii¢ kogulun hepsi saglanirsa f : D — R fonksiyonu

if bir ¢ € D noktasinda sureklidir denir.
o f(c) exists; o f(c) tamumh olacak;
. 9161_>mc f(z) exists; and o algl_}rnc f(z) mevcut olacak; ve
o lim f(z) = f(o). o lim f(z) = f(0).

Definition. If f is not continuous at ¢, we say that f is dis- Tanim. Eger f fonksiyonu c de siirekli degilse, f, ¢ de stireksizdir
continuous at ¢ — we say that c is a point of discontinuity denir — ve c’ye f’nin bir sireksizlik noktas: denir.

of f.

30
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Example 5.1. Consider the function f : [0,4] — R which has
its graph shown in figure 5.2. Where is f continuous? Where
is f discontinuous?

solution:
¢ Is f continuous | Why?
at c?

0 Yes because lim f(z) =1= f(0)
(0,1) | Yes because lim f(x) = f(c)

1 No because lim f(x) does not exist
(1,2) | Yes because lim f(x) = f(c)

2 No because zli_}rnz flx)=1#2=f(2)
(2,4) | Yes because lim f(x) = f(c)

4 No because lim flx)=14# é = f(4)

Example 5.2. f:[-2,2] = R, f(z) = V4 — a2

Y f is continuous at every
c€[-2,2].

Example 5.3. ¢: R = R, g(x) = {(1) * i 8
xr =

Y g has a point of discontinuity
at ¢ = 0. ¢ is continuous at

1
every point ¢ # 0.
x
\9
1
P vy oy 1or2
Example 5.4. h: R = R, h(z) = @222 T #1lor
10 r=1or2
Y h is continuous on (—oo,1),
(1,2) and (2,00). h has a

points of discontinuity at ¢ =

16 ¢ 1 and ¢ = 2.

10 | ()

Ornek 5.1. Grafigi sekil 5.2 deki f : [0,4] — R fonksiyonunu
ele alalim. Bu f nerede siireklidir? Bu f nerede stireksizdir?

cozum:
c f fonksiyonu | Neden?
¢ de strekli
midir?
0 Evet glinkii lim f(z) =1= £(0)
(0,1) | Evet giinkii lim f(z) = f(c)
1 Hayir clinkii 111*}1111 f(z) does not exist
(1,2) | Evet giinkii lim f(2) = f(c)
2 Hayir giinkii. lim f(z) =1#2= f(2)
(2,4) | Evet giinkii. lim f(z) = f(c)
4 Hayir giinkii lim, flx)=1# % = f(4)

Ornek 5.2. f:[-2,2] > R, f(z) = V4 — 22

f fonksiyonu her ¢ € [—2, 2] noktasinda siireklidir.

.. 0 0
Ornek 5.3. g: R = R, g(z) = ) . i 0
Tr =

g nin ¢ = 0. g da bir siireksizlik noktasi1 var ve fonksiyon her

¢ # 0 igin stireklidir.

.. S — 1or2

Ornek 5.4. h:R = R, h(z) = { @-D*(@=2) z#lor
10 r=1or2

h fonksiyonu (—o0, 1), (1,2) ve (2,00) araliklarinda streklidir.
h nin ¢ =1 ve ¢ = 2 de siireksizlikleri mevcuttur.

1 2 3 4
Figure 5.2: The function considered in example 5.1.
Sekil 5.2: Ornek 5.1 deki ele alinan fonksiyon.



32

Continuous Functions

Definition. f : D — R is a continuous function if it is
continuous at every c € D.

Theorem 5.1. If f and g are continuous at c, then f+g,
f—g, kf (k€R), fg, L (if g(c) #0) and f* (n € N)
are all continuous at c. If {/f is defined on (c — 6,c+ ),
then {/f is also continuous at ¢ (n € N).

Example 5.5. Every polynominal

P(z) = apz™ + ap_12" ' + ...+ a2 + a17 + ag
is continuous.
Example 5.6. If

e P and @ are polynomials; and

* Q) #0,

then % is continuous at c.

Example 5.7. sinz and cosx are continuous.

Composites

Surekli Fonksiyonlar

Tanim. Her ¢ € D noktasinda siirekli olan bir f : D — R
fonksiyonuna stirekli fonksiyon denir .

Teorem 5.1. Eger f ve g fonksiyonlar: c’de stirekli iseler,

o zaman f +g, f — g, kf (k €R), fg, L (9(c) # 0 iken)
ve f (n € N) fonksiyonlarimn hepsi ¢’de sireklidir. Eger

/[ fonksiyonu (¢ — 6,c + &) araliginda tanamle ise, {/f
fonksiyonu da c’de sireklidir (n € N).

Ornek 5.5. Her

P(z) = apa"™ +ap_12" ' 4+ .. Fagr® +a1x +ag
polinomu da siireklidir.
Ornek 5.6. If

e P ve @ polinomlar ve

e Q(c) # 0 ise,

.. P(x)
o vakit o)

rasyonel fonksiyonu c’de stireklidir.

Ornek 5.7. sina ve cosz siirekli fonksiyonlardir.

Bileskeler

go f(x

g o f(x) means g(f(z)).

Theorem 5.2. If
e f is continuous at c; and
e g is continuous at f(c),

then g o f is continuous at c.

Example 5.8. Show that h(z) = Va2 — 2z — 5 is continuous
on its domain.

solution: The function g(t) = v/t is continuous by Theorem
5.1. The function f(z) = x? — 2z — 5 is continuous because
all polynomials are continuous. Therefore h(z) = g o f(z) is
continuous.

2
Example 5.9. Show that li; is continuous.

. 2 .
solution: x5 and 1+ z* are continuous. Because 1 + x* # 0
2

for all #, we have that 1% is continuous.

go f(x) demek g(f(z)) anlamindadur.

Teorem 5.2. Eger
o f fonksiyonu c’de strekli ve
o g fonksiyonu da f(c)’de sirekli ise,

bu durumda g o f fonksiyonu da c’de stireklidir.

Ornek 5.8. h(z) = V22 — 2 — b fonksiyonunun tamm kiimesinde
stirekli oldugunu gosteriniz.

¢éziim: Teorem 5.1 den g(t) = v/t fonksiyonu siireklidir. f(z) =
22 — 2z — 5 fonksiyonu da siireklidir ciinkii biitiin polinomlar
stireklidir. Bundan 6tiirti h(z) = g o f(x) stirekli olur.

. 2
Ornek 5.9. Gosteriniz ki % siireklidir.

¢oziim: x5 ve 1+ x4 siireklidir. Her z igin, 1 + 2% # 0
2

oldugundan , % stireklidir.



continuous at ¢

c’de streklilik

continuous at f(c)
f(¢)’de siireklilik

Figure 5.3: Composites of continuous functions are continuous.

Sekil 5.3: Stirekli fonsiyonlarin bilegkesi de siireklidir.

Theorem 5.3. If

e g(x) is continuous at x = b; and
e lim f(z) =b,

r—c
then

lim g(f(z)) = g ( m f(z).
Example 5.10. By Theorem 5.3,
. . (3m
lim cos [233 + sin ( + xﬂ
iy (20 (5 40))
=cos|lim |2z +sin| — +x
lz— 5 2
[, . . [ 3m
=cos | lim (2z) + lim <s1n ( +x>>]
lz— 5 TG 2
et (5 )
=cos |m+sin| lim ( — +x
L TG 2

= cos [r + sin27] = cos [ + 0] = —1

Teorem 5.3. Eger

e g(z) fonksiyonu x = b de siirekli ve
e lim f(z) =b ise,

T—rc

o halde
lim ¢(f(2)) = g( lim f(2)).

Ornek 5.11. Teorem 5.3’den,

. 5x T
lim tan | — — mcos (f — x)
. <5$ T
=tan | lim ( — — 7w cos (ffx>

_m%% 2 2
[ ST . T
= tan | lim <> — 7 lim (cos (f :c))}

[ 57 < . s
=tan |— — mwcos | lim <ff:v>

L 4 x%% 2

57

om 0| = tan | 2T — x| =+
1 T COS = tan 1 7| = tan

T
4

=1
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Problems

Problem 5.1. For what value(s) of b is

f(:c)—{m T < =2

b2 x> —2.

continuous at every 7 Why?

Problem 5.2. Let

L8 A 20 42
flz)=<3 x =2
4 r=—2.

(a). Show that f is continuous on (—oo0, —2), on (—2,2) and

on (2,00).
(b). Show that f is continuous at x = 2.

(c). Show that f is discontinuous at z = —2.

Problem 5.3. Calculate lim tan (z Cos (sin t%)) .
t—0 4

Sorular

Soru 5.1. b'nin hangi deger(ler)i igin,

f(ac):{x T < -2

bx? x> —2.

her z noktasinda siireklidir? Neden?

Soru 5.2. Farzedelim ki

278 x#£2,x#£ =2

r2—4
flx)y=4¢3 x=2
4 r=—2.

(a). fnin (—oo, —2) de, (—2,2) de ve (2, 00) da siirekli oldugunu
gosteriniz.

(b). f’nin x = 2’de siirekli oldugunu gosteriniz.

(¢). f'nin x = —2’de siireksiz oldugunu gosteriniz.

Soru 5.3. lim tan (I cos (sin t%)) limitini bulunuz.
t—0 4



Limits Involving Infinity

Finite Limitsas + — +

Question: If x > 0 and x gets bigger and bigger and bigger,
what happens to %?

Answer: % gets closer and closer and closer to 0. We write
this as

1
lim — =0.
T—00 I
Similarly we have that
lim — =0.
r——00 I

Theorem 6.1. All of the limit laws (sum rule, difference

rule, constant multiple Tule, ...) are also true for lim
Tr— 00
lim .
T—>—00

and

Example 6.1.

1 1
lim <5+) = lim 5+ lim —
Tr—00 T Tr—r 00 Tr—00 U
(sum rule)
=5+0=5.

Sonsuz Limitler

r — +oo iken Sonlu Limitler

Soru: r > 0 ve x keyfi olarak biiytidiigiinde, % nasil davranir?
Cevap: % istenildigi kadar 0’a yakin olur. Bunu gdyle yazariz
lim — =0.

T—00 I

Benzer gekilde

olarak yazacagiz.

Teorem 6.1. Limit kurallarinan timi (toplam kuraly, fark

kuraly, sabitle ¢carpym kuraly, ...) lim wve lim id¢in de
Tr—r 00 r—>—00
gecerlidir.
Ornek 6.1.
1 1
lim <5—|—> = lim 5+ lim —
T—00 x T—r00 T—00 T
(toplam kural)
=5+0=5.
Ornek 6.2.
3 11
lim % = lim (ﬂ'\[)
rT—>—00 I T—r—00 T X

:< lim wﬁ)( lim 1)( lim 1)
T——00 rT——00 I rT——00 I

(carpim kiiral)
=mV3x0x0=0.

Ornek 6.3 (Rasyonel Fonksiyonlarin Sonsuzdaki Limitleri).

522 4+ 8x — 3

lim or A er =3 limitini bulunuz.
T—00 31}2 —+ 2
coztim: Unutmaym ki cevap “227 degildir. “22”. yazarsaniz
smavda sifir puan almaniz beklenebilir.

Bunun yerine soyle bir ¢oziim verebiliriz

iy DT A8z -3 5+8-2 5+40-0 5

zo00 3242 z—oco 3+Il2 - 3+0 3
Bkz. sekil 6.1.

35
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Example 6.2.

11
im ™3~ im (71' 3)

z——o0o x2 T——00 T T

:< lim 7r\/§>< lim 1)( lim 1)
r——00 rT——00 I rT——00 I

(product rule)
=7v3x0x0=0.
Example 6.3 (Limits at Infinity of Rational Functions). Find

. bhx?4+8x—3
lim —————
T—00 3],‘2 +2
solution: Please note that the answer is not “2”. You can
“oo

expect to receive zero points in the exam if you write

Instead we calculate that

. ba*+48x-3 . 5+%3-3 540-0 5
llm T 5 o = llm x 3 z = = —
See figure 6.1.
Example 6.4.
11z +2 . Z+% 040
im —— = lim == =0.
rz——00 23 — 1 T ——00 Q_F 2—0
392 32
Example 6.5. Find lim $37 and lim 1‘37
w00 g% +1

T—00 |Z‘| +1

solution: If x > 0, then

Coad =2 a3 =2
lim 3 = lim 3
=00 |p|° 41 @m0 +1
1-% 1-0
=lim —2 =-—— =1
and if z < 0 then
. 3 —2 . 3 —2
m — = lim 3
T——00 |’JJ‘ +1 T——00 (—x) —|—1
1-— 2
= lim 3’31
z—>—oofl+$—3
1-0
= =-1.
—-1+40

See figure 6.3.

Example 6.6. Use the Sandwich Theorem to calculate

lim (2 + Smx) .
T—00 x

solution: Since —1 < sinz < 1, we have that

1

= |z .

sinx
0<

xT

= 0, it follows by the Sandwich Theorem that

Because lim

r—00 |
lim ST _ 0. Therefore
r—oo I
lim (2+ Smx) —240=2
T—r0o0 €T

See figure 6.2.

_ ba’48z—3

~10

5w2+8z73

Figure 6.1: The graph of y = 32212

Sekil 6.1: y = %’nin grafigi.
Ornek 6.4.
lla +2 S4+% 0+0 0
im —— = i =——=0.
r—00 223 —1 2m-c0 2— L 20
. 3 —92 3 _
Ornek 6.5. lim —s—— Ve lim 3 limitlerini bulunuz.
r—00 |J)| +1 T——00 |x| +1
¢cozum: x > 0 ise, o halde
. 3 —2 R )
lim ——— = lim 3
1-% 1-0
= lim 9”13 =——=1
oo 1+ =5 140
ve eger x < 0 ise, o halde
3 —2 3 —2

im g =

. 3

= lim T

z——00 —] 4+ 2
1-0

= =—-1.
—-1+40

Bkz. gekil 6.3.

Ornek 6.6. Sandwich Teoremi kullanarak

(2 N sinx)
T—00 x

lim

limitini bulunuz.
cozim: —1 <sinz < 1 oldugundan, sunu elde ederiz

sinz 1
0< < |-
T T
. 1 o . . . sinz
lim |—| = 0 oldugu i¢in, Sandwich Teoremi'nden lim =
T—00 | T T—o0 I

0 buluruz. Buradan

lim
xTr—r0o0

(2+Slm> —240=2
X

Bkz. gekil 6.2.
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y=2+7

—4r —27

2w 4m

Figure 6.2: The graph of y =2+ %
Sekil 6.2: y =2+ Si%’in grafigi.

Figure 6.3: The graph of y = \§T3_+21'
Sekil 6.3: y = \gai|33_+21 ‘in grafigi.

Remark. There is one more trick for limits. Because (a —
b)(a + b) = a? — b2, it follows that

27()2
a—b="2

This can be useful if the limit contains a V-

Example 6.7. Calculate lgn (x — vz + 16).

solution:
lim (w — Va2 + 16)
T—r00

x+ V2 +16
= lim (xf\/:ﬂ2+16)7
IHOO( x+ V2 +16
. 22— (22 +16)
= lim ————
z—00 4 /22 + 16
. —16
= lim ———
=00 ¢+ /22 + 16
—16
= lim ——F——
0

1+vV14+0

Not. Limit hesaplamalarinda bir yol daha var. (a—b)(a+b) =
a® — b? oldugundan, bunun ardindan

Limit bir \/ Ieriyorsa, bu ige yarayabiliyor..

(m —VaZ+ 16) limitini bulunuz.

Ornek 6.7. lim

Tr—r00
¢coziim:
lim (x - Va2 + 16)
Tr—r0o0
z+Vx?+ 16
= lim (xf\/x2+16)7
90%00( x+\/x2—|—16>
. 2% — (22 +16)
= lim ———~
oo g4 /2?2 4 16
I —16
= lim ————
oo+ /22 + 16
—16
- lm — =
0

1+vV/1+0
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Infinite Limits

Sonsuz Limitler

x—0

9 _
Example 6.8. Find lim 2Tt explain why it doesn’t
r—2 (Z‘ — 2)3
exist.
solution:
9 Ay —
lim R (z - 2)
22 (x —2)3 22 (x—2)3
-1

T
Example 6.9. Find lim — or explain why it doesn’t exist.
T—2 4

solution:

. Tr — r—3 r—3 1
lim =lim ———=1lim || ——

a=222 —4 a2 (x—2)(z+2) o2 |\xz+2/)\z-2

does not exist. To understand why, note that

e if 2 <z <201, then (z —2) >0 and 15 > 100; but

e if 1.99 < z < 2, then (z —2) <0 and 15 < —100.

See figure 6.4.

r—3
2

Figure 6.4: The graph of y = .

Sekil 6.4: y = ;”2:34 'lin grafigi.

1
lim — does not exist.

lim z = o0
Tr—r 00

. 92—
Ornek 6.8. lim e limitini bulunuz veya mevcut degilse
r—2 (:]; — 2)3
neden olmadigini agiklayiniz.
¢cozim:
o —(z—2)
r—2 (1’ — 2)3

. -1

I 2—x
o (z—2)3

—0Q.

. x
Ornek 6.9. Mevcutsa, lim2 limitini bulunuz veya mev-
r—

x2 —4
cut degilse aciklayiniz.

¢cozim:

. x—3 : r—3 . x—3 1
lim =lim ——— = lim || ——

=222 —4 152 (x—2)(x+2) o2 \x+2/)\z-2

mevcut degildir.
dikkat edelim

Neden olmadigini gorebilmek icin, gunlara

e 2 < <201 ise, bu durumda (z — 2) > 0 ve 15 > 100
olur; fakat

e 1.99 <z < 2 iken, (z — 2) < 0 and 15 < —100 olur.

See figure 6.4.



Problems

Problem 6.1. Find the following limits.

2
(a) lim 27V
r—00 2 — \/5
241
im
t——oco t+1

-1
lim ———
© % 2+

(b)

Sorular

Soru 6.1. Asagidaki limitleri bulunuz.

(a) lim 24V
w—)ooQ—ﬁ

t2+1
b) 1
(b) Mim ———

1
lim —————
(dﬁ%ﬁ@+n




Differentiation Turev

We can say that

( slope of y = f(x) ) _ ( slope of the tangent )

at x = xg line at © = xq

Zo

40
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Example 7.1. Ornek 7.1.
Y
slope =4
o = 2
The slope of y = 22 at 2o = 0 is 0.
The slope of y = 22 at 2o = 1 is 2.
xo =1 The slope of y = 22 at 2o = 2 is 4.
slope = 2 How do we know this?
, o = 0
-1 _(‘).5 slope =0
f(zo+h) |

f(zo) |

If h is very very small, then

( slope of the ) N ( slope of the

orange line

tangent line

~ fl@wo+h) — f(xo)

h ¢ok ama cok kiiciikse, o zaman

< slope of the ) ~ ( slope of the ) _ flxo+ h) — f(zo)

tangent line orange line h
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The Derivative of f
Definition. The derivative of a function f at a point x(

N f(xo + h) — f(z0)
h

’ — i
fi(wo) = lim
if the limit exists.
(f" is pronounced “f prime”)

Example 7.2. Consider the function g(z) = %, x #0.

If ¢ # 0, then

/

=1

o an) = Jiy CE

11
— ] zo+h g
s h
o _ xo+h

. hm $0(I0+h) CEQ(CE()Jrh)
o0 h

= lim 7330_360_,1
T RS0 hLE()(IL'o + h)

-1
= 1. _—
hlﬁn%) xo (l‘o + h)
__ L
z3’
See figure 7.1.
SIOp, _
[SIES Q’(Q) _

Figure 7.1: The graph of g(z) = %, x # 0 and two tangents to
this graph.
Sekil 7.1:

Definition. If f'(xg) exists, we say that [ is differentiable
at ZXg.

Definition. Let f: D — R be a function. If f is differentiable
at every xg € D, we say that f is differentiable.

The Derivative of f

Tanim. Bir f fonksiyonunun xy noktasindaki tirevi lim-
itin mevcut olmast kosuyla

F'(20) = lim f(zo+h) — f(xo)

h—0 h

olarak tamimlanir.
(f" sembolii “f iissii” olarak okunur)

Ornek 7.3. g(z) = %, x # 0 fonksiyonunu ele alalim.

o # 0 ise,

( xo ___xo+h )
xo(xo+h) zo(zo+h)
h—0 h
— 1 To — Ty — h
= 150 hao(zo + )
-1
hs0 2o (o + h)
1

.
Lo

Bkz. gekil 7.1.
Tanim. f'(zg) mevcutsa, f fonksiyonu x,’da tirevlenebilirdir

deriz.

Tanim. f: D — R bir fonksiyon olsun. f her z¢y € D nok-
tasinda tiirevlenebilir ise, f bir tdrevlenebilir fonksiyondur
deriz.

f : D — R tiirevlenebilir ise, elimizde yeni bir f' : D — R
fonksiyonu olur.

Tanim. [’ fonksiyonuna f’nin ttirevi denir.

Ornek 7.4. f(z) = —£< nin tiirevini bulunuz.
¢éziim: 1k olarak f(z + h) = 2. Buradan

f/(x)*}llli% f(x—{—h;—f(m)
x+h x
— lim z+h—1  z—1
h—0 h
B 1<(x—|—h)(a?—1)—x(x+h—1))
TS0k (z—1)(z+h—1)
! —h
=g <(xl)(z+h1)>
, ~1
Rl YT —
-1
T (@—D@+0-1)
o
C (@-1)?

buluruz.
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If f: D — R is differentiable, then we have a new function
' :D—R.

Definition. f’ is called the derivative of f.

Example 7.3. Differentiate f(x) = -%=.

r—1

z+h

o Therefore

solution: First note that f(x + h) =

. flz+h) - f(=)
1N
fla) = limy h
z+h =z
. ogh—1 71
o }{14)0 h

_ iml((ac+h)(x—1)—x(x+h—l)>
(x—1)(z+h—-1)

1 h
= m <(x—1)(x—|—h—1))
-1
h=0 (x —1)(z+h—1)

-1
@ D@+r0-1)
-1
CESIEY

Notations
There are many ways to write the derivative of y = f(x).

W) = W _ 4 d
f(x)_y_dz_dx_dxf

N

“the derivative of y with respect to z”

(2) =§ = f(2)

Calculus was started by two men who hated each other: Sir
Isaac Newton (UK, 1642-1726) used f and g. Gottfried Leibniz
(GER, 1646-1716) used % and g—g. The f’ and y' notation
came later from Joseph-Louis Lagrange (ITA, 1736-1813).

If we want the derivative of y = f(x) at the point z = xq,
we can write
dy _df

C dx

dz .

N\

“the derivative of y with respect to = at * = z¢”

/o) = = L ja)

=0

=0

For example, if u(z) = 1, then

-1
T 02

-1 -1
T 42 7 167

T r=4

x

Figure 7.2: The graph of y = 5.
Sekil 7.2: y = —%7’in grafigi

Notations
y = f(x)’nin tiirevini yazmanin bir¢ok yolu vardir.

M)y = W _df _ d
F@) =y _dx_d:c_dxf

N

“y nin z’e gore tirevi”

(z) =9 = f(x)

Calculus birbirinden nefret eden iki kisi tarafindan bagladi:
Sir Isaac Newton (Ingiltere, 1642-1726) f ve ¢ kullandi. Got-
tfried Leibniz (Almanya, 1646-1716) % ve g—gyc sembollerini kul-
landi. F’ ve y’ gosterimi daha sonra Joseph-Louis Lagrange’den
(ITA, 1736-1813) tarafindan ilk kullamldi.

y = f(x)’nin x = zy’daki tiirevini bulmak igin, gdyle yazariz

dy df d
flxo) = == = - = —f(z)
dx T=TQ dx T=XT0 da: r=x0
“y’nin x’e gore x = xo’daki tirevi”
Ornegin, u(z) = 1 ise, 0 zaman
d (1 -1 -1 -1
/ 4 = — — = — = —— = —
w4) dx (x) oy X, 42 16
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[LEIBNIZ, I6?‘-|i

7
TVvE INVENTED | | REALLY? SOUNDS . DERIATIVE,

CALCULUS! A LITILE BIT...

Example 7.4. Show that f(z) = |z|is differentiable on (—c0,0) Ornek 7.5. f(z) = |#|nin (—00,0) ve (0,00) araliklarinda

Figure 7.3: A web comic taken from https://xkcd.com/626/
Sekil 7.3: https://xkcd.com/626/

and on (0,00), but is not differentiable at « = 0. tiirevlenebilir ama x = 0’da tiirevlenebilir olmadigini gosteriniz.
solution: If x > 0 then ¢ozim: x > 0 ise o vakit
df d d . (x+h)—x . df d d (x+h)—=
dr dx (I=[) dz (=) B0 h 750 dr dx (Iz0) dx () ]llgr}) h }Ig% 1
Similarly, if x < 0 then Bengzer olarak, x < 0 ise o halde
af _ d d . (—z—h)—(—=) af  d d (—z —h) — (—x)
a _ 4 Y= Y _ 2 = ) = 1
1z = 7 Uzl = - (-2) = lim Y 1 = 7 () = —(~2z) = lim Y
= lim -1 = —1. = lim -1 = —-1.
h—0 h—0
Therefore f is differentiable on (—o0,0) and on (0, c0). Yani f foksiyonu (—oo,0) ve (0, 00)’da tiirevlenebilirdir.
. . [0+h|—1]0 . |h . . h|— h
Since lim [0+ h=10f = lim Il = lim (£1) does not exist, lim [0+ A] - 0] = lim 1h] = lim (£1) mevcut olmadigindan,
h—0 h h—0 h—0 h—0 h h—0 h—0
f is not differentiable at 0. f 0’da tiirevlenenemez.
See figure 7.4. Bkz. gekil 7.4.

Figure 7.4: The graph of y = |z|.
Sekil 7.4: y = |z|'in grafigi.
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When Does a Function

Derivative at a Point?

Y

)

Lo
a corner

f' (o) does not exist

koge durumu

f'(x0) mevecut degil

Theorem 7.1.

f has a derivative
at T = xo

Zo
a cusp

f'(zo) does not exist

icten biktlme

f'(x) meveut degil

f is continuous (f’m'n at x =z da
at T = xg

Not Have a Hangi

Durumlarda Bir

Turevi Yoktur?

Zo

a vertical tangent

f'(x0) does not exist

dikey teget

f'(xo) mevecut degil

Y

—

—°

Fonksiyonun

Y
o

S~

Zo
a discontinuity

f' (o) does not exist

sureksizlik

f'(x¢) meveut degil

Teorem 7.1.

tiirevi mevcut

) = |

Zo
a discontinuity

f'(x0) does not exist

suireksizlik

f'(x) meveut degil

f, x=z¢’da )
stirekli



Differentiation Rules

Constant Function

If £ € R, then
d
2 (k) =
7o (k) =0
Power Function
If n € R, then
% (:L,n) _ nxnfl
Example 8.1.
% (133) 32371 = 322
Example 8.2.
d d 1 1 .., 1 1 1
VA =g () =gt =i =
Example 8.3.
d (1 d , _4 41 _5 4
dx (x4) dx (™) v . x®
The Constant Multiple Rule
If u(z) is differentiable and k € R, then
d du
Proof.
4 (k) = lim ku(z + h) — ku(x)
T h—0 h
o (x4+h) —u(z)  du
b, h Ve
Example 8.4.
d d
- (32%) = 3 (2?) =3 x 2z = 62
Example 8.5.
d d du du
dx (—u) dx (=1 u) % dx dx

46

Turev Kurallari

Sabit Fonksiyon

k € R ise, o halde

Kuvvet Fonksiyonu

n € R ise, bu durumda

di (xn) _ n:r”fl
T
Ornek 8.1.
e (xg) 32371 = 342
Ornek 8.2.
d d 1 1 1_q 1 1 1
&= () =5t =i =

Ornek 8.3.

d 1 d —4 —4—-1 -5

Sabitle Carpim Kurali

u(z) turevlenebilir ve k € R ise,

d du
Kanat.
4 (ku) = lim ku(x + h) — ku(z)
T h—0 h
o (x+h)—ulx)  du
= F fimy h ~Vdx
Ornek 8.4.
d 2 d ;o
_ = 33— = 2 =
dx(Sx) 3dm(x) 3 X 2x = 6x
Ornek 8.5.
d d du du
dz (=) dzx ( X u) x dz dzx
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The Sum Rule

If u(z) and v(x) are differentiable at xg, then w + v is also

differentiable at xg and

i(u—kv)—d—u—F@
dx Tdr  dx

Example 8.6. Differentiate y = 23 + %xz — bz + 1.

solution:

dy d

4
3 2
+oa? -5z +1

T dx
_ 4
T dx

8
:3$2+§:L‘—5+0

Example 8.7. Does the curve y = £* —222+2 have any points

where % = 07 If so, where?

solution: Since

d
d—y =4g® — 4o = da(2® — 1) = da(z — 1)(z + 1),
i
we can see that g—gya =0 if and only if z = —1, 0 or 1. See figure

8.1.

(z®) + % <§x2> - % (5z) + % (1)

Toplam Kurali

u(zx) ve v(z) fonksiyonlar1 zq’da tiirevlenebilirlerse, u +v’de xg
tiirevlenebilirdir ve

i(quv)*d—qu@
dz Cdr dx’

Ornek 8.6. y = 2 + 32?2 — 5z + 1 fonksiyonunun tiirevini
bulunuz.

cozum:

dy d 3, 45
Y_2 B - 1
dz dw<x+3x bt
d, o d (4, d d

8
:3x2+§x—5+0

Ornek 8.7. y = 2 — 22% + 2 egrisi iizerinde 2 = 0 olan
nokta(lar) var mudir? Varsa, nelerdir?

¢coziim:
dy 3 2
e 4do° —de = 4a(z® — 1) = da(z — 1)(z + 1),
x
dy

oldugundan sunu gozlemleyebiliriz 32 = 0 ancak ve ancak x =
—1, 0 veya 1 olur. Bkz. sekil 8.1.

-1 1

Figure 8.1: The graph of y = 2% — 222 + 2.
Sekil 8.1: y = % — 222 + 2'nin grafigi.
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The Product Rule

If u(x) and v(z) are differentiable at zg, then u(z)v(z) is also
differentiable at x¢ and

ER T
dz Y T s TV

Using prime notation, the product rule is

‘ (uwv) = u'v +uv'. ‘

Example 8.8. Differentiate y = (2% + 1)(2% + 3).

solution 1: We have y = uv with v = 2> + 1 and v = 23 + 3.
So
dy 2 1.3 2 3 /
%:( + 1) (2 +3) + (27 + 1)(2° + 3)
=2z +0)(x®+3) + (22 + 1)(322 +0)
=221 4 62 + 32" + 322

= 5t + 327 + 62.
solution 2: Since
y= (22 +1)(2® +3) =2° + 2% + 322 +3,

we have that

d
Y 5t 1322 1 62 +0.
dx

The Quotient Rule

If u(x) and v(x) are differentiable at g and if v(xg) # 0, then

% is also differentiable at o and

t2—1
31

Example 8.9. Differentiate y =

solution: We have y = & with u = t2 —1and v = 3 + 1.
Therefore

dy  v'v—u
dt v2
GG VN (A
(t3 + 1)2
@) 4+1) — (2 —1)(3t%)
(t341)2
2t4 4+ 2t — 3t* + 32
(> +1)2
—t* 4+ 312 + 2t
(t3 + 1)2

(3 +1)

Example 8.10. Differentiate f(s) = ﬁ;i

solution: We have f(s) = * withu = /s —1and v = /s + 1.

Carpim Kurali

u(zx) ve v(zx) fonksiyonlarla zy’da tiirevlenebilirlerse, u(z)v(z)
fonksiyonu da x( tiirevlenebilirdir ve

d B dv du

Us notasyonu kullanarak, ¢arpim kurali da

’ (uwv) = v'v +uv'. ‘

Ornek 8.8. y = (22 4 1)(2® + 3) fonksiyonunun tiirevini bu-
lunuz.

¢6ztim 1: Elimizde sunlar var: y = wv ile u = 22 + 1 ve
v=2%4+3. Yani

d
ﬁ = (22 +1)"(2® +3) + (2* + 1)(z® + 3)’
= (22 +0)(2® +3) + (2% + 1)(32 +0)
=2z + 6z + 32* + 322
= 5z* + 322 + 62.
¢cozum 2:

y= (2> +1)(2®+3) =2° + 2> + 32> +3

oldugundan,

d
Y 5t 1322 462 +0
dx

buluruz.

Bolim Kural

Eger u(z) ve v(z) fonksiyonlar1 zy’da tiirevlenebilirlerse ve
v(zo) # 0 ise, 0 zaman ¥ fonksiyonu da x(’da tiirevlenebilirdir
ve tirevi de gyledir:

Ornek 8.9. Y= g—;i fonksiyonunun tiirevini aliniz.
coziim: u = t> — 1 ve v = t3 + 1 olmak iizere y = -
Buradan

olsun.

dy  v'v—u
dat v2
2 =13 +1)— (2 -
(3 +1)2
(2t)(t2 + 1) — (£ — 1)(3t?)
(t3 + 1)2
2t + 2t — 3t* + 3t2
(3 4 1)2

—t 32 + 2t

(3 +1)2

D +1)

buluruz.
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Remember that £ (1/s) = ﬁ Therefore

ﬁ B uw'v —uv’
ds 2
WD) - (-1 + 1)
(Vs+1)*
(22) Vs + 1 - (V5 -1 (55)
(V5 +1)°

% + 2\1/§ o % + 2\1/5

<\1/§+1>2

Vas(Vs+1)7

Second Order Derivatives

If y = f(z) is a differentiable function, then f’(x) is also a
function. If f/(x) is also differentiable, then we can differentiate
to find a new function called f” (“f double prime”). f” is called
the second derivative of f. We can write

d d (dy d?y dy
" _ @y _ (N _“*Yy _ 4y _ n
fa) = d:vf () dx (dx) Ao  dx Y

/

“d squared vy, dxr squared”

Example 8.11. If y = 25, then 3/ = £ (2°) = 62° and

dz
Yy = % (y) = % (6x5) = 30z*. Equivalently, we can write

d? d (d d

Higher Order Derivatives

If f” is differentiable, then its derivative f”' = 3373; is the third
derivative of f.

If £ is differentiable, then its derivative f(4) = o1 is the
fourth derivative of f.

5
If f® is differentiable, then its derivative f(®) = % is the

fifth derivative of f.

If f(»=1) is differentiable, then its derivative f(") = Z:—Z is the
nth derivative of f.

Example 8.12. Find the first four derivatives of y = 2% —

32 + 2.

solution:

First derivative: 3’ = 322 — 6x
Second derivative: y"”’ = 6z — 6
Third derivative: 3" = 6
Fourth derivative: y* = 0.

(Note that since -£(0) =0, if n > 4 then y™ =0 also.)

Ornek 8.10. f(s) = ﬁ: fonksiyonunun tiirevini bulunuz.

¢cozim: f(s) =
Unutmaymz ki £- (\/s) = 2\1/5.

% olsun burada u = /s — 1 ve v = /s + 1.
Dolayisiyla

IS8

df — u'v—w'
ds v2

WD) - (Vs= D+ 1)

(Vs+ 1)
(3%) Vs + 1) = (v - 1) (5%7)
(V5+1)°

%+ 2\1/5 3+ 2\1/§

(V5+1)°

1

[

V5 (V5 + 1)

buluruz.

ikinci Mertebeden Tiirevler

y = f(x) tirevlenebilir bir fonksiyon ise, o zaman f'(z) de
bir fonksiyondur. f/(z) de tiirevlenebilir ise, bu durumda yine
tiirev alir ve yeni bir f” (“f iki tissii”) fonksiyonu buluruz. f”
fonksiyonuna f'nin i¢kinct tiurevt denir. §6yle dosteririz

iy~ DA (dy\ Py _dy
f(x)_dxf(x)_dx dx _de_dx_y

/

“d kare y boli dx kare”

Ornek 8.11. y =15 ise, ¢/ = L (2%) =62 ve y’ = L (¢/) =
% (6965) = 30z*. Buna esdeger olarak,

d? d (d d
L= (dx (a:ﬁ)) = (6a) = 300"

yazabiliriz.

Yuksek Mertebeden Tirevler

f" tirevlenebilir ise, tiirevi olan f"' = % fonksiyona f’nin
t¢tinct tiurevt denir.

f"" tiirevlenebilir ise, tiirevi olan f(*) = % fonksiyonuna f’nin
dordiinci tirevt denir.

f® tiirevlenebilir ise, tiirevi olan f®) =
f'nin besinci tirevs.

d°f

T5 fonksiyonuna

f=1) tiirevlenebilir ise, tiirevi olan f(") = % fonksiyonuna
f’nin n inct tirev: denir.

Ornek 8.12. y = 23 —3z2+2 ise, ilk d6rt mertebeden tiirevlerini
bulunuz.

cozum:
Birinci mertebeden tiirev: 3’ = 3z* — 6z
Tkinci mertebeden tiirev: y” = 6z — 6
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Ugiincii mertebeden tiirev: y"” = 6
Dérdiincii inci mertebeden tiirev: y®) = 0.

(21(0) = 0 olsugundan, n > 4 ise y™ = 0 oldugunu unut-

mayiniz. )

Problems Sorular
Problem 8.1. Soru 8.1.
d 4 4 ds
(a). Find d—i if s =—2t71 + ok (a). s=—2t" —|— — ise — 7 yi bulunuz.
(b). Find w" if w = (2 +1)(z — 1)(22 + 1). (b). w=(z+1)(z —1)(2% + 1) ise w”’yii bulunuz.
dy d
(c). Find =2 if y = (22 + 3)(a" + §a° + 11). (). y= (22 +3)(a* + La® + 11) ise di i bulunuz.
2-1 2.1
Problem 8.2. Find b T Soru 8.2. b= ——— ise @’i bulunuz.
dx x4+ —2 x2+x—2 dx



Derivatives of Trigono- Trigonometrik Fonksiy-

metric Functions

Sine and Cosine

— (si = cos
. (sinx) x

Example 9.1. Differentiate y = 2% — sinz.

solution:

dy  d

= I (2*) - . (sinz) = 2z — cos .

Example 9.2. Differentiate y = 2% sinz.

solution: We will use the product rule ((uv)’ = v'v+uv’) with
u =22 and v = sinz.

y = () (sinz) + (z%)(sinz) = 2zsinz + 22 cos .

Example 9.3. Differentiate y = %

u//l)fuv/
UZ

)

solution: This time we use the quotient rule ((%)'
with 4 =sinz and v = 2.

, _ (sinz)'x — (sinz)(x)’ xcosx—sinx

2 2

Example 9.4. Differentiate y = 5x + cos x.

solution:

dy d

L
de  dx

(5x) T

(cosz) =5 —sinwz.
Example 9.5. Differentiate y = sinx cosz.

solution: By the product rule, we have that

dy d

dx ~ dx

2 2

cosx + sinx— T —sin” x.

dx

(sinx) (cosx) = cos

cosx
l—sinx "’

Example 9.6. Differentiate y =

solution: By the quotient rule, we have that

ol

onlarin Turevleri

Sinus ve Kosinus

9 (cosz) = —si
dﬁ: COsSxr) = Sinx

Ornek 9.1. y = 22 — sin z fonksiyonunun tiirevini alimiz.

¢coziim:

dy d

de ~ dx

(%)

Ornek 9.2. y = x? sin z fonksiyonunun tiirevini alimiz.

7 (sinx) = 2z — cos .
T

¢oziim: Garpim kurali kullamirsak ((uv)’ = u'v 4+ uv’) burada

u = 2% ve v = sinx oluyor.

/

= (%) (sinz) + (2?)(sinz) = 2z sinx + 22 cos z.
y = (z%)

Ornek 9.3. y = *2* fonksiyonunun tiirevini alinz.

¢oztim: Bu sefer de boliim kurali kullanirsak ((%)I %)

burada u = sinx ve v = x oluyor.

/

) = (sinz)'z — (sinz)(z)

rcosx —sinx
5 .

2

x x

Ornek 9.4. y = 5z + cos x fonksiyonunun tiirevini aliniz.

¢coziim:

dy d

dz  dx (5z) +

dx

(cosz) =5 —sinzx.
Ornek 9.5. y = sinz cos x fonksiyonunun tiirevini aliniz.

coztim: Carpim kurali geregince,

dy d

de ~ dz

22

(sinx) cos z + sin o (cosx) = cos® x — sin
x

cos
l1—sinz

Ornek 9.6. Yy = fonksiyonunun tiirevini aliniz.
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dy £ (cosz)(1 —sinz) — (cosz)-L(1 —sinz)
do (1 —sinx)?

_ —sinz(1 —sinx) — cosx(0 — cosx)

N (1 —sinz)?

_ —sinz +sin’z + cos?z

N (1 —sinz)?

_ —sinz+1  1-—sinz

(1 —sinz)? (1 —sinz)?2
_ 1
- 1—sinz’

The Tangent Function

¢6ztim: Bolum kuralindan,

dy  L(cosz)(1—sinz)— (cosz)-L(1—sinx)

dr (1 —sinz)?
_ —sinz(1 —sinz) — cosz(0 — cos x)
B (1 —sinx)?
_ —sinz + sin® z 4 cos®
(1 —sinx)?
_ —sinz+1  1-—sinx
(1 —sinz)2 (1 —sinz)?
N 1
- 1—sinz’

Tanjant Fonksiyonu

d
. (tanz) = sec’ x

Proof. Using the quotient rule, we can calculate that

i (tanz) = i Sin
dx " dx \cosz

_ %(Sin”f)(cos x) — (sin x)%(cos x)

(cosz)(cosx) — (sinzx)(—sinx)

cos? x
2 .2
cos“x +sin“ x
cos? x
1
cos?

= SeC2 Z.

The Other Three

Kanat. Bolim tiirevinden,

i (tanz) = i sinz
dx " dx \cosz

_ %(Sinx)(eoS x) — (sin m)%(cos x)

(cosx)(cosx) — (sinz)(—sinx)

cos?
cos? z + sin? z
cos? x
1
cos?

= SGC2 Z.

Diger Uc Fonksiyon

4 (secs) (
— |Secxr) = secxrtanx
dx T

di (cotz) =

— COSGC2 x

— (cosecx) = — cosec x cot x
dx

You can use the quotient rule to prove these three rules. We

may ask you to prove one of them in an exam.

Example 9.7. Find y" if y = secx.

solution: Since y' = sec z tan x, we have that

" d

d
= — ! = —
= (y") T (sec x tan x)

_ 4 (sec x) tan x + sec xi (tan )
C dx dx

= (secx tanz)(tanz) + (sec z)(sec? x)

= secztan® z + sec? z.

Bunlardan birisini sinavda kanitlamaniz1 isteyebiliriz.

Ornek 9.7. y = secz ise y'/nii bulunuz.

¢coztim: 3y’ = secxtan z oldugundan,

_a
T dx

1

(v) = % (secx tan x)

d (secx) tan x + sec d (tan )
= — n — (tan
T x x e x

= (secz tanz)(tanz) + (sec z)(sec” z)

= secxtan®x + sec®

buluruz.

Bu ti¢ kuralin kanitlanmasi i¢in boliim kuralini kullanabilirsiniz.
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Problems Sorular
Problem 9.1. Soru 9.1.
. ds . . . . ds
(a). Find . if s = (sinz + cosx) secz. (a). s = (sinz + cosx)secx ise %’1 bulunuz.
x
. oodr, : . . dr
(b). Find 0 if r =0siné + cosb. (b). 7 =6sinf + cos B ise @7}71 bulunuz.

Problem 9.2. Use the quotient rule to prove that the following Soru 9.2. Boliim kural kullanarak, agsagidakileri kanitlayiniz:
are true:

(a) 4 (secx) = secx tanx
(a). o (secx) = sec x tan x. da '

(b). 4 (cot ) = — cosec? z.
(b). e (cot ) = — cosec? z. dx
x

(¢). = (cosecx) = — cosec x cot .
(c). e (cosecx) = — cosec x cot x. dx
x



The Chain Rule

How do we differentiate F(z) = sin(z? — 4)?

Theorem 10.1 (The Chain Rule). Suppose that
o y = f(u) is differentiable at the point uw = g(x); and
e g(x) is differentiable at x.

Then f o g is differentiable at x and

(fog) (@) = f'(9(x))d ().

The Chain Rule is easier to remember if we use Leibniz’s
notation:

dy _ dydu

dr ~ dudz

Example 10.1. Differentiate y = sin(z? — 4).

solution: We have y = sinu with v = 22 — 4. Now Z—Z = Cosu

and % = 2. Therefore

dy dydu ]
T = duds (cosu)(2x)
2

= 2z cosu = 2x cos(x” — 4)
by the Chain Rule.

Example 10.2. Differentiate sin(z? + ).

solution: Let u = 22 + z. Then

d , ., 5 _d .
e (sin(z® + 2)) = T (sinu) e

= (cosu)(2z + 1)
= (22 + 1) cos(z? + )
by the Chain Rule.

Example 10.3 (Using the Chain Rule Two Times). Differen-
tiate g(t) = tan (5 — sin 2t).

solution: Let w =5 — sin2¢. Then g(t) = tanu. Hence

dy _ dg du

d
_ 2 o
e dudt (sec” u)— (5 — sin 2t).

dt

Zincir Kurali

F(x) = sin(2? — 4) fonksiyonunun tiirevini nasil aliriz?

Teorem 10.1 (The Chain Rule). Varsayalim ki

o y = f(u) fonksiyonuu = g(x) notasinda tirevlenebilir
ve

o g(x) fonksiyonu da x’de tirevlenebilir olsun.

Bu durrumda fog fonksiyonu da x noktasinda tirevlenebilirdir
ve turevi de

(fog)(z) = f'(9(x))g ().

Zincir Kurali’m1 Leibniz notasyonu kullanarak kolayca hatirlanal

dy _ dydu
dr  dudzx

Ornek 10.1. y = sin(2? — 4) fonksiyonunun tiirevini aliniz.

¢cbztim: u = 2% — 4 olsun ve y = sinu olur. Boylece P = cosu

ve Z—Z = 22 olur. Yani

dy _ dydu
dr  dudx
= 2z cosu = 2x cos(z? — 4)

= (cosu)(2z)

Zincir Kurali kullanarak buluruz.

Ornek 10.2. sin(2? + ) fonksiyonunun tiirevini alimz.

coztim: u = 22 +x diyelim. Buradan Zincir Kurali yardimiyla,

d , ., d du
. (blﬂ(ﬂ? + x)) = T

cosu)(2z + 1)
22 + 1) cos(z? + )

(sinu)
=(
=(

bulunur.

Ornek 10.3 (iki kez Zincir Kurah).
g(t) = tan (5 — sin 2t) fonksiyonunun tiirevini aliniz.

¢oztim: Let uw =5 —sin2t. Then ¢(¢) = tan u. Hence
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We need to use the Chain Rule a second time: Let w = 2t.

Then

d d
d—‘(z = (sec? u)%(S — sin 2t)

d 2
_ 2,V 2 (5 _ g -
= (sec” u) dw(5 sinw) 7
= (sec? u)(— cosw)(2)
= —2cos 2t sec?(5 — sin 2t).

(Note: Your final answer should not have u or w in it.)

Powers of a Function

If
e fis a differentiable function of u;
e 1 is a differentiable function of x; and
o y=f(u),

then the Chain Rule % = dy du

= g2 9% is the same as

d ,, du
o) = fu)-

Now suppose that n € R and f(u) = u™. Then f'(u) =
nu™"1. So

d  n
%(u ) =nu

du
dz’

n—1

Example 10.4.

i 3 anT 3 46i 3 _ .4
dx(5x :U) —7(533 x) d$(5x x)

7 (5953 — x4)6 (15:10_4953) .

Example 10.5.

() -2 =1y e
- (@) 0= @

Example 10.6.

d .. 5 -4 d . -4
e (sm x) = 5sin x%(smx) = 5sin” zcoszx.

Example 10.7. Differentiate |z|.

solution: Since |z| = V&2, we can calculate that if  # 0 then

1= i (V) = 5 () ()

1 T
=—2r=—=—.
2yu V2 |zl
Example 10.8. Let y = m for z # 5. Show that g—g > 0.

solution: First we calculate that

dy _ dgdu _

d
ag _ ag 2 30 e
;= ;= (sec” u)— (5 —sin 2t).

dt

We need to use the Chain Rule a second time: Let w = 2t.
Then p

— = (sec? u)%(5 — sin 2t)

d d2
— 2 _ g
= (sec” u) 7o (5 — sinw) o

= (sec? u)(— cosw)(2)

= —2cos 2t sec?(5 — sin 2t).

(Not: Cevabiniz u or w igermemelidir.)

Kuvvet Fonksiyonlari
Eger
e f. w'ya bagh tiirevlenebilir fonksiyon;

e u, z’e bagh tiirevlenebilir fonksiyon ve

o y=f(u) ise,

L. v dy _ dydu :
Zincir Kurah geregince 57 = 2 2% ile

d ,, du
%f(“) =f (U)%

ifadesi aymdir.
Simdi n € R ve f(u) = u™ olsun. O halde f'(u) = nu"~!
olur. Boylece

d n
%(u ) =nu

n—1

du
dz’

Ornek 10.4.

d o3 T 3_ a6 d 3 4
dx(5x a:) —7(5:1: m) dm(5x m)

=7 (5363 — a:4)6 (15x_4x3) .

Ornek 10.5.
d 1 d 1 2 d
£ = Y B2 =182 -2 L 3r -2
dx (3;10 - 2) dx (Bz-2) (8z-2) dx (8z-2)
1 -3
= — _— 2 = —
((3x2)2> @ (3x — 2)2
Ornek 10.6.
. 5 — 5 4 d . — 5 4
o (sin” z) = 5sin xﬁ(smx) = 5sin” z cos .
Ornek 10.7. |z| fonksiyonunun tiirevini almiz.
¢oziim: |z| = V2 oldugundan, x # 0 ise
d d d d
- — (N r2) = (2
o= (V2) = 3 (V) 7 )
1 T T

buluruz.
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dy d _ —4 d
4 _ 6
= —3(1 — 21’) (—2) = m

if v # 3. Since (1 —2z)* > 0if z # 3 and 6 > 0, we have that
B> 0if o #£ L.

Example 10.9 (Why Do We Use Radians in Calculus?). Re-
member that d% sinz = cosx is true only if we use radians.
What happens if we use degrees?

Ornek 10.8. T —

=ny for x # % olsun. % > 0 oldugunu
gosteriniz.

¢éziim: Oncelikle, x #* % ise

dy d

- u d
- = (1-20) 3= -3(1-22) S-(1—22)
_4 6
=R =

buluruz. Eger z #  ise (1 —2z)* > 0 olur ve 6 > 0 bulunur,
buradan g—g > 0if z # 3 elde edilir.

Ornek 10.9 (Kalkiiliiste Neden Radyan Kullamriz?). Unut-
mayiniz ki % sinx = cosx dogrudur tabii radyan kullanirsak.
Derece kullansaydik ne olurdu?

s
180°
R
1

Remember that

180 degrees = 7 radians

180° =7
o T
180
o T
180°
So
4 nee = & in (T2 = Tocos (T2) = T cosa®
de > T e MM 180/ T 180 “P 180/ T 180 “°
Therefore we have
. . T
—sinz = cos and — sinz® = —— cosz°
dzr dzx 180
a nice formula not nice

This is why we use radians in Calculus.

Problems

Problem 10.1.

d
(a). Find déi if 5 =

-10

<t 1> |
2

&y if y = cos (5sin (;))

b). Find
(b). Find —

Hatirlayacak olursak,

180 derece = 7 radyan
180° ==
o T
180
oo T
180°

e = L (7Y = T
dx T dx 180/ ~ 180

Elimize gegen

COS (%) = ;T%

cosx°.

. T
—sinz® = —— cos z°

and dz 180

— sinx = cos T
dzx

giizel bir formiil hig gilizel olmayan formiil

Bu yiizden Kalkiiliiste radyan kullaniyoruz.

Sorular

Soru 10.1.

t —10 . ds. .
(a). s= 5 1 ise E’yl bulunnuz .

Y,

(b). y = cos <5sin (;)) o Zt

yi bulunuz.
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Example 11.1.

(¢"sing) = - (¢*) sinz+ - (sinz) = ¢ sina+e”
— e " simmr) = — (e Sin xr e — (Sslnxr) =e sinx € COST.
dx dx dx

Example 11.2. Differentiate 2%.

. €T
solution: Remember that e®# = z. Therefore 2% = 2" =
e*n2 Hence

d oy d

%( ac) — - (ex1n2> — (1n2)6x1n2 _ (1112)295.

Example 11.3. Differentiate y = logyq |z|.

solution: First note that

|x] = 10Y
In|z] =In10Y = yIn 10
In|z|
In10
Therefore
@_i Infz|\ 1 i(ln|x|)— 1
de  dr \In10) Inl10dz ~ zInl0’
Problems

Problem 11.1. Differentiate the following functions.

(a). y = e(@ (d). g(t) = sin (e*)
(b). y = (¢)? (6). y=3
(c). f(t)=1n|2¢ (f). h(z) = 3% cos(—22)

Problem 11.2. Calculate % (%)

el ve In

d 1
g i
= (el =

Ornek 11.1.

d d
. (e”sinx) = o (e") sinx+e$% (sinz) = e” sinz+e” cos .

Ornek 11.2. 2% fonksiyonunun tiirevini almiz.

coziim: Hatirlarsak e™? = z. Yani 2% = 2" = ¢oln2
Boylece

d d

T (2%) = . (exlnz) = (In2)e*% = (In2)2%.

Ornek 11.3. y = logy, || fonksiyonunun tiirevini aliniz.

¢oziim: Tk olarak

|z| = 10Y
In|z] =1In10Y =yIn 10
In|z|
mio 7

Buradan

@_i In || 1 i(ln|x|)— 1
dr dr\In10) Inl1l0dz T zlnl0’

Sorular

Soru 11.1. Asgagidaki fonksiyonlarin tiirevlerini bulunuz.

(a). y =@ (d). g(t) = sin (e*)
(b). y = (%)’ (e). y=3"
(c). f(t) =1In|2¢| (f). h(z) = e3* cos(—22)

Soru 11.2. 4 <€I+‘°‘_m

e 5 ) ifadesini hesaplayiniz.



Extreme Values of
Functions

absolute maximum value -

Mini English Lesson

1 dog 2 dogs
1 man 2 men
1 extremum 2 extrema

absolute minimum value

Fonksiyonlarin
Ekstremum Degerleri

Definition. Let f: D — R be a function.

e f has an absolute mazrimum value on D at a point ¢
if
f(x) < fle)
for all x € D.
e f has an absolute minimum value on D at a point ¢
if
f(@) = f(c)
for all z € D.

Maximum and minimum values are called extrema/extreme
values.

o8

Tanim. f:D — R bir fonksiyon olsun.

e Eger her z € D igin

fx) < f(e)

dogru oluyorsa, f fonksiyonunun D iizerindeki bir ¢ nok-
tasinda mutlak maksimum degert vardir.

e Eger her x € D igin
f(@) = f(c)

dogru oluyorsa, f fonksiyonunun D iizerindeki bir ¢ nok-
tasinda mutlak minimum degeri vardir.

Maksimum ve minimum degerlere ekstrema/extremum degerler
denir.
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Example 12.1. Ornek 12.1.
function domain, D graph absolute extrema on D
fonksiyon | tanin kiimesi graf D iizerinde mutlak ekstremum
y=2a2 (=00, 00) E f No absolute maximum. Mutlak maksimum yok.
Absolute minimum of 0 at = 0. x = 0’da mutlak minimum 0.
y =12 [0, 2] { Absolute maximum of 4 at x = 2. x = 2’de mutlak maksimum 4.
Absolute minimum of 0 at z = 0. x = 0’da mutlak minimum O.
y = a? (0,2] { Absolute maximum of 4 at z = 2. x = 2’de mutlak maksimum 4.
No absolute minimum. Mutlak minimum yok.
y = x? (0,2) { No absolute extrema. Mutlak ekstremum yok.
Theorem 12.1. Suppose that Teorem 12.1. Varsayalvm ki
e f: D — R is continuous; and o f: D — R sirekli ve
e D = [a,b] is a closed interval. e D = [a,b] bir kapaly aralik olsun.
Then f attains both an absolute mazimum value M and Bu durumda [a,b] dzerinde f, hem bir M mutlak maksi-
an absolute minimum value m in [a,b]. mum hem de bir m mutlak minimum degerlerine sahiptir.

Remark. Theorem 12.1 says that there are numbers 1,22 € Not. Onceki Teorem 12.1 der ki
[a, b] such that
o flz1) =m;

o f(xzo) =M ve

o f(z1) =my

o f(xzq) = M; and
e her z € [a,b] iginm < f(x) < M.

e m < f(z) < M for all x € [a,b].

olacak sekilde x1, zo € [a, b] sayilar1 bulmak mimkiindiir.

M,,

The absolute maximum and The absolute maximum and The absolute maximum is at The absolute maximum is at

absolute minimum are at in- absolute minimum are at an interior point. The abso- an endpoint. The absolute

terior points. endpoints. lute minimum is at an end- minimum is at an interior
point. point.

I¢c noktalarda maksimum ve Ug noktalarda maksimum ve I¢ noktalarda maksimum, u¢ Ug noktalarda maksimum, ic
minimum. minimum. noktalarda minimum. noktalarda minimum.
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Yy
absolute maximum and local maximum
local maximum
| local minimum
| local minimum
absolute minimum and local minimum
| x close to ¢
| 3 / | )
a c b
Figure 12.1: Local Extrema.
Sekil 12.1: Yerel Ekstrema.
Local Extreme Values Yerel Ekstremum Degerler
Definition. Let f: D — R be a function. Tamim. f: D — R bir fonksiyon olsun.
e f has a local mazimum value at a point ¢ € D if e Eger c'ye ¢ok yakin biitiin 2’ler icin

f(z) < flc) f(z) < f(o)

for all x close to c. ) ) .
oluyorsa, f’nin ¢ € D noktasinda bir yerel maksimum

e f has a local minimum value at a point ¢ € D if degert vardir.
f(x) > f(e) e c’ye cok yakin biitiin z’ler icin
for all z close to c. f(x) > f(c)

See figure 12.1. An absolute maximum is always a local
maximum too. An absolute minimum is alway a local minimum
too.

oluyorsa, f'nin ¢ € D noktasinda bir yerel minimum
degeri vardir.

Bkz. sekil 12.1. Her mutlak maksimum ayni1 zamanda bir
yerel maksimumdur. Her mutlak minimum da ayni zamanda
bir yerel minimumdur.

Theorem 12.2 (The First Derivative Test). Suppose that

e f has a local maximum/minimum value at an inte-
rior point ¢ € D; and
Teorem 12.2 (Birinci Tiirev Testi). Varsayalm ki
o f/(c) emists.
o f’nin bir c € D i¢ noktasinda yerel maksimum/minimum
Then f'(c) = 0. degeri olsun ve
!/
Remark. The First Derivative Test tells us that the only 0 510) meee
places where f: D — R can have an extreme value are Bu durumda f'(c) = 0 olur.
e interior points where f'(c) = 0; o . )
Not. Birinci Tiirev Testi bize bir f : D — R fonksiyonunun ek-
e interior points where f/(c) does not exist; and strem degerlere sahip olabilecegi yerlerin sunlardan birisi oldugunu

vl
e endpoints of D. soyler

/ _ VR .
Definition. An interior point of D where either e f'(¢) = 0 oldugu i noktalar;

o /' =0;or e f’(¢) mevcut olmadigl ig noktalar ve
e f’ does not exist, e D’nin ug noktalari.

is called a critical point of f. Tanim. Eger D’nin bir i¢ noktasinda
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C

Figure 12.2: The First Derivative Test.
Sekil 12.2: Birinci Tiirev Testi.

How to find the absolute extrema of a
continuous function f : [a,b] - R

STEP 1. Find the critical points of f.

STEP 2. Calculate f(z) at all of the critical points.

STEP 3. Calculate f(a) and f(b).

STEP 4. Take the largest and smallest values.

Example 12.2. Find the absolute maximum and absolute
minimum values of f(x) = 22 on [-2,1].

solution:

1. We know that f(x) = 22 is differentiable on [—2, 1]. So f’(z)
exists for all interior points z € (—2,1). The only critical
point is

0=f'(z)=2z = z=0.

2. f(0)=0.
3. f(=2)=4 and f(1)=1.

4. The largest and smallest numbers in {0,1,4} are 4 and 0.
Therefore the absolute maximum value of f(z) = 2? on
[—2,1] is 4 and the absolute minimum value of f on [—2,1]

is 0. We can write

min 22 =0.
ze[—2,1]

maX,e[—2,1) 2 =4 and

Example 12.3. Find the absolute maximum and absolute
minimum values of g(t) = 8t — t* on [-2,1].

solution:
1. ¢'(t) exists for all t € (—2,1). Since
8
0=g(t)=8—48 — tszizz = t=v2>1,

g does not have any critical points in [—2, 1].
2.

3. g(—2) =—-32and g(1) =T7.

e [/ =0 veya
e f/ mevcut degilse,

o i¢ nokktaya f’nin bir kritik noktas: denir.

Sirekli bir f : [a,b] — R fonksiyonunun
mutlak ekstremum degerleri nasil bulunur
ADIM 1. f’nin kritik noktalar: bulunur.

ADIM 2. f(z)’in butiin kritik noktalardaki degerleri bulunur.
ApiM 3. f(a) ve f(b) bulunur.

ApDIM 4. Bulunan biitiin bu degerlerin en biiyligii ve en kiigiigii
alinir.

Ornek 12.2. f(x) = 22 fonksiyonunun [—2, 1] {izerindeki mut-
lak maksimum ve mutlak minimum degerlerini bulunuz.

cozum:

1. f(z) = 2%nin [-2,1]’de tiirevlenebilirdir. Yani f’(z) her
x € (—2,1) ig noktas: igin mevcuttur. Tek kritik nokta

0=f(z)=2z = z=0.

2. f(0) =0.
3. f(=2)=4ve f(1) =1.

4. {0,1,4} kiimesindeki en biiyilik ve en kiigiik sayilar 4 ve 0.
Boylece f(z) = x?'nin [~2,1] boyunca mutlak maksimum
degeri 4 ve f’nin [—2,1] boyunca mutlak minimum degeri
de 0 olur. Bunu

min 22 =0

kspe[-2,1)2° =4
ma. SIE[ 271]113 ve velo21]

olarak yazabiliriz.

Ornek 12.3. g(t) = 8t — t*nin [~2, 1] boyunca mutlak mak-
simum ve mutlak minimum degerlerini bulunuz.

¢coziim:
1. Her t € (—2,1) i¢in ¢’(¢) mevcuttur .
/ 3 3_ 8 3
0=g'(t) =8—4t" = t 2122 — t=12>1

oldugundan, ¢g’nin [—2,1)’de hig kritik noktas1 yoktur.

3. 9(—2)=-32veg(l)=T1.
4. Boylece

min
te[—2,1]

maksye[—2,1)9(t) =7 and g(t) = —32.

Bkz. gekil 12.3.
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4. Therefore

and min g(t) = —32.

_ t)="17
maxe| 2,1]9( ) te[—2,1]

See figure 12.3.
Example 12.4. Find the absolute maximum and absolute

minimum values of h(z) = z3 on [-2,3].

solution:

1. We calculate that

B (z) = % <x§> = §x7 = 3

Hence h' does not exist if z = 0. We can also see that
R (x) #0if x € [-2,0) or z € (0,3]. The only critical point
isx=0

2

Wl

2. h(0) = 0.

4. Therefore

maXge[—2,3] h(z) = V9 ~ 2.08 and

Increasing and Decreasing Functions

Theorem 12.3. Suppose that
o f:]a,b] = R is continuous; and
o f is differentiable on (a,b).

(4). If f'(x) > 0 for all x € (a,b), then f is increasing
on [a, b].

(). If f'(z) < O for all x € (a,b), then f is decreasing

on [a,b].

Example 12.5. Let f(z) = 23 — 12z — 5.
(a). Find the critical points of f.

(b). Identify the intervals where f is increasing and the inter-

—32 +

Figure 12.3: The graph of g : [-2,1] — R, g(t) = 8t — t*.
Sekil 12.3: g: [-2,1] — R, g(t) = 8t — t* nin grafigi.

Ornek 12.4. h(z) = 23 nin [—2,3] iizerindeki mutlak maksi-
mum ve mutlak minimum degerlerini bulunuz.

¢cozim:
1. Soyle baglarsak
d 2 2 2
W)= (oF) = Sa7d = o=
@)= ") =37 =30
Dolayisiyla 2 = 0 ise A’ mecut degildir. Ayrica, z € [—2,0)
veya x € (0, 3] ise h/(z) # 0 olur. Tek kritik nokta z = 0’dur.

2. h(0) = 0.
3. h(=2) = (=2)% = (4)F = VA ve h(3) = (3)3 = (9)% = V9.
4. Bu nedenle

maks,c[_o 3 h(z) = V9~ 2.08 and min h(t) =0

z€[—2,3]

bulunmus olur.

Artan ve Azalan Fonksiyonlar

Teorem 12.3. Varsayalvm ki
o f:]a,b] = R sirekli ve
o f, (a,b) de tirevienebilir .

(4). Her z € (a,b) i¢in, f'(x) > 0 ise o halde f fonksiy-
onu [a,b]’de artandar.

(ii). Her x € (a,b) i¢in, f'(x) < 0 ise o halde f fonksiy-

onu [a,b]’de azalandur.

Ornek 12.5. Let f(z) = 2® — 12z — 5.

(a). f'nin kritik noktalarim bulunuz .



vals where f is decreasing.

solution: Clearly f is continuous and differentiable everywhere.

0=f'(z)=32"—12=3(2> —4) = 3(z — 2)(z + 2)

— x=—2or2.

(b). f’nin arttigr araliklari ve azaldigi araliklar1 bulunuz.

¢ozum: Acgikcast f her yerde siirekli ve tiirevlenebilir.

0=f'(z) =322 —12=3(z* —4) = 3(z — 2)(z + 2)

— x=-—2or 2.

The critical points are + = —2 and z = 2. These critical Kritik noktalar = —2 ve z = 2’dir. Bu noktalar (—oo, 00)
points cut (—oo,00) into 3 open intervals: (—oco,—2), (—2,2) araligim 3 agik araliga aymrir: (—oo, —2), (—2,2) ve (2,00).
and (2, 00).
| | R
-2 2
Interval (—o00,—2) (-2,2) (2,00) Araliklar
Calculate f'(xo) at one point f(=3)=15 | f'(0)=—12 | f'(3) =15 | Hesaplanmig f’
s >0 <0 >0 f"’nin igareti
fis increasing decreasing | increasing
artan azalan artan f’nin davramsi

Therefore f is increasing on (—oo

decreasing on (—2,2).

,—2) and on (2,00), and f is

(—2,2)’de azalmaktadur.

Dolayisiyla f, (—oo0,—2) ve (2,00) ilizerinde artmakta ve f,

The First Derivative Test For Local Ex- Yerel Ekstrema Icin Birinci Tiirev Testi

trema

Theorem 12.4. Suppose that

e f:[a,b] = R is continuous;

e c is a critical point of f; and

e f is differentiable on both (¢ — 6,c) and c,c+ 6) for

some § > 0.

Teorem 12.4. Varsayalvm ki

o f:[a,b] = R sirekli;

e ¢, f’'nin bir kritik noktas:; ve

o f, (c—4,c) ve (c,c+0) nin her ikisinde tirevli, § > 0

olsun.

on the left of ¢

on the right of c

at c

c’nin solunda

c’nin saginda

c’de

f'<0

>0

/>0

ff<0

/>0

f'<0

/>0

ff<0

f has a local mini-
mum

f has a local mazxi-
mum

f does not have a
local extremem

f does not have a
local extremem

ff<0

/>0

/>0

f<0

/>0

f'<0

>0

<0

f'nin bir yerel min-
mumu var

f'nin bir yerel mak-
stmumu var

f'nin bir yerel ek-
stremumu yokm

f'nin bir yerel ek-
stremumu yok
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Yy f'(es) =0
f'(c2) =0 not an extremum
local maximum  ———— /
f'(ca) does not exist
local maximum
absolute local
minimum minimum
\ \ f /(03) =0
f'(c1)=0 local minimum
not an extremum
X
a c1 Co C3 C4 Cs b

Figure 12.4: Local Extrema
Sekil 12.4:

Example 12.6. Let f(z) = 23 (z — 4) = 3 — 4a3.
(a). Find the critical points of f.
(b). Identify the intervals on which f is increasing/decreasing.

(c). Find the extreme values of f.

. . . 1
solution: f is continuous everywhere because 23 and (x — 4)
are continuous functions. We can calculate that

dx 3 3
4 2 4(33— 1)

= — 3 —1) =
3.13 (x ) 3(E%

1/ (x) does not exist if z = 0. f/(z) = 0 if and only if = 1.
The critical points of f are z =0 and = = 1.

Using the critical points, we “cut” (—o0, 00) into three subin-
tervals: (—o0,0), (0,1) and (1, 00).

(—00,0) 0,1) (1,00)

f'<o0 f'<o0 >0

(eg. f/(=1)=~-5)
f is decreasing

f is decreasing f is increasing

We can see from this table that x = 1 is a local minimum
and x = 0 is not an extremum. So

min f(x) = f(1) = 15(1—4) = 3.
S
Note that f does not have an absolute maximum.
Note that lim, o f'(x) = —oo. Therefore the graph of

y = f(x) has a vertical tangent at = 0. See figure 12.5 on
page 05.

Ornek 12.6. f(z) = a3 (x —4) = 23 — 423 olsun.
(a). f’nin kritik noktalarimi bulunuz.
(b). f’nin artan/azalan oldugu araliklar1 bulunuz.

(¢). f'nin ekstremum degerlerini bulunuz.

¢oziim: x% ve (x — 4) siirekli olduklarmdan, f de siireklidir.
Hesaplayacak olursak

ol
Wl

f(x) = % (x — 4z

4 _»

= —-I3 — =T
3 3
T

N

f/(z) mevecut degildir ancak ve ancak z = 0. f'(x) = 0 ancak
ve ancak x = 1. Yani f'nin kritik noktalarn z = 0 ve x = 1
olur.

Kritik noktalar kullanaraka, we “cut” (—oo,00)’u su g alt
araliga ayiririz: (—oo,0), (0,1) ve (1,00).

(=00,0) 0,1) | (L,00)
ff<o ff<0 f'>0

(eg. f'(=1)=-3)
f azalan f azalan | f artan

Bu tablodan gotiiliiyor ki £ = 1 yerel minimum ve x = 0
ekstremum. So
min f(z) = f(1) = 15(1 — 4) = —3.
z€R
Ayni zamanda f’nin hi¢ mutlak maksimumu yok.
lim, o f'(z) = —oo olduguna dikkat ediniz. Boylece y =
f(z) grafiginin bir diigey tegeti © = 0 vardir. Bkz. sekil 12.5
sayfa 65.
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Problems Sorular
Problem 12.1. Consider g : [0, 3] = R, g(z) = v2z — 22. Soru 12.1. g: [0, 3] = R, g(z) = v2z — 22 olsun.
(a). Find all the critical points of g. (a). ¢g'nin tiim kritik noktalarimi bulunuz.

(b). Find the absolute maximum value and absolute minimum  (b). g’nin [0, %] iizerindeki mutlak maksimum ve minimum-

value of g on [0, %] and state where they occur. larim bulunuz ve hangi noktalarda oldugunu belirtiniz.

vertical tangent

Figure 12.5: y = x%(gc —4) = 23 — 423 nin grafigi.
Sekil 12.5:



Concavity and Curve
Sketching

f'>0

f is increasing
>0

f is concave up

\

/>0

f is increasing

f// < 0

f is concave down

Konkavlik ve Egri
Cizimi

1 <o

f is decreasing
f// > 0

f is concave up

<0
f is decreasing
7 <0
f is concave down

|
!
!
!
|
|
|
|
|
|
|
|
!
!
|
|
|
|
|
|
|
|
|
!
!
|
|
|
1

Definition. y = f(x) is
(). concave up if f' is increasing; and
(ii). concave down if [’ is decreasing.
Theorem 13.1 (The Second Derivative Test for Concav-
ity). Suppose that f : I — R is twice differentiable.
(). If f” >0 on I, then f is concave up on I.

(). If f" <0 on I, then f is concave down on I.

Example 13.1. Consider y = 23. Then ¢/ = 322 and 3" = 6.

(—00,0) (0, 0)
Yy’ <0 y' >0
y = 23 is concave down | y = x> is concave up

Example 13.2. Consider y = z2. Since 3/ = 2z and 3" = 2,
we have that y” > 0 everywhere. Therefore y = 22 is concave
up everywhere.

66

Tanim. y = f(x) grafigi
(i). eger f’ artansa yukar: konkav ; ve

(ii). eger f’ azalansa asag:r konkav denir.

Teorem 13.1 (Konkavhik Icin Tkinci Tiirev Testi). f :
I — R iki kere turevli olsun.

(i). Eger I dzerinde f" > 0 ise , I dzerinde f yukar
konkavdar .

(ii). Eger I dzerinde f"” < 0 ise , I tuzerinde f asag
konkavdar .

Ornek 13.1. y = 2® olsun. O zaman ¢/ = 322 ve v’ = 6z
olur.

y = 23 agag konkav | y = 23 yukar konkav
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Example 13.3. Determine the concavity of y = 3 + sinz on
[0, 27].

solution: First we calculate that 3y = cosx and 3" = —sinz.
(0, ) (m,2m)
y// < 0 y// > 0
y=3+sinz is y=3+sinx is
concave down concave up
Graphs of y = 3+ sinz and y” = —sinz are shown in figure

13.1.

—1

Figure 13.1: Graphs of y = 3 +sinz and 3" = —sinz.
Sekil 13.1:

Definition. (c, f(c)) is a point of inflection of y = f(x) if
e y = f(x) has a tangent line at x = ¢; and
e the concavity of y = f(x) changes at x = ¢.
Remark. If (¢, f(c)) is a point of inflection, then either
e f"(c) =0;or
e f”(c) does not exist.

Example 13.4. Let f(z) =z

wlon
=
=
@
=
=
—
8
~
I
wlot
8
(SN
Q
=}
o

We can say that
e if x <0, then f”(z) < 0;
o f(0) does not exist; and

o if £ >0, then f”(z) > 0.

Therefore (0,0) is an point of inflection of y = x3. See figure

13.2

Ornek 13.2. y = 22 alahm. ' = 2z ve y/ = 2 oldugu icin, her
noktada gy’ > 0 olur. Bunun icin y = 22 her noktada yukar
konkavdir.

Ornek 13.3. y = 3 + sinz fonksiyonunun [0, 27] fizerinde
konkavligini belirleyiniz.

¢oziim: 1k olarak y' = cosz ve y” = —sinz olur.
(0, ) (m,2m)
y' <0 y" >0

agag1l konkav

yukari konkav

y = 3+sinz ve y” = — sin x grafikleri sekil 13.1 de gortilmektedir.

Tanim. (c, f(c¢)) noktas1 y = f(x)’nin  bikim noktasidir
eger

= f(z) grafigi x = ¢’de tegeti mevcutsa; ve
x)’'nin konkavligi © = ¢’de degisiyorsa.
. (¢, f(c)) bir biikkiim noktasiysa, ya

o f(c
e (¢

= 0 dir; veya

e

mevcut degildir.

N

point of inflection
biikiim noktasi

Figure 13.2: The graph of y = x5,
Sekil 13.2: grafigi

Ornek 13.4. f(z) = 23 olsun. O zaman f'(z) = %x% ve

d (5 2\ 10 i+ 10
" — — | =3 = —7p 3 =
@) =4 (3‘” ) 0" T oy

Sunu sdylemek miimkiin:

e x < 0ise, f'(z)<0;
e f”(0) mevcut degil; ve
e 1z > 0 ise, bu durumda f”(x) > 0.

Bu sebeple (0,0) noktas1 y = 3 grafiginin bir biikiim nok-
tasidir . Bkz. gekil 13.2.
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Example 13.5. Let y = 2*. Then ¢/ = 42® and y = 1222,
See figure 13.3. Note that y” = 0 at z = 0, but the concavity
of the graph does not change. Hence (0,0) is not a point of

inflection of y = z*.

y' >0
concave up

/

,y// > 0
concave up

x
\
y/l — O
Figure 13.3: The graph of y = z%.
Sekil 13.3:
Example 13.6. Let y = 3. Then y = %x 3 and ¢y’ =

—%x_%. Note that y” does not exist at z = 0.

Ornek 13.5. y = z% olsun. O halde 3/ = 423 ve y = 1222
olur. Bkz. sekil 13.3. Dikkat edilirse ¥’ = 0 oldugu nokta
x = 0, ama konkavlik degigmemekte. Bu debeple (0,0) noktas:
y = 2*’iin bir biikiim noktas: degildir.

x
Figure 13.4: The graph of y = x5,
Sekil 13.4:
Ornek 13.6. y = z3 alahm. Buradan y’ = %x*§ ve iy =

f%x*% olur. Dikkat edilirse x = 0’da y”" mevcut degil.

(700, 0) (07 OO)
Yy’ >0 Yy’ <0
1. 1
Yy =3 is Yy =x3 is
concave up concave down

(—OO, 0) (07 OO)
y// > 0 yl/ < 0
P 1.
y =23 is y=2x3 is
yukar1 konkav agagl konkav

(0,0) is a point of inflection of y = x3. See figure 13.1.

Theorem 13.2 (The Second Derivative Test for Local
Extrema). Suppose that

o f is continuous on (a,b); and
e c< (a,b).

. If f'(e¢) =0 and f"(c) <0, then f has a local mawi-

mum at r = c.

). If f'(c) =0 and f"(c) > 0, then f has a local mini-

mum at r = c.

If f'(¢) =0 and f"(c) = 0, then we don’t know — we
need to use a different theorem.

(0,0) noktas1 y = 2% ’iin biikiim noktas: olur. Bkz sekil 13.1.

Teorem 13.2 (Yerel Ekstrema igin Ikinci Tiirev Testi).
Varsayalim ki

o f" fonksiyonu (a,b)’de sirekli ; ve
e cc (a,b).

(7). f'(c) =0 ve f"(c) <0 ise, bu durumda f’nin x = c
noktasinda bir yerel maksimumu vardar.

(ii). f'(c) =0 ve f"’(c) > 0 ise, f’'nin x = ¢ de bir yerel
manimumau vardar.

(iir). f'(¢) = 0 ve f"(c) = 0 ise, bu test yetersiz kalr —
baska bir teorem kullanmamaz gerekir.
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Example 13.7. Let f(z) = z* — 423 + 10.

(a). Find where the local extrema are.

(b). Find the intervals where f is increasing/decreasing.

(¢). Find the intervals where f is concave up/concave down.
(d). Sketch the general shape of y = f(x).

(e). Plot some points which satisfy y = f(x).

(f). Graph y = f(x).

solution: f is continuous because it is a polynomial.
domain of f is (—o0o,0). Clearly f/(z) = 423

The
— 1222, The

domain of f’ is also (—o00,00). To find the critical points, we

need to solve f'(z) = 0.

0=f'(z) =42® — 122> =42*(x —3) = zx=0o0rz=3.

Interval | (—o0,0) (0,3) (3,00)
fis /<o f'<o0 >0
fis decreasing | decreasing | increasing

(a). By the First Derivative Test, z = 3 is a local minimum

and z = 0 is not an extrema.

(b). f is decreasing on (—o0,0] and on [0, 3]. f is increasing on

[3,00).

(c). Next we need to solve f”(z) = 0.

0=f"(z)=122> - 242 = x=0o0rz =2,

Interval | (—00,0) (0,2) (2,00)
fl/ iS fl/ > 0 fl/ < 0 f// > O
fis concave up | concave down | concave up

f is concave up on (—o00,0) and on (2,00). f is concave

down on (0, 2).

(d). Putting the previous two tables together, we obtain

(_OO’O) (072) (273)

decreasing decreasing decreasing

concave up | concave down | concave up

NEIERNAN

(3,00)
increasing

concave up

/

Therefore the general shape of f is

Ornek 13.7. f(z) = z* — 42® 4+ 10 olsun.

(a). Yerel ekstremum noktalarin oldugu noktalar1 bulunuz.

lunuz.

¢iziniz.

. ['nin arttig1/azaldig1 araliklar1 bulunuz.

. y = f(x) grafigini kabaca ¢iziniz.

. y = f(x) lizerindeki baz1 noktalar1 isaretleyiniz.

. f'nin yukar1 konkav/agag1 konkav oldugu araliklari bu-

.y = f(z)in bitin 6nemli noktalar gostererek grafigini

¢ozum: f polinom oldugundan siireklidir. f’nin tanim kiimesi
(—00,00) dur. Asikar ki f/'(x) = 423 — 1222 f’niin tamm
kiimesi (—o0, 00) dur. Kritik noktalar1 bulmak i¢in, f/'(z) =0
denklemini ¢ozeriz.

0=f'(v) =42® —120* = 42’(x —3) = x=0orx=3.

Aralik (—00,0) | (0,3) | (3,00)
f/nin durumu | ff<0 | ff<0| f/>0
fis azalan | azalan | artan

(a). Birinci Tiirev Testinden, z = 3 bir yerel minimum ve x = 0
bir ekstremum degildir.

(b). f, (—00,0] ve [0,3]’de azalan . f, [3,00)’da artandir .

(c). Daha sonra f”(z) = 0 denklemi ¢oziiliir.

0=f"(z) =120> — 242 =— x=0veyaz =2.

Aralik (—00,0) (0,2) (2,00)
s >0 " <0 >0
f yukar1 konkav | agagi konkav | yukar: konkav

f, (—00,0) ve (2,00) iizerinde yukari konkav.
iizerinde agag1 konkav.

f(0,2)

(d). Onceki iki tabloyu bir araya getirdigimizde, su elde edilir

(700, 0)
azalan

yukar1 konkav

\

(0,2)
azalan

asag konkav

N\

(2,3)
azalan

yukar: konkav

\

(3,00)
artan

yukar1 konka

%
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(e). We calculate some (z,y) points.

z Y

0] 10
2| -6
3| —17
41 10

Then we plot these points.

y
20 |

10 ¢

Dolayisiyla f’nin genel sekli soyle olur.

(e). (z,y) noktalarindan bazilarim bulacak olursak,

z Y

0| 10
2| -6
3| —17
4| 10

Buldugumuz bu noktalar: diizlemde yerlestirirsek,

—10 |

—20 t

(f). Finally, we have enough information to be able to graph

y =t — 423 +10.

Yy
20
[ ]
10 @ °
T
‘ T
4 . .
—2 -1 1 2 3 4
[ ]
_10 s
°
_20 s

(f). Nihayet grafigi cizebilecek yeterli bilgiye artik sahibiz y =

z* — 423 + 10.
Yy Yy
20 | N ' 20 + kritik
critical point noktasi
‘ d T
o 1 1 2 1 1
—10 ¢ . —10 |
points of biikiim
inflection noktasi
—20 + —20 +
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Problems

Problem 13.1. Let f(z) = 2%(z + 2). Note that f'(z) =
22%(2z + 3) and f'(x) = 12x(x + 1).

. Find all the critical points (if any) of y = f(z).

. Find all the points of inflection (if any) of y = f(z).
. Calculate mlggo f(x) and :,;Eriloof(x)

. Find the intervals where f is increasing/decreasing.

. Find the intervals where f is concave up/down.

. Draw the graph of y = f(z) (without using a computer/a

calculator /a phone/the internet/etc.).

Sorular

Soru 13.1. f(z) = z3(x + 2) olsun. dikkat edilirse f’(z) =
22%(2x + 3) ve f”(z) = 12z(z + 1) bulunabilir.

(a).
(b).
().

y = f(x)’nin tiim kritik noktalarim (varsa) bulunuz.
y = f(x)’in (varsa) tiim biikiim noktalarini bulunuz.

lim f(z) ve lim f(z) limitlerini bulunuz
r—r00 Tr—r—00

. f’nin arttig1/azalgig1 araliklar1 bulunuz.

. f’nin yukari/agag konkav oldugu araliklari bulunuz.down.

f(z)'nin gragigini ciziniz (bilgisayar/hesap maki-
nesi/akilli telefon/internet/vb. kullanmadan).



Applied Optimisation

Example 14.1. An open-top box is to be made by cutting
z cm X cm squares from the corners of a 30 cm x 30 cm piece of
metal and bending the sides up. How large should the squares
cut from the corners be to make the box hold as much as pos-
sible?

Uygulamali
Optimizasyon
Problemleri

Ornek 14.1. Ustii acik bir kutu 30 cm x 30 cm lik bir teneke
levhanin koselerinden kareler kesilip, kivrilarak yapilacaktir.

Kutunun miimkiin oldugunca biiyiik hacimli olmasi i¢in kégelerden

kesilen x cm xx cm kareler ne biiytikliikte olmalidir?

v maximum

? T

z|] |

| ! 9 :

1 | [N |

! | (@] l

1 | ™ I

30\ % ___________ I i
= 30 T ? 15

solution: The volume of the box will be
V(z) = (30 — 22)2.

Note that the domain of V is [0,15]. We expect the graph of
V to look like the graph above with a maximum somewhere in
the middle.

We calculate that

0= 2V (030 - 202 4 (2)((30 - 20)%)

= (1)(30 — 2x)* + (x)2(30 — 22)(—2)

= (30 — 22)((30 — 2z) — 4x)

= (30 — 22)(30 — 6x) = 12(15 — z)(5 — x).
Therefore x =5 or = 15. Since 15 ¢ (0, 15), the only critical

point of V' is & = 5. To make the largest possible box, we
should choose x = 5. Such a box will have a volume of

V(5) = 5(30 — 10)? = 2000 cm? = 2litres.

Example 14.2. You are designing a 1 litre drinks can. You
will use the same metal and the same thickness of metal for

¢6ztim: Kutunun hacim formiili
V(x) = 2(30 — 22)%

Dikkat edilirse V'’nin tanim ktimesi [0, 15] dir. V' ye ait grafigin
yukaridaki grafikte oldugu gibi ortalarda bir yerde maksimum
olmas1 beklenir.

Sunu elde ederiz:

0= 2V (230 - 207 + (2)((30 - 207

= (1)(30 — 22)? + (2)2(30 — 22)(—2)
= (30 — 22)((30 — 2z) — 4x)
= (30 — 22)(30 — 6x) = 12(15 — z)(5 — z).
Bu sebeple = 5 veya x = 15 olur. 15 & (0,15) igin, V'nin tek

kritik noktasi z = 5 olur. maksimum alanli kutu yapmak icin,
x = 5 se¢meliyiz. Boyle bir kutunun hacmi sudur:

V(5) = 5(30 — 10)? = 2000 cm® = 2litre.
Ornek 14.2. Bir dik dairesel 1 litrelik kutu yamaniz isteniyor.

ist alt ve yanlar i¢in ayn1 malzeme ve ayni kalinlik kullanmaniz
isteniyor. Hangi boyutlarda en az malzeme kullanilir?
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the top, bottom and sides. What dimensions will use the least

metal?

solution: We will use cm. Suppose that the radius of the can

is rcm and the height of the can is hcm.

N

1 litre

Then the volume of the can is

7r2h = 1000 cm?
and the surface area of the can is

A =21r% + 27rh.
We want to make A as small as we can.

Since

1000

mr2

arlh = 1000 = h=

we have that

1000 2000
A(T) = 27TT2 + 2mrh = 27‘(’/"2 + 27r ( 702 ) = 27r7f=2 —+ T
™

See figure 14.2.
Then we calculate that

dA 2000
0= T dmr — —
2000
drr = 5
r
4713 = 2000

r= ﬁw = \3/@%5.420m
47 T
1
h = 0020 =2{/ 500 10.84 cm.
r T

Example 14.3. A rectangle is to be inscribed in a semicircle
of radius 2 as shown in figure 14.1. What is the largest possible
area of the rectangle?

and

solution: Consider a rectangle with a vertex at the point (x, y).
The area of this rectangle is clearly A = 2zy. Since the point
(7, ) lies on the circle 22 +y? = 22, we must have y = v/4 — 22.
Hence the area of the rectangle is

A(z) = 22/4 — 22,

We want to find max,eo 2 A(z).

¢Ozum: Birim olarak cm kullanacagiz. Diyelim ki yarigap r cm
ve yiikseklik h cm.

sides h

27r
O zaman kutunun hacmi
7r?h = 1000 cm?®
yizey alanm goyle olur
A = 2712 4+ 27rh.

Simdi A’y1 minimum yapmak istiyoruz.

Burada
mr’h =1000 = h= 10020
wr
oldugundan
1000

2000
A(r) = 2mr? + 2nrh = 2702 4 271 ( > = 2mr? + ——.
r

mr?

Bkz. sekil 14.2.

tall
and
narrow

minimum

|
|
!
!
|
|
;
?

Figure 14.2: The surface area of a can of volume 1 litre and
radius 7 cm.

Sekil 14.2: 1 litre hacimli ve r cm. yarigapli kutunun yan yiizey
alam
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2z

Figure 14.1: A rectangle inscribed inside a semicircle of radius
2.
Sekil 14.1:

By differentiating A, we see that

dA  d
=—=— (Qx\/4fac2)

dr  dx

—2x
NI ()
2v/4 — x?

=24 — 22—

22

VA — a2
Multiplying by v/4 — 22 gives
0=2(4—27%) —22% =8 — 42 = 4(2 — 2?)

which implies that z = +v/2. But —v2 ¢ [0,2]. So we must
have 2 = v/2. Therefore

max A(z) = A (\/5) =20/2V/4—2=2/2V2=4.

z€[0,2]

Problems

Problem 14.1 (Selling Books). You have 300 books to sell. If
you price them at £TL each, then you will receive

300z r <40
R(z) = { 500x — 522 40 < x < 100
0 x > 100

liras.
(a). Draw the graph of R(x).

(b). To receive the most money, at what price should you price
your books?

Hesaplayacak olursak,

dA 2000
O = % = 47r — 7“2
2
sy = 2000
,
4713 = 2000
r= WM: y @m&éﬁcm
4 T
ve
1
h= 0020 —27/%% <1084 em.
™r ™

Ornek 14.3. Yaricap1 2 olan yari-gemberin igine gekil 14.1 deki
gibi bir dikdortgen yerlestirilecektir . Boyle bir dikdortgenin
alani en fazla ne olmalidir?

¢oztm: Bir kosesi (z, y) noktasinda olan dikdértgen diigtinelim.
Bu dikdértgenin alam A = 2xy. Simdi (z,y) noktast 2% +
y? = 22 cemberinin iizerinde oldugu icin, y = V4 — 22 olur.
Dolayisiyla dikdortgenin alani

A(x) = 22/4 — 22

Bulmak istedigimiz: maks,¢pg,9 A(x).
A tiiretitirse, su elde edilir:

0= d4 *i(Qz\/4—x2>

T dr  dx

—2x
oIt 42 ()
24 — 22
=24 — 22 —

22
V4 — 22 ile garparsak

Vi —a2
0=2(4—27%) —22% =8 — 4a? = 4(2 — 2?)

buradan x = ++v/2 bulunur. Fakat —/2 ¢ [0,2]. Béylece
x = /2 olur. Yani

maks A(z) = A (\/i) =2V2V4—2=2V2V2=4.

z€(0,2]

Sorular

Soru 14.1 (Selling Books). Elinizde satilmak tizere 300 kitap
var. Eger bunlar1 her biri TL olacak sekilde fiyatlandirirsaniz,
elinize

300z z < 40
R(x) = { 5002z — 52% 40 < z < 100
0 z > 100

lira fonksiyonu gegsin.
(a). R(z) grafigini ¢iziniz.

(b). En fazla paray1 kazanmak i¢in, kitaplar1 hangi fiyata fiy-
atlandirmalisiniz?



Antiderivatives

Definition. F is an antiderivative of f on an interval I if
F'(z) = f(x) for all z € I.

Example 15.1.
2z is the derivative of z2.

z? is an antiderivative of 2z.

Example 15.2. If g(z) = cosz, then an antiderivative of g is
G(z) =sinz

because

G ()

== (sinz) = cosx = g(x).

Example 15.3. If h(x) = 22 + cosx, then H(z) = 2% + sinx
is an antiderivative of h(x).

Remark. F(x) = 22 is not the only antiderivative of f(z) =
2z.

22 + 1 is an antiderivative of 2z because % (x2 + 1) = 2z.
22 + 5 is an antiderivative of 2z because d% (ﬂc2 + 5) = 2zx.
2?2 — 1234 is an antiderivative of 2z because % (ac2 — 1234) =

2.

Theorem 15.1. If F' is an antiderivative of f on I, then
the general antiderivative of f is

F(z)+C
where C is a constant.

Example 15.4. Find an antiderivative of f(z) = 322 that sat-
isfies F(1) = —1.

d

dx

solution: z* is an antiderivative of f because - (2°) = 322

So the general antiderivative of f is
F(x) =2°+C.
Then we calculate that
“1=F1)=1®34+C=14C = C=-2.

Therefore F(z) = 2% — 2.

()

Ters Turevler

Tanim. Bir I aralhigindaki her « € I i¢in F'(z) = f(z) ola-
cak gekildeki F' fonksiyonuna f fonksiyonunun bir ters tirevi
denir.

Ornek 15.1.
22 nin tiirevi 2z tir.

2 de 2z in bir ters tiirevidir.

Ornek 15.2. g(x) = cosz ise, g nin bir ters tiirevi
G(z) =sinz

olur, ¢linkii

G'(z)

o (sinz) = cosx = g(x).
Ornek 15.3. h(z) = 2z +cosz ise, H(z) = 2% + sin x fonksiy-
onu Ah(z) in bir ters tirevidir.

Not. F(z) = 2? fonksiyonu f(z) = 2x in tek ters tiirevi
degildir.

22 + 1 de 27 igin bir ters tiirevdir ciinkii % (x2 + 1) = 2z.

22 4+ 5 de 2z icin bir ters tiirevdir ciinkii % (1:2 + 5) = 27.

2% — 1234 de 2z igin bir ters tiirevdir ¢iinkii £ (22 — 1234) =
2z.

Teorem 15.1. Eger F' fonksiyonu f nin I uzerindeki ters
tirevi ise, f min genel ters tirevi

F(z)+C
burada C bir sabit oluyor.

Ornek 15.4. F(1)
tirevini bulunuz .

—1 saglayan f(x) = 3z? nin bir ters

coziim: 3 fonksiyonu f nin bir ters tiirevidir ¢iinkii % (333)
3z2. Bu nedenle f nin genel ters tiirevi

F(z) = 2%+ C.
Sunlar1 buluruz:
-1=F(1)=1*4+C=1+C = C=-2.

Bu nedenle F(x) = 23 — 2.
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function, f(z) | derivative, f'(x)
fonksiyon, f(x) tirev, f'(z)
x" na" 1
sin kx kcoskx
cos kx —ksinkx
ok Lok
In |x| 1

function, f(x) | general antiderivative, F'(x)
fonksiyon, f(x) genel ters tiirev, F(z)
1,n+1
™ (n # 1) T tC
sin kx f% coskx + C
cos kx % sinkx + C
ekr %ekx + C
1 Injz|+C

Table 15.1: Elementary derivatives and antiderivatives
Tablo 15.1:

The Sum Rule and the Constant Multiple
Rule
Suppose that

e F'is an antiderivative of f;

e (G is an antiderivative of g;

e kcR.

The Sum Rule: The general antiderivative of f + g is
F(z)+G(z)+ C.
The Constant Multiple Rule: The general antiderivative of
kf is
EF(z)+C.
Example 15.5. Find the general antiderivative of f(z) =
% + sin 2z.

solution: We have f = 3g + h where g(z) = 2 and h(z) =
sin 2. An antiderivative of g is

An antiderivative of h is
1
H(z)= —5 cos 2.
Therefore the general antiderivative of f is
1
F(z) = 6y/x — 5cos?x+C’.

Definition. The general antiderivative of f is also called the
indefinite integral of f with respect to x, and is denoted by

/f(a:) dz.

Toplam ve Sabitle carpim Kurali

Varsayalim ki

e [ fonksiyonu f nin bir ters tiirevi;

e ( fonksiyonu da ¢ nin bir ters tiirevi;

e kcR
Toplam Kurali: f + g'nin ilkeli (ters tiirevi)

F(z)+G(x)+C.
Sabitle Carpwm Kurali: kf'nin ilkeli
EF(z)+C.

Ornek 15.5. f(z) = % + sin 2z nin ilkelini bulunuz.

¢oziim: g(x) = z~ 2 olmak iizere elimizde f = 3g+h ve h(z) =
sin 2x var. g’nin bir ilkeli

Ayrica h’nin bir ilkeli
1
H(z) = —3 cos 2x.
Diloayisiyla f fonksiyonunun bir ilkeli
1
F(x) =6y — §COSQ$+C.

Tanim. f nin genel ters tiirev veya ilkeline ayni zamanda f
nin z’e gore belirsiz integrali denir ve goyle gosterilir:

/ (@) da.
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integral isareti
\
the integrand

x is the variable of integration

integralin integrandi
x ise integral degiskeni olarak tanimlanir

Example 15.6. Ornek 15.6.
/2xdx=x2+0 /2xda¢=x2+0
/cos:c:sin:c—i—C /cosm:sin:r:—i—C
/(Zx—l—cosx) dr =z +sinz + C /(2$+COS$) de = z? +sinz + C
Example 15.7. Calculate /(x2 — 2z +5) du. Ornek 15.7. /(ac2 — 2x + 5) dx integralini bulunuz.

solution 1. Since % (w—; —z% 4+ 5x> = 22 — 22+ 5 we have ¢Ozum 1. % (7 —z?+ 5:U> = 22 — 22 + 5 oldugundan
that

3 3
/(x272x+5) dx:%f:c2+5:r+0. /(x2—2x—|—5) dx:%—x2+5m+0

solution 2. buluruz.

9 - 9 B cozum 2.
(z* =22 +4+5)de= [ 2 dx 20 dx+ [ 5dx

23 /(w2—2x+5)dx:/xQdm—/2xdx+/5dx
= ( + Cl> — (ZL’Q + CQ) + (51’ + Cg)

3 3
3 = (a; + C1> — (2% + C3) + (5z + C3)
:(3—x2+5x)+(01—02+03). 5

= <x—x2—|—5x> +(Cl—62+03).
Because we only need one constant, we can define C' := C7 — 3

Cs + C. Therefore Yalnizca bir sabite ihtiyacimiz oldugundan, C' := C; — Cs + Cs

3 olarak tanimlariz. Yani

/(w2—2x+5)dx:%—x2+5x+0. 5
/(z2—21+5) dx:%fx2+5:c+0.
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Example 15.8. You drop a box off the top of a tall building.
The acceleration due to gravity is 9.8ms™2. You can ignore air

resistance. How far does the box fall in 5 seconds?

solution: The acceleration is
a(t) = 9.8ms™?
downwards. Since

d
acceleration = %(velocity),

the velocity is an antiderivative of the ac-
celeration. Therefore the velocity is

v(t) = 9.8t +C ms™ .

You let go of the box at time ¢ = 0. So
v(0) = 0. Thus C = 0. Hence

v(t) = 9.8t ms™ !,

Now velocity = 4 (position). So the
distance fallen is an antiderivative of ve-
locity. Hence

s(t) = 4.9t> + C m.
Because you let go of the box at time
t = 0, we have s(0) = 0. Thus C = 0.
Therefore
s(t) = 4.9t* m.
After 5 seconds, the box has fallen

s(5) = 4.9 x 25 = 122.5 metres.

(%

Ornek 15.8. Bir binanm {istiinden bir kutu birakiliyor. Yercekimi
ivmesi 9.8ms~2 dir. Havadaki siirtiinme ihmal edilebilir. Kutu
5 saniyede ne kadar yol ahir?

gL L
gL L
HRE RN

cozum: Ivme
a(t) = 9.8ms™?

agagiya dogru olur. Simdi
. d .
acceleration = %(velomty),

hiz ivmenin bir ilkelidir. Dolayisiyla hiz
v(t) = 9.8t +C ms .

Kutuyu t = 0 aninda birakiyorsunuz. B&ylece
v(0) = 0 olur. Buradan C' = 0 olur.
Dolayisiyla

v(t) = 9.8t ms™ L.

Simdi hiz = %(Konum). Dolayisiyla
diigme mesafesi hizin bir ters tiirevi veya
ilkelidir. Yani

s(t) = 4.9t> + C m.

Kutuyu ¢ = 0 aninda diigmeye biraktigimizda,
$(0) = 0 olur. Boylece C'= 0. Yani

s(t) = 4.9t m.
5 saniye sonra, kutunun diigme mesafesi

s(5) = 4.9 x 25 = 122.5 metres.
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Problems

Problem 15.1. Find an antiderivative for each function, then
check your answer by differentiating it.

(a) f(z) =200zx.

(¢) h(xz) =sin(mx) — 3sin(3z).
(d) I(z) = 2" — 6z + 8.
Problem 15.2 (Right or Wrong?). Consider

(2z +1)3

3 +sinx + C.

/ ((2z 4+ 1)* + cosz) dzx =

Is this correct or incorrect? Why?

Problem 15.3. Find the following indefinite integrals.
(a) /Qx dz.
(b) / (1—2*—32°) da.
4 t
() / Vg

t3

(d) / (2cos26 — 3sin36) df.

Sorular

Soru 15.1. Asagidaki fonksiyonlarin birer ters tiirevini veya
ilkelini bulup, sonra cevabiniz tiirev alarak bulup kontrol edin.

(a) f(z) =200zx.

(¢) h(xz) = sin(mz) — 3sin(3z).
(d) I(z) =" — 62 +8.
Soru 15.2 (Dogru mu yoksa Yanlig m1?).

(22 +1)3

2 C
3 +sinx +

/ ((2z 4+ 1)* + cosz) dx =

yazalim. Bu dogru mu yoksa yanlig m1? Neden?

Soru 15.3. Asagidaki belirsiz integralleri bulunuz.
(a) / 2z dx.
(b) / (1 — 2% —32%) da.

(o) /4+ﬁdt.

13

(d) / (2cos260 — 3sin36) df.



Integration

Question: What is the area of R?

We can use two rectangles to approxi-
mate the area of R. Then we have

area of R =~ area of 2 rectangles

S \4 72 2
3
= — = 0.375.
8
Can we do better than this? Yes! We

could use more rectangles.

We can say that

area of R = area of 4 rectangles
15 1 3 1
—(mx4>+(4x4>
G
16 4 4

17
= — = 0.53125.
32
Every time we increase the number of
rectangles, the total area of the rectan-
gles gets closer and closer to the area of

R.

area of R = area of 16 rectangles

= 0.63476.

Integral

3
I
0.75
height=0
3
4
1
2
0.5 N
+ 1
4
—>
15
16 3
i
7
16
025 05 0.75 1\
-+ >>>>>
N
N
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Soru: R bolgesinin alani kagtir?

R nin alani yaklagik olarak hesaplamada
iki dikdortgen kullanirsak, Bu durumda

R’nin alan1 ~ 2 dikdortgenin toplam alani

(3301}

3
= - =0.375.
8

Bundan daha iyisini yapabilir miyiz? Evet!
Daha fazla dikdortgen kullanabiliriz.

We can say that

area of R = area of 4 rectangles
15 1 3 1
:(wx4)+<4x4)
)
16 4 4

17
= — = 0.53125.
32

Dikdortgenlerin sayisini her arttirdigimizda,
dikdortgenlerin toplam alani, R alanina
daha da yakinlagiyor.

R’nin alan1 = 16 dikdortgenin toplam alani

= 0.63476.
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Sigma Notation Sigma Notasyonu

Zak:a1—|—a2—|—a3+a4—|—a5+a6+a7+a8—|—...+an,1—|—an
k=1

the sum finishes at k =n
the Greek letter Sigma indis k, k = n’de son bulur

L a

the sum starts at £k =1

k 1  » indis k, k = 1’de baglar

Example 16.1. Ornek 16.2.

11 3
P2 42424546+ 248407+ 10°+ 112 =3 8 D (D k= (DM + (D@ +(-1)*@3) = ~1+2-3 = -2

100 2
ko1 2 1.2 7
Q)+ £2)+ FB3) + ...+ £(99) + £(100) = D f(k) ;k+1_1+1+2+1_§+§_6
k=1 =
> DL R N LS S
d k=1+2+3+4+5=15 k-1 4-1 5-1 3 4 12
k=1 -

Example 16.3. T want to find a formula for 1+24+3+...4n. Ornek 16.3. 14+2+3+...4+n igin bir formiil bulmak istiyoruz.
Note that Dikkat edilirse

21+2+34+445+...+(n—1)+n)
- 1+ 2 4+ 3 + 4 (n=1) + =n

+ + +
+ n 4+ (n—-1) + n—-2) + (n—-3) + (n—4) + + 2 + 1
+ + +

= (n+1)+ (n+1) + (n+1) + (n+1) (n+1) (1+n) + (1+n)
=n(n+1).
Therefore Dolayisiyla
“~ n(n+1) " (n + n(n+1)
b=—g > k= :
k=1 k=1
Slmllarly (but more dlﬂ:lcult) we can ﬁnd that Benzer Olarak (ama daha ZOr) sunu buluruz
n(n+1)(2n + 1) nn+1)(2n + 1)
k2 = 2 _
Z 6 Z k 6
and ve

e () - ()
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Limits of Finite Sums

PR

Sonlu Toplamlarin Limitleri

Here’s the plan:
STEP 1. We will cut [0, 1] in to n pieces of width

1
Az —.
n n
STEP 2. We will use n rectangles to approximate the area of
R. See figure 16.1.

STEP 3. Then we will take the limit as n — oo.

&

&

5 \\1\\\

X
T R

)

XX X X X X X X X X X X

y=1—=a

i@te izleyecegimiz yol:
Apimv 1. [0,1)1 n parcaya bolersek

1-— 1
Ar=1"0_1
n n
ADIM 2. n tane dikdortgenle R’nin alanmim yaklagik olarak bu-
luruz. Bkz. sekil 16.1.

ADIM 3. Daha sonra n — oo iken limit aliriz.

RAIVIS
3 oo

S

Figure 16.1: We can use n rectangles to approximate the area of R.
Sekil 16.1: n tane dikdortgeni R'nin alanini yaklagik hesaplamakta kullanabiliriz.

Let f(x) =1 — 22 Then
e the first rectangle has area %f (% ;

e the second rectangle has area L f
e the (

has area L f
n

and so on.

Let f(x) =1 — 22 Then

e ilk dikdortgen alam %f (%),

e ikinci dikdortgen alani % f (%),

° alam %f (é);

ve saire.
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The area of all n rectangles is

Taking the limit gives

_ “ 1 . [k i m2+3n+1
Jim (Z wf (n)> = Jim (1= ")
)
= 1 _—_- = =
6 3
Therefore the area of R is %
Riemann Sums
Y y=f(@)
: «
a b

Figure 16.2: A function f : [a,b] — R.
Sekil 16.2: Bir fonksiyon f : [a,b] — R.

Now let fla,b] — R be a function. We will cut [a,b] into
n subintervals (the pieces don’t have to all be the same size).
In each subinterval we will choose one point ¢ € [zr_1, zk], as
shown in figure 16.3. The width of each subinterval is Az, =
T — Th—1-

On each subinterval [z_1, 2], we draw a rectangle of width
Az, and height f(cg). See figure 16.4

n dikdortgenin toplam alani

area = Z (k inci dikdortgen)
k=1

(4
kzln n

1 I
- (5) w2

k=1
—l—i n(n+1)2n+1)
o n3 6
_1_2n2+3n—|—1

Limit alinirsa

"1 k 202 +3n+1
1. —_ —_ = 1 ]_ B ————
nt0o (kz_l nf (n)) o0 ( 6n2

Buradan R’nin alani % olur.

Riemann Sums

Simdi f : [a,b] — R bir fonksiyon olsun. [a,b]’yi n araliga
boleriz (pargalarin hepsinin ayni geniglikte olmasi gerekmez).
Her alt-aralikta, Sekil 16.3’de gosterildigi gibi [xf—_1, 2] cinsin-
den bir nokta c¢i segeriz. Her alt arahigin genigligi Az, =
Ty — Tp_1 dir.

Ax:
a 2 b
c1 Cc2 C3 Ck ‘
[ I I I I I I I I I I I
o T1 T2 I3 Tr—1 Tk Tn—1 Tn
— — —
Az Axs Axy,

Figure 16.3: We split the interval [a,b] into n subintervals.
Notethat a =xg < x1 <22 <3< ...<Tp_1 < Ty =D>.
Sekil 16.3: [a, b] araligini n alt-araliga boliintir. Dikkat edilirse,
a=x9g <1 <To<x3<...<Tp_1 <z, =>0dir.

Her bir [x;_1, 2x] alt-araliginda, genigligi Axy, ve yiiksekligi
f(ek) olan dikdortgenler gizilir. Bkz. sekil 16.4
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7

A~
S

/
kth rectangle

Figure 16.4: n rectangles.
Sekil 16.4:

Note that if f(ck) < 0, then the rectangle on [xp_1, z)] will
have ‘negative area’ — this is ok.

The total of the n rectangles is
> flaw) Az

k=1

This is called a Riemann Sum for [ on [a,b]. Then we want
to take the limit as n — oo (or more precisely, we want to take
the limit as max{Azy, Az, ..., Ax,} — 0). Sometimes this
limit exists, sometimes this limit does not exist.

f(ek) < 0 olduguna dikkat edersek, tabami [zg_1, x| olan
dikdortgen ‘negatif aalanli” — olur.
n dikdortgenin toplam alani

D faw) Ay

k=1

Bu toplama bir f nin [a, b] tizerindeki bir Riemann Toplama
denir. Sonra n — oo iken limit alimr (veya daha dogrusu,
maks{Azxy, Axy,...,Azx,} — 0 iken limit almir). Bu limit
bazen mevcuttur, bazen mevcut degil.



The Definite Integral  Belirli Integral

Definition. If the limit Tanim. If Eger
n lim Zf(ck)Azk
nli_{T;OZf(Ck)Aka et
k=1

limiti mevcutsa, bu limite f’nin [a,b] Gzerindeki belirli in-
exists, then it is called the definite integral of f over [a,b]. tegrali adi verilir. S0yle gosteririz

We write
b n b n
/ o) de = lim 3 f(er)Azy / J(@) de=lim > fler) Az
a n— oo k:1 a k:l

if the limit exists. tabi eger limit mevcutsa.

upper limit of integration
integralin st sinir1

x is the variable of integration
x, integral degigkenidir

integral sign b
integral igsareti

“the integral of f ¢ “a’dan b’ye f’nin

from a to b” S integrali”
a’ the integrand

integralin integrandi
lower limit of integration

integralin alt sinir

85
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Definition. If f: f(x) dx exists, then we say that [ is inte-
grable on [a,b].
Example 17.1. f(z) = 2

fol(l — %) dz = 2.

KNMM=KﬂMM=L%mw

It doesn’t matter which letter we use for the dummy variable.

1 — z* is integrable on [0, 1] and

Remark.

Theorem 17.1. If f is continuous on [a,b], then f is
integrable on [a,b].

If f has finitely many jump discontinuities but is oth-
erwise continuous on [a,b], then f is integrable on [a,b].

Example 17.2. Define a function g : [0,1] — R by

(z) = 1 2€Q
=0 ¢

See figure 17.1. This function is not integrable on [0, 1].

Tanim. Eger ff f(x) dx mevcutsa, f fonksiyonu [a,b] tizerinde
integrallenebilir denir.

Ornek 17.1. f(z) = 1 — 2?2 fonksiyonu [0, 1] {izerinde integral-

lenebilir ve
fol(l —2?%) dor = 2.
Not.

fa)de= [ flu)du= [ ft)at
[ rerae= [ a= [

takma degisken icin hangi sembol kullandigimizin bir 6nemi
yok.

Teorem 17.1. Eger f fonksiyonu [a,b] de sirekli ise, [a,b] de
f integrallenebilirdir.

Eger f sonlu sayida sigramaly streksizligi varsa veya
[a, b] “de stirekli ise, then [a, b] Uzerinde f integrallenebilirdir.

Ornek 17.2. Su fonksiyonu tammlarsak g : [0,1] — R oyle ki

1 z€Q
g(%)Z{O c 40

Bkz. sekil 17.1. Bu fonksiyon [0, 1]’de integrallenemez.

S
1

Figure 17.1: The graph of g(x) defined in Example 17.2.
Sekil 17.1: Ornekteki g(z) grafigi
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Properties of Definite Integrals

Theorem 17.2. Suppose that f and g are integrable. Let
k be a number. Then

(4)

(i)

(iii)

(viii).

. af(x) de = — bf(x) dx;
b a

. /abkf(x) dz = k/abf(x) dx;

./acf(:c) dx—&-/jf(m) dx:/abf(x) dx

/aaf(a:) dx = 0;
b

/ (F(@) + 9(=)) d:z::/abf(x) dx—l—/abg(x) da;

b
). (b—a)minfg/ f(@) dz < (b—a)max f;

. if f(z) < g(z) on [a,b], then
b b
/ f(z) dx S/ g(x) dux;
if g(x) > 0 on [a,b], then
b
/ g(z) dx > 0;

. if f is an even function, then

IRCE 2/Oaf(x) .

and

. if fis an odd function, then

Belirli integralin Ozellikleri

Teorem 17.2. f ve g integrallenebilir olsunlar. k bir sabit
sayn olsun. Bu durumda

()

(ii).

(viz).

(viii).

/ba f(z) de = —/abf(x) dx;

/:kf(x) da = k/abf(a:) dx;

f(z) < g(z) on [a,b] ise,

/a ' fla) de < / o) =

[a,b] tzerinde g(x) > 0 ise,

b
/ g(z) dz > 0;

. [ ¢ift fonksiyon ise,

[ty de=z [ fa) de

ve

. if f tek fonksiyon ise,

/_Zf(ac) dz = 0.
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1

Example 17.3. Suppose that/
-1

4 1 4
f(z) de =5, /1 f(z) de = Ornek 17.3. Varsayahm ki /_1 flz)de = 5,/1 flz)de = -2

1 1
—2 and / h(z) dz = 7. Then ve / h(z) dz = 7. O zaman
~1 1
1 4 1 4
[ t@do=- [ @) ar=2 | f@ do== [ @) do=2.
4 1 4 1
1 1 1 1 1 1
/ (2f(z) + 3h(x)) dz = 2/ f(z) dx + 3/ h(z) dz / (2f(z) + 3h(z)) do = 2/ f(z) de + 3/ h(z) dx
—1 -1 -1 —1 —1 -1
= 2(5) +3(7) = 31 =2(5)+3(7) = 31
and . ) . ve 4 1 4
/ f(x)dzz/ f(x)dz:+/ f(z) dz /1f(1‘)dx=/1f(:c)dm+/l f(z) dx
—1 —1 i — _
=5+ (-2)=3. =5+ (-2)=3.
1 . 1
Example 17.4. Show that / V1t cosz dr < V2. Ornek 17.4. Gosteriniz ki / V1+cosz dz < V2.
0 O
solution: The maximum value of v/T + cosz on [0, 1] is /T + 1 = ¢0ztm: [0, 1] lizerindeki v/1 + cos z'nin maksimum degeri VI+1=
V2. Therefore V2. Buradan
1 1
/ V1+cosz dr < (1 —0)max/1+cosz=1x 2. /0 VI+cosz dr < (1—0)maks vVI+cosz=1x V2.
0
2 . 2
Example 17.5. Calculate / (23 + 2) da. Ornek 17.5. /2(333 + ) dx hesaplaymz.
—2 -
solution: Because (z3 4 ) is an odd function, we have that ~ €0zum: (z® + ) tek fonksiyon oldugundan, sunu elde ederiz:
2 2
/ (2% + z) dz = 0. /2(x + ) dz =0.
—2 —
1 " ! )
Example 17.6. Calculate / (1—2?) dx. Ornek 17.6. / (1 — %) dz hesaplaymiz.
—1

-1
solution: Because (1 — 22) is an even function, we have that ~ ¢0zdm: (1 —a?) cift fonksiyon oldugu iin,

' 2 ' 2 2_4 /1(1— % d —2/1(1— % d —2><72—il
— = — = Z == x°) dx = ) do = =-.
/1(1 x%) dx 2/0 (1—2%) dx 2><3 3 . o 33
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Example 17.7. Calculate fob x dx for b > 0. Ornek 17.7. b > 0 ise f(f z dz integralini bulunuz.

solution 1: We will use a Riemann Sum. First we cut [0,b] ¢6ziim 1: Riemann Toplam kullanacagiz. Once [0,b]’yi n

in to n pieces using parcaya
b 2b 3b —1)b b 2b 3b —1)b
0<—<—<—<...<u<b 0<—<—<—<...<u<b
n o n n n n n n n

and ¢, = %. Note that Az = % for all k. See figure 17.2. ve cr = kb kullanarak béleriz Dikkat edilirse her k icin Az =

Then 5 olur. Bkz sekil 17.2. Bu durumda
= kbbb ¢ n 5 n
kbb b
D> fler) A = P S flew) Ay = -y
k=1 k=1 Pt st
2 2
- ) 142  fn ey e !
n 2 2 n - n? 2 2 + n)’
Then ) O halde . .
/0 v dr = nh_{EOZ fler)Axy / r dr = lim Zf(ck)Al"k
b2 1 b?
— lim = (1+>) =2, i 931 n_ e
Yy Y 7 y y=ux
b 7 b b .
7 |
] |
/) .
] |
[ |
A V(b
b I
/ x dx |
0 I
x oz
b b
. . . b
F1ggre 17.2: Approximating [’z dz by n rectangles. Figure 17.3: The integral of « from 0 to b.
Sekil 17.2: Sekil 17.3: 0 dan b ye z in integrali
solution 2: Alternately, we can look at figure 17.3 and say ¢oziim 2: Alternatif olarak, sekil 17.3 e bakarak
that
b 1 b2
b . 1 b2 / x dxr = area of a triangle = — x bx b= —.
/xdxzareaofatmanglezi><b><b:5. 0 2 2
0

Example 17.8. Ornek 17.8.

b 0 b
b 0 b _
/xdxz/ zda:+/xd:n /aa:da:—/a mdx—l—/oxdx

0

a b
a b = —
zf/xd:c+/xdx N /Oxdx+/0xdx
0 0

2 b2
__e.r =-5+%
) 2 2 2
b a
b a? =5 -5
= — - —. 2 2
2 2



The Fundamental
Theorem of Calculus

We don’t want to have to use Riemann sums every time we need
to calculate a definite integral — we want a better way. The
following theorem is the most important theorem in Calculus.
If you can only memorise one theorem for the exams, it should
be this one.

Theorem 18.1 (The Fundamental Theorem of Calculus).
Suppose that f : [a,b] = R is a continuous function.

(i). Then the function F : [a,b] — R defined by
Flz) = / () dt

is continuous on [a,b]; differentiable on (a,b); and
its derivative is

F@=%/Umm=ﬂm

(it). If F is any antiderivative of f on [a,b], then

b
/ (@) dz = F(b) — F(a).

Remark. Part (i) of the theorem tells how to differentiate
[7 f(@) at.

Example 18.1. Find % if y = ["(t3 + 1) dt.

solution:
Zi/:cic/:(t3+l) dt =2° + 1.
Example 18.2. Find % ify = fj 3tsint dt.
solution: .
Z—Z = %/ 3tsint dt
d e

=i </5 3tsint dt)

= —3zxsinx.
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Kalkulisun Temel
Teoremi

Bir belirli integrali hesaplamaniz gerektiginde her defasinda
Riemann toplamlarini kullanmamiz gerekmiyor — daha iyi bir
yol istiyoruz. Asagidaki teorem Kalkiiliisiin en énemli teo-
remidir. Simavlar i¢in bir teorem ezberleyecegim diyorsaniz,
iste bu o teoremdir.

Teorem 18.1 (Kalkiiliisiin Temel Teoremi). f : [a,b] —
R ’nin strekli bir fonksiyon oldugunu varsayalvm.
(i). Bu durumda F : [a,b] — R,
F(z) :/ f(@) dt
de [a,b] dzerinde sireklidir; (a,b) dzerinde

tirevlenebilir; ve tirevi f(x) tir

P =2 [ 10 =

(ii). Eger F de f’nin [a,b] dzerindeki herhangi bir ters
tirevi ise, bu durumda

b
/ f(z) de = F(b) — F(a).

Not. Teoremin (i) kismu [ f(t) dt’in tiirevini nasil alacagimiz
soyler.

Ornek 18.1. y = [7(t> + 1) dt ise, %’ bulunuz.

cozum:

x

dy d
L. (t*+1) dt =23 + 1.

de  dz J,

Ornek 18.2. y = fj 3tsint dt ise, %’i bulunuz.

¢cozim:
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2
Example 18.3. Find % if y=[;" cost dt.

solution: This time we will need to use the Chain rule. Let

u = x2. Then

dy _ dy du
dz ~ dudx
d [* d
= tdt)(-—a?
(e [ o) (55)

= (cosu) (2z) = 2z cos z2.

Remark. Part (ii) of the theorem tells us how to calculate the
definite integral of f over [a, b]:

STEP 1. Find an antiderivative F' of f.
STEP 2. Calculate F(b) — F(a).

Notation. We will write

Example 18.4.

™ T
cosx dr = [Sinx]
0 0

(because ;—I sinax = cosx)
ax

=sinm —sin0

=0-0

=0

Example 18.5.

’

0
secrtanx = {sec x]
s P
vy 4

L secx = secx tan ;l,')

(because - s
da

™

—sec( — sec ——

secC secC 4
=1-2.

Example 18.6.
4
3 4 »
/ (\/5—2) do = {x% +7]
1 \2 x -,
3 4
<b(‘(i‘(lllS(‘ % <.’rz 4+ =
' x

dy d [°.
—_—= = tsint dt
dr — d /w 3t sin

= % (—/5 3tsint dt)

= —3zsinx.

5 hulunuz.

. 2
Ornek 18.3. y = [ cost dt ise, %

¢6ziim: Bu sefer Zincir kurali kullanmamiz gerekecek. u = 2

diyelim. O zaman

dy dydffu

dr ~ dudx
_(d [ d o
= <du/1 cost dt> (dwx )
= (cosu) (2z) = 2z cos z2.

Not. Teoremin (ii) kismi f’nin [a, b] {izerindeki belirli integrali
nasil hesaplayacagimizi soyler :

ADIM 1. f’nin bir ters tiirevi olan F’yi bulunuz.
Apmv 2. F(b) — F(a) sayisi hesaplayiniz.

Notasyon. We will write

Ornek 18.4.

™ T
cosx dr = [sinx}
0 0

(¢iinkii L sinz = cos z)
] dx

=sinm —sin0

=0-0

=0
Ornek 18.5.

’

0

secrtanx = [secm}
s
-7

ISE)

(glnkii % secx = secx tanx)
™
=sec0 — sec ——
4

=1-2.

Ornek 18.6.
4
4 414
/ §\/5—— dx:[x%Jr—}
1 \2 x? xl1

(gunku o <.1 +
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Total Area

Example 18.7. Let f(z) = 2% — 4 and g(z) = 4 — 2.
figure 18.1. We have that

See

and

(D))

The total area between the graph of y = f(z) and the z-axis,

over [—2,2], is |—22| = 32. The total area between the graph
of y = g(x) and the z-axis, over [—2,2], |32’ - Q
Y Yy

y = a° 74

—4) dz and f_22(4

Figure 18.1: Graphs showing f_22(3?2
Sekil 18.1:

—2%) dx.

Example 18.8. Let f(z) = sinz. Calculate
(a). the definite integral of f over [0, 27]; and

(b). the total area between the graph of y =
x-axis over [0, 27].

f(x) and the

solution:

(a).
2m

2
/ sinz dxr = [fcosx} = —cos 27 + cos0
0 0

=—1+1=0.

27
/ sinz dx
T

2

total area = / sinz dx +
0

_ [—cosx];r%-“—cosx]

= —cos7 + cos0 + |— cos 2w + cos 7|
=—(-D+1+]-1+(-1[=4

Toplam Alan

Ornek 18.7. f(x) = 2% —4 ve g(z) = 4 — 22 olsun. Bkz. gekil
[8.1. Burada

/_zf(m) dxz/_22<x2—4) dz = {%3—495}2;2
() ()
/_229(30) dx=/_22(4—:c2) dz = {43@—%3}2_2
() 3)3

y = f(z) grafigi ve z-ekseni arasinda kalan, [—2, 2] tizerindeki

ve

toplam alan, is ‘——‘ = ‘3—32 y = g(x) ve z- ekseni arasinda
kalan, [—2,2] iizerindeki toplam alan, ise |32| = 22 olur.
y
1 i
y =sinz
0.5+
. €T
2 e a

— .5 i
—1 +

Figure 18.3: The total area between the graph y = sinz and
the z-axis over [0, 27].

Sekil 18.3: [0, 2] tizerinde y = sin z grafigiyle z-ekseni arasinda
kalan toplam alan

Ornek 18.8. f(z) = sinz olsun.
(a). f'nin [0, 27] tizerindeki belirli integralini; ve

(b). y = f(z) grafigi ile a-ekseni arasinda [0, 27| {izerinde kalan
alani bulunuz.

cozum:
(a).
27 o
/ sinx dr = {—cosx} = —cos 27 + cos0
0 0

=-1+1=0.

27
/ sinx dx
s

2w

s
toplam alan = / sinx dr +
0

[~ cosa] -+ |[ = cosa]

—cosm + cos 0 + |— cos 2w + cos 7|
(1) + 1+ |—1+(=1)| = 4.
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Summary

To find the total area between the graph of y = f(z) and the
x-axis over [a, b]:

STEP 1. Divide [a, b] at the zeroes of f.
STEP 2. Integrate f over each subinterval.
STEP 3. Add the absolute values of the integrals.

Example 18.9. Find the total area between the graph of

Yy = 23 — 22 — 22 and the z-axis for —1 < x < 2.

solution:

1. Let f(z) = 2® — 2% — 2z. Since 0 = f(x) = 23 — 2% — 22 =
xz(z + 1)(x — 2) implies that z =0 or z — 1 or x = 2, we
divide [—1,2] into [—1,0] and [0, 2].

2. We calculate that
0 4 3 0
/1($3—$2—2$) dx = {z —:% —x2]_1

_ :(0—0—0)—@—;—1)

3. Therefore

total > + 5 37
otal area = | — ——|==.
12 3 12
Y
5
area = % ‘ -
1 —05 0.5 1 1.5
—05 |
—1 area = %
—1.5 1
—9 |

Figure 18.2: The total area between the graph y = 23 —2? — 2z
and the z-axis over [—1,2].

Sekil 18.2: [—1,2] iizerinde olan, y = 23 — x? — 2z ve z-ckseni
arasindaki toplam alan.

Summary

[a,b] lizerindeki y = f(z) grafigi ve z-ekseni arasinda kalan
toplam alan: bulmak icin:

ApiM 1. f’nin kéklerinin oldugu yerlerde [a, b] boliintir .
ADIM 2. Her bir alt-aralik iizerinde f integre edilir.
ApiM 3. Her bir integralin mutlak degerleri toplanir.

Ornek 18.9. -1 < z < 2 ise y = 2% — 22 — 2z grafigi ve
x-ekseni arasinda kalan alam bulunuz.

cozum:

1. f(z) = 2 — 2% =2z olsun. 0 = f(z) = 23 — 2% — 2v =
z(z + 1)(x — 2) oldugundan = = 0 veya x — 1 veya & = 2
oldugundan, [—1,2]yi [—1,0] ve [0, 2]’ye ayiwririz.

2. Kolayca hesaplanacagi iizere

0 4 3 0
/1($3—x2—2z) dx = [2_2_582]_1

7 —(ooo><i;1)

ve

3. Dolayisiyla

toplam al S I I
oplam alan = | — ——| ==
P 12 3

olur.
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The Average Value of a Continuous
Function

The average of {1,2,2,6,9} is L?fﬁ*'g = 25—0 = 4. We can
also calculate the average value of a continuous function.

Definition. If f is integrable on [a, b], then the average value
of f on [a,b] is

b
w(f) = 5= [ fa) d.

Example 18.10. Find the average value of f(z) = v4 — 2?2
on [—2,2].

solution: Since
2 1
/ f(z) de = 3 X the area of a circle of radius 2
-2
1
= 571'22 =2,
we have that
1 2 2w
= —_— d = — = —,
() = 5= | f@) da =2 =3

Example 18.11. Find the average value of g(z) = 2% — x on

[0, 1].

solution:
1 1 1
av(g) = —— | g(x) dx:/ (23 — x) da
-z xT_l 1_1
12, 12
T — 2
y=1 /—N o
%
x
—2 2

Figure 18.4: The average value of f(z) = v4 — 22 on [—2,2] is
av(f) = 5.
Sekil 18.4:

Surekli Bir Fonksiyonun Ortalama
Degeri

{1,2,2,6,9} kiimesinin ortalamasi 25—0 = 4 tir.
Siirekli bir fonksiyonun ortalama degerini de hesaplayabiliriz..

1+2424649 __
e =

Tanmim. [a,b] lizerinde f integrallenebilir ise, f 'nin [a, b] dzerinde

ortalama degeri

b
ort(f) = ﬁ/ f(z) dx.

Ornek 18.10. f(z) = V4 — 22 ’nin [—2,2] fizerindeki orta-
lama degerini bulunuz.

¢cozum:
2 1
/ f(z) dx = 3 X 2 yarigapli cemberin alam
—2
1
= —7122 = 2,
2
oldugundan,

ort(f):%(im/_zf(m) dx:%r:g.

Ornek 18.11. g(z) =
degerini bulunuz.

x3 — x ’in [0,1] iizerindeki ortalama

cozium:
1 1
ort(g) = g(x) dm:/ (2% — z) dz
1-0 o
_[x‘* xT_l 1_1
12, 1 2
Y
y=2a>—2x
x
1
_1
1
y:_i \_/

Figure 18.5: The average value of g(x) = 23 — z on [0,1] is
av(g) = — 5.
Sekil 18.5: [0,1] iizerinde g(z) = 23 — 2’in ortalama degeri

ort(g) = —1.
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Indefinite Integrals & Definite Integrals

Remember that Remember that

b
/f(:r) dz is a function. / f(z) dz is a number.

For example
2
/ x dr = % +C

and and

For example

1
1
/ T dr = -
0 2
Z
/ cosx dr = 1.
0

/cosx dr =sinz + C.

Problems

Problem 18.1 (Definite Integrals). Find the following definite

integrals.

(a). /0 (20 +5) da.

-2

(b). /Z (5 - g) de.

T 1—cos2t
(c)./ SO .

x 2

4

32 o
(d). / =% dt.
1

Problem 18.2 (The Fundamental Theorem of Calculus). Find

2
d x
% ify= m/2 sin(%) dt.

Indefinite Integrals & Definite Integrals

Bilinmesi gereken Bilinmesi gereken

b
/f(x) dz bir fonksiyon. / f(x) dz bir say1.

Ornegin
2
/ x dr = % +C

ve ve

For example

1
1
/ T dr = -
0 2
z
/ cosr dr = 1.
0

/cosx dr =sinz + C.

Sorular

Soru 18.1 (Belirli integraller). Asagidaki belirli integralleri
bulunuz.

0
(a). / (2z 4 5) dz.

2

(b). /_z (5 - g) da.

T 1 —cos2t
(c)./ LU

,r 2

4

32 o
(d). / 7% dt.
1

2

Soru 18.2 (Kalkiiliisiin Temel Teorem of ). y = w/ sin(t%) dt
2

d
ise d—y ’i bulunuz.

T



The Substitution
Method

The Substitution Method for Indefinite
Integrals

By the Chain rule,

AWy e
de \n+1) = dz’
So p _
ndu u
— dx = C.
/u dx * n+1 +
But we know that
n+1
/u" du = Z+1 +C
also. So it looks like
du
du = — dz.
u 7n T

Example 19.1. Find /(x?’ +2)°(32% + 1) dx.

solution: Let u = 2° + 2. Then du = % dz = (32% + 1) dx.
By substitution, we have that

/(sc3 +2)°(32% + 1) do = /u5 du

6

= %—I—C: %(3:3—1—33)64—0.
Example 19.2. Find /\/mdx
solution: Let v = 2z + 1. Then du = g—; dr = 2dz. So
dx = % du. Therefore
/Mdmz/u%(%du):%/u%du
1
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Yerine Koyma Yontemi

Belirsiz integralde Yerine Koyma Yéntemi

Zincir Kurali geregince,

A (uTN _ ndu
de \n+1) = dz’
Bu ytizden
du unt!
r— = C.
/ u dx n+1 +
Biliyoruz ki
un-i—l
/ u" du = +C
n+1
dogrudur. Yani suna benziyor.
du
du = — dx.
u=__dx

Ornek 19.1. /(:103 + 2)°(32% + 1) d2’i bulunuz.

¢oziim: u = 2 +x. olsun. Oyleyse du = % dz = (322 +1) dz.
Degisken degistirerek, sunu bulmak miimkiin

/(:c3 +2)°(32° + 1) dz = /u5 du

ub

L io=1

3 6
5 G(x +2z)°+C.

Ornek 19.2. /\/m dz’1i bulunuz.

¢oztm: Diyelim ki u = 2z + 1. O zaman du = ‘fl—z dx = 2dx
olur. Yani dz = % du. Béyle olunca

2
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Theorem 19.1 (The Substitution Method). If
o u = g(z) is differentiable;
e g:R—I; and
e f:I— R is continuous,

then

[ #a@) @) do = [ 16w au

Example 19.3. Find / 5sec? (5t + 1) dt.

solution: Let u = 5t + 1. Then du = % dt = 5dt. So

/5se02(5t+ 1) dt = /5602u du

=tanu +C
d

— tanu = sec” u)
du

=tan(bt+ 1)+ C.

(because

Example 19.4. Find /cos(70 +3) db.

solution: Let ©w = 70 + 3. Then du =

du g9 = 7df. So
df = %du and

/cos(70+3) do = %/cosu du

1 1

Example 19.5. Find /x2 sin(z?) de.

solution: Let w = z3. Then du = % dx = 322 dz. So

1 2 dz
gdu = 2* dx and

1 1
/x2 sin(z?) dox = /gsinu du = -3 cosu+C

1
=-3 cos(z3) + C.

Example 19.6. Find /x\/23:—|— 1 dzx.

Then du = < dr = 2dz. So

solution: Let v = 2z + 1. o

dr = %du and

/a:y?z—&—lda::/x\/a %du.

But we still have an x here. We can’t integrate until we change
all the x terms to u terms. Note that

1
u=2x4+1 = u—-1=2r = §(u—1)=x.

Teorem 19.1 (Yerine Koyma Yontemi). °
tirevlenebilir;

e g:R—1I; ve

o f: I — R sirekli,
bunun tzerine

[ #6@)g'@) do = [ ) au.

Ornek 19.3. / 5sec?(5t + 1) dt’yi bulunuz.

cozim: u = 5t + 1 diyelim. Buradan du = % dt = bdt olur.
Yani

/5sec2(5t+ 1) dt = /secQu du

=tanu+C

d
<l

au

= tan(bt + 1) + C.

2
tanu = sec” 1

, oldugundan)

Ornek 19.4. /cos(?@ + 3) df’y1 bulunuz.

¢ozum: u = 760+ 3 olsun. Buradan du = ‘;—Z df = 7d6. Boylece
df = %du ve

1
/cos(79—|—3) do = - /cosu du
1 . 1 .
= ?smu—i—C: ?sm(79+3)+C.
bulunur.
Ornek 19.5. /a:2 sin(z®) dz’i bulunuz.

¢oziim: u = x* olsun. Yani du = % dz = 3z* dz. Boylece
%du =22 dx ve

1 1
/J;Qsin(x?’) dx = /gsinu du = —3 cosu + C
1
=-3 cos(z®) + C.

bulunur.

Ornek 19.6. /x\/Qm + 1 dz’i bulunuz.

¢oziim: u = 2z + 1 diyelim. Bu durumda du = % dr = 2dx
olur. Yani dz = %du ve

/xVEx—&—ldmz/x\/a %du

buluruz. Elimizde hala z var. Butin x’li terimleri «’lu terim-
lere doniigtiirmedikce integre edemiyoruz. Sunu akilda tutarak,

1
u=2z4+1 = u-1=2z = E(u—l):x.
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Therefore Bu yiizden

[avaside= [ S-1va s [avaTTae= [ -1 i

1
:f/u%—u%du :i/u%_u%du

4
3 (2 -2) e 33 2u) e
:110112—(131#—1-10 3 :110u2—(13u2+10
= 10(2w+1)% —gr+DE+C - 10(2x+1)% - 6(2:c+1)% +C.

bulunmus olur.

Example 19.7. Fmd/
P T

. 2z . .
solution: Let w = 22 + 1. Then du = i—; dx =2z dz and Ornek 19.7. /W dz integralini bulunuz.
925 du coziim: u = z? + 1 diyelim. Buradan du = % dr = 2z dz ve
/\/,227 Z:/uj oradan da
:/u_%du /722 dz:/dif
V2241 us
2
= g +C = /u*é du
g 2
3 2
= 5“% +C -2 40
3
3
5(22—&—1) +C. zgu§+0
. .2 3 2
Example 19.8. Find [ sin®z dz. = 5(22 +1)5 +C.
solution: We use the identity elde edilir
sinz — 1- ‘3205 2 Ornek 19.8. fsinQ x dz integralini bulunuz.
to calculate that ¢ozum: Burada kullanacagimiz 6zdeslik
1—cos2 . 1 —cos2zx
/sinzx dr = / DTS e sin z = 9
2
1
= /(1 — cos2z) dz ve buradan da
1—cos2
1 1 . /siandx:/ﬂdx
==|z—=sin2z ) +C 2
2 2 1
1 1 =— [ (1 —cos2z) dx
= —x — —sin2z + C. 2/( )
2 4
1 1. 9 o
Example 19.9. Similarly ) T 2 Sm2r | A+
1 1
1 2 1 1 = g — —&i
/cos2xdx:/¥dxzix—&—zsin%ﬁ—i—a 293 4s1n2x+C
bulunur.

Ornek 19.9. Benzer sekilde

1 2 1 1
/costdx:/w dx:§x+zsin2x+0

bulunur.
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The Substitution Method for Definite In-
tegrals

Theorem 19.2 (The Substitution Method). If
e u = g(x) is differentiable on [a,b];
e ¢’ is continuous on [a,b]; and
e f is continous on the range of g,

then

b g(b)

f(g(@))g'(z) dz = / f(u) du.

a g(a)

1
Example 19.10. Calculate / 322/ 23 + 1 da.

solution 1. We can use the previous theorem to solve this
example. Let v = 22 + 1. Then du = 32? dx. Moreover
r=-1 = u=0andzx=1 = u=2. So

T= 2
/ x2\/ 23 + dx—/ fdu—[ S’}
r=—1 0
_2 (2% _ 0%) ,Q\f 4[
3
solution 2. Alternately, we can first find the indefinite inte-

gral, then find the required definite integral.
Let u = 2% + 1. Then du = 32? dz. So

3z2v/x3 + 1 dw—/fdu—

Therefore

/lstMd [
(

_ 2
3 3

m\.»
Q
Il

|
5,
Jr
—_
\:3/\.»:
_l’_
Q

2.
3" 3

OJ\[\')
©

w\ [\)
w\c«
\_/
/—\
wl o

—

|

—

+

—_

—
[NI[
~_

™

2
Example 19.11. Calculate/

us

cos 0 cosec? 6 db.

solution: Let u = cot 8. Then du = ?TZ df = — cosec? 0 db. So
—du = cosec? @ df. Moreover 0 = T = u=cotf] =1and

=5 = u=cotg =0. Hence

0=7% u=0 0
/ cos 0 cosec® § df = / u (—du) = —/ u du
0=% u=1 1

Belirli integralde Degisken Degistirme

Teorem 19.2 (Degisken Degistirme Yontemi). Eger
o u = g(x) fonksiyonu [a,b] de tirevliyse;
e ¢ fonksiyonu [a,b] de siirekliyse; ve
o f fonksiyonu da g’nin gorinti kimesinde strekliyse,

bu durumda

[ st

g(b)
) dz = /g(a) f(u) du

olur.

1
Ornek 19.10. / 32%v/ 23 4+ 1 dx integralini bulunuz.
¢oziim 1. Bu soruyu yapmak icin 6nceki teoremi kullanabil-
iriz. Diyelim ki, u = 23 4+ 1 olsun. Bu durumda du = 32?2 dx
olur. Ayricaz = -1 = u=0vezx =1 = u = 2 olur.
Buradan

T
/m_fl

2

2
23 +1 dx—/ Vu du = [ug]
3 0
2 /.3 s 42
== 2*4)*):72 5= V2
3 (2% 08 32V2=3
bulunmusg olur.
¢ozum 2. Degisimli olarak, once belirsiz integrali bulur, daha
sonra da belirli integrali bulabiliriz.

Simdi © = 2% + 1 olsun. Buradan du = 322 dz olur. Bu
sebeple

322/ a3 + 1 dm*/\/»dU*

Boylece

2
/ 3e2y/ 13 + 1 de = {33} —1—1%

M\w

2 2 §

1

[ S
,_.

. 3
Ornek 19.11. / cos 6 cosec? § df’y1 bulunuz.

S
¢ozum: u = cot § olsun. Buradan du = % df = — cosec? ) db
olur. Béylece —du = cosec? § df bulunur. Ayrica = i
u=coty7 =1vefd =7 = u=cotg =0 bulunur. Bunun
sonucu olarak da

0=7% u=0 0
/ cos A cosec® 0 df = / u (—du) = 7/ u du
== u=1 1

4

bulunur
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Problems Sorular
Problem 19.1. Use a substitution to evaluate the following Soru 19.1. Yerine koyma (degisken degigtirme) yontemi kulla-
indefinite integrals. You must show your working. narak, agagidaki belirsiz integralleri bulunuz. Iglemlerini agiklamal

5\ 3 5\ 3
(a). /7’4 (7 - 71”0) dr. (a). /r4 (7 - 71"0) dr.
(b) /a:(x — 1) da. (b). /x(m — 1)1 da.
Problem 19.2. Use a substitution to evaluate the following Soru 19.2. Yerine koyma (degigken degistirme) y6ntemi kulla-
definite integrals. You must show your working. narak, agagidaki belirli integralleri bulunuz. Iglemlerini agiklamalis:
0 : 0 .
sinx sinx
. —— d=. . _
(2) /—’2‘ (3+2cosx)? (2) /g (3+2cosx)?
b sinx
b). ——d
(b) /0 (34 2cosx)? “

E] sinx
b). ——d
() /0 (34 2cosx)? *



Area Between Curves Egriler Arasindaki
Alanlar

Tanim. Eger
e f siirekli;
e g siirekli; ve
e [a,b] lizerinde f(x) > g(x) ’se,

ozaman a < x < b olduk¢a y = f(x) ve y = g(x) egrilert
araswmndak: alan

alan = /ab (f(x) - g(;zc)) dx.

Z b

y = g(x) 4

"

=222

Figure 20.1: The region between the curves y = f(x) and
y=g(x) fora <z <b
Sekil 20.1:

Definition. If

e f is continous;

e ¢ is continous; and Figure 20.2: The region between the curves y = 2 — 22 and
Y= —.
e f(z) > g(z) on [a,b], Sekil 20.2: y = 2 — 22 ve y = —x arasindaki bolge

then the area of the region between the curves y = f(x)
and y=g(z) fora<z <bis

Ornek 20.1. y =2 — 2% ve y = —z arasindaki alani bulunuz.

area = /ab (f(x) - g(x)) dx.

¢6ziim: Tlk olarak integrasyon sinirlarini buluruz:

2

Example 20.1. Find the area between y = 2—22 and y = —=x. 2ot =—w
0=a2?—x—2
solution: First we need to find the limits of integration: 0=(z+1)(z—-2) = x=—1veya?2.

101
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2

2-z"=—-x x = —1 den x = 2’ye integre ederiz. Boylece
0=2a2—2-2 2 )
0= (0412 — o——lor mea= [ (-2 - (-0)) o
2
We need to integrate from x = —1 to x = 2. Therefore — / 2+2—2°) do
-1
2
area = / ((2 —2?) — (—x)) dx =2z + 42 — %x?’f_l
-1
4 8 1 1
2
=|l4+-—-—5)—-|-2+-+
[ ero-atdo ( 2 3) ( 2 3)
= [21‘4—%:{:2—%%3]: 9
_ 4+é_§ _ _2_’_}_‘_1 Ornek 20.2. 2 > 0 ve y > 0 olmak fizere y = /T, y = & — 2
2 3 2 3 ve z-ekseni ile sinirli alan1 bulunuz.
_9
2 Y
Example 20.2. Find the area bounded by y = \/x, y =z — 2 |
and the z-axis, for x > 0 and y > 0. !
Yy = ﬁ T [
solution: First we calculate that : !
Vi=r-2 : :
| y=x—2 I
r=(r-2)2 =024z +4 : e |
0=a2?-5z+4=(r—1)(z—4) = z=1or4 ; L T
%) ?
Since v/1 # 1 — 2, we must have z = 4. See figure 20.3. There-
fore Figure 20.3: The region between the curves y = \/z, y = . — 2
and the z-axis for x > 0 and y > 0.
area = blue area +red area Sekil 20.3: z > 0 and y > 0 oldugunda y = /z, y =z — 2 ve

x-ekseni ile sinirli bolge.

:/Ozﬁdwr/;(f—(x—m) dw

2 4
:/ z? da:—|—/ (x7 —x+2) d ¢6ziim: Tk olarak
0 2
B R T WP Vo= -2
= gaz O—I— gx —§x+x2 x:(m—2)2:m2—4x+4
2 2 1 0=2z?—-5bx+4=(x—1)(z—4) = =1 veya 4.
- (3(2)3 —0) + (3(4)3 —5(16) +2(4)> (@=D-4) Y
) ) V1 # 1 — 2 oldugundan, = = 4 buluruz. Bkz. sekil 20.3.
_ ((2)2 _ (4)+2(2)> Buradan
3 2 .
Y Y area = mavi alan 4+ kirmiz1 alan
42 16 42 ) s
=y Ty SrEm g2 :/ \/de—s—/ (Vi-(e-2) do
0 2

= —. 2 4
:/x%dx+/(x%—z+2)dx
0 2

4

4\/§ 16 4\/5
= — —8+8——+2—-4
3 +3 + 3 +
_10
-3

elde edilir.



103

Problems Sorular

Problem 20.1 (Total Area). Calculate the total area between Soru 20.1 (Toplam Alan). y = 222 egrisiyle y = z* — 222
the curve y = 22 and the curve y = z% — 222 for —2 < x < 2. egrisi arasindaki alan1 —2 < 2 < 2 ise bulunuz.

Figure 20.4: The total area between the curve y = 2z and the
curve y = z* — 222 for -2 <z < 2.
Sekil 20.4:



Volumes Using Cross
Sections

AN

Definition. The volume of a solid of integrable cross-sectional
area A(z) fromz =atox =0bis

b
Volume:/ A(z) dx.

Example 21.1. A 3 metres tall pyramid has a square 3 metres
X 3 metres base, as shown in figure 21.1. The cross-section x
metres from the vertex is an zm X z m square. Find the vol-
ume of the pyramid.

solution:

STEP 1. Draw a picture: See figure 21.2.

STEP 2. Find a formula for A(z): A(x) = 2.
STEP 3. Find the limits of integration: 0 < z < 3.
STEP 4. Integrate:

volume :/ Ax) dz = / z? dx = {m3] =9m?.
a 0

3 Jo

Dik-Kesitler Kullanarak
Hacim Bulmak

Py area A(x)

b X

Tanim. Integrallenebilir A(z) kesitinin # = a’dan = = b'ye
olan alanmin hacmsi

b
hacimz/ A(x) dx.

Ornek 21.1. 3 metre yiksekliginde bir piramitin tabani ke-
nar1 3 metre olan bir karedir, sekil 21.1°de gosterildigi gibi. Ke-
sit kogesinden x metre olan bir xm X xm karedir. Piramitin
hacmini bulunuz.

cozum:

ApIiM 1. Sekil cizilir: Bkz sekil 21.2.

ADIM 2. A(z): A(x) = z%e ait bir formiil bulunur

Apim 3. Integrasyon limitleri bulunur: 0 < z < 3.

ApIM 4. Integral hesaplamr:

volume = / A(x) dx = / x? dr = [x?’} =9m?.
a 0 3 0

104
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3 metres

3 metres

Figure 21.1: A 3 metres tall pyramid with 3mx3m base.
Sekil 21.1:

Figure 21.2: A 3 metres tall pyramid with 3mx3m base.
Sekil 21.2:

Example 21.2. A curved wedge is ‘cut from a cylinder of ra-  Ornek 21.2. Sekildeki gibi egri bir takoz 3 yarigaph silindir
dius 3 by two planes. The first plane is perpendicular to the the jkj diizlemle kesilerek elde ediliyor. Birinci diizlem silindirin
axis of the cylinder. The second plane crosses the first plane ¢ksenine diktir. Ikinci diizlem de birinci diizlemle silindirin

™

with an angle of 45° = 7 at the centre of the cylinder. See erkezinde 45° = 7'lik ag1 yapiyor. Bkz sekil 21.3. Takozun
figure 21.3. Find the volume of the wedge. hacmini bulunuz.

—

y=v9—a?

2¢/9 — 22

Figure 21.4: A wedge cut from a cylinder.

Figure 21.3: A wedge cut from a cylinder. Sekil 21.4:

Sekil 21.3:

solution: The cross-sectional area is

A(z) = 224/9 — a2

for 0 < 2 < 3. Therefore

3
volume = / 22y 9 — 22 dx
0

We need to make a substitution. Let u =9 — 22. Then du = for 0 < < 3. Buradan
—2z dx and

=3 . 92 4 =3
volume :/ —u? du = [—guz]

3
=0 2=0 hacim = / 229 — 22 dx
0

cozum: Kesit alam

A(z) =229 — 22

= 18. Degisken degistirilir. Burada u = 9 — 22 denilir. Bu durumda
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Solids of Revolution

Definition. The solid generated by rotating a plane region
about a line in the plane is called a solid of revolution.

volume = /abA(x) dz = /abﬂ'(R(x)>2 dz

Example 21.3. The region between the curve y = y/z and the
z-axis, for 0 < x < 4, is rotated about the z-axis to generate a
sold. Find its volume.

solution:

volume = /abﬂ(R(a:))2 dx = /04w<\/3?)2 dzx

4 1 4
:71'/ l‘dJT:Tr[*J}Q} = 8.
0 2

Example 21.4. Find the volume of a sphere of radius a.

solution: To generate a sphere, we rotate the area between
y = Va? — x? and the z-axis about the x-axis. Its volume is

volume = /a W(R($))2 dx = /_a W(M)Q dx

—a a
3

a T a
:77/ (ag—xQ) dm:w{cﬂx—}
a 3 —a

= —-TTa .

du = —2x dx ve
e=3 2 41°7°
hacim = —uz du = {u2]
=0 3 =0
=3
2 3 2 s
= _(9_x2)2} =0-2(9)2
|: 3 =0 3
=18.

Tanim. Diizlemde bir bolgenin bir dogru etrafinda déndiiriilmesiyl
olusan cisme bir donel cisim denir.

volume = / bA(a:) dz = / bﬂ'(R(z))z dz

Ornek 21.3. y = /7 ve z-ckseni arasindaki bolge, 0 < z < 4
olmak ftizere, z-ekseni etrafinda dondiirtiliiyor. Olusan cismin
hacmini bulunuz.

cozum:

hacim = /ab7r<R(x))2 dr = /047T<\/§)2 dx
r [ado=a[}e] =5r

Ornek 21.4. Yaricap1 a olan kiirenin hacmini buluz.

¢coztim: Bir kiire olusmasi icin, y = va? — 22 ile x-ekseni
arasindaki bolgeyi z-ekseni etrafinda dondiiriiriiz. Hacmi de

hacim = /_27T(R(x))2 dx = /_a W(mf dz

a

—7r/ (a2—m2) dx—ﬂ{a%c—mgr
=/ = 7]

4
= —7a’.

3
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Polar Coordinates

Kutupsal Koordinatlar

Y
P(r,0) . . L
----------------------------- anticlockwise = positive angle
‘ o . "
| saat yoniiniin tersi = pozitif agi
|
|
|
|
|
\ ‘
o ‘
|
= \
< |
| . .
‘ clockwise = negative angle
} saat yoniinde = negatif ag
|
|
|
9 I
! T
1
(57450)'
Y Yy
37 (4,450 37
) N / (-5 —30%)
- [ 7 e
. (3,450) g / (4,30 ) L
/// . 300)
o -3,
(27450) y / : !,/1 L3 3
N V5 (-2,-30%)
1] ) . 2y " _
1) < 2 (1.3
N & C op " )
(0,450 z - L0 (0,30 ) z
I I <
A r <L T, e [
(~1,450) . » ” 730? ey
o N 01— A2
(‘9,450) . S (3,-309)
AP - 4 )
. ] > 4, N £.—30°
(3450, ST . L@
< S :
(4,450 . \\\
\\“ ) 3 — 3 o
(‘5,450) . \\;\\ 5 Z
N \Z N
NS
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Example 22.1.

P(2,30°) = P(2,—330°)

Example 22.3. Find all the polar coordinates of P(2,30°).

solution: We can have either r = 2 or r = —2. For r = 2, we
can have

6 = 30°,30° 4+ 360°,30° £+ 720°,30° £ 1080°, ...
For r = —2, we can have
0 = 210°,210° &+ 360°,210° 4 720°,210° £ 1080°, ...

Therefore

P(2,30°) = P(2,(30 + 360n)°) = P( — 2, (210 + 360m)°)

for all m,n € Z.

Example 22.4.
Y
r=a
O\
x
Example 22.6.
(a). =1 and r = —1 are both equations for a circle of radius

1 centred at the origin.

(b). 8 =30°, 6 =210° and § = —150° are all equations for the
same line.

Example 22.7. Draw the sets of points whose polar coordi-
nates satisfy the following:

(a). 1<r<2and 0<6<90°

Ornek 22.2.

P(2,210°) = P(—2,30°)

Ornek 22.3. P(2,30°) noktasmm tiim kutupsal koordinat-
larim bulunuz.

¢oziim: Ya r =2 ya da r = —2 olmalidir. r = 2 ise,
6 =30°,30° £+ 360°,30° £ 720°,30° &+ 1080°, . ..
olmalidir. r = —2 oldugunda ise,
6 = 210°,210° 4+ 360°,210° £ 720°,210° £ 1080°, ...
olmalidir. Boylece her m,n € Z igin,

P(2,30°) = P(2, (30 + 360n)°) = P( —2,(210 + 360m)°)

Ornek 22.5.
Y
b
\ x
0=5b
Ornek 22.6.
(a). » =1 ve r = —1 her ikisi merkezi orijin yaricap1 1 olan

cemberin denklemleridir.

(b). 8 =30°, 8 = 210° ve § = —150° herbiri ayn1 dogruya ait
denklemlerdir.

Ornek 22.7. Polar koordinatlar: agagidakileri saglayan nok-
talar1 ¢iziniz:

(a). 1<r<2ve0<6<90°.
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(b). =3 <r <2and @ =45°.

(¢). » <0 and 6 = 60°.
(d). 120° < 6 < 150°.

solution:

(b). =3 <r <2vef=45°.
(¢). <0 ve 6 =60°.
(d). 120° < 6 < 150°.

¢coziim:

Relating Polar and Cartesian

Coordinates
2 2 2
x =rcosf rty =r
y =rsinf tanf = 7
T

Example 22.8. Convert the polar coordinates (r,0) = (—=3,90°) Ornek 22.8. (r,6) = (—3,90°) kutupsal koordinatlarm kartezyen

into Cartesian coordinates.

solution:
(z,y) = (rcosf,rsind) = (—3cos90°, —3sin 90°) = (0, —3).

Example 22.9. Find polar coordinates for the Cartesian co-
ordinates (z,y) = (5, —12).

solution: Choosing r > 0, we calculate that
r=+y/x%2+y? =25+ 144 = V169 = 13.

To find 6 we use the equation y = rsinf to calculate that

. 1Y . —1 —12 o
0= 12— ——= = _67.38°.
Sin r Sin 13

Kutupsal ve Kartezyen Koordinatlar

Arasindaki lligki

koordinatlarina doniigtiiriiniiz.
coziim:
(z,y) = (rcosf,rsinf) = (—3cos90°, —3sin90°) = (0, —3).

Ornek 22.9. (z,y) = (5, —12) noktasmm kutupsal koordinat-
larim bulunuz.

¢ozum: r > 0 alarak,

r=+x2+1y%2=+v25+ 144 = V169 = 13

buluruz. Simdi 8’y1 bulmak i¢in y = rsin f denklemi kullanilir
ve

. 1Y . —1 —12 o
Sin r Sin 13
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Therefore
(r,0) = (13,—67.38°).

—124----- P

Figure 22.1: The point P had Cartesian coordinates (x,y) =
(5,—12) and polar coordinates (r,0) = (13, —67.38°)
Sekil 22.1:

Problems

Problem 22.1. Convert the following polar coordinates to
Cartesian coordinates.

(a). (3,0)
(b). (=3,0)
(). (2,120°)

(d). (2,420°) (g). (—2,—60°)
(h). (1,180°)

(i). (2v/2,45°).

(e). (2,60°)
(). (—3,360°)

Problem 22.2. Find polar coordinates for each of the follow-
ing sets of Cartesian coordinates.

(e). (~2,-2)
(). (~V3.1).

(). (V3,-1)
(d). (=3,4)

Problem 22.3. Draw the sets of points whose polar coordi-
nates satisfy the following:

(a).
(b).

)
)
(). r>2
(d). 0<6<30°and r >0
)
)

e). 6 =120° and r < —2

(
(f

.0<0<90°and 1 < |r| < 2.

elde edilir. Dolayisiyla

(r,0) = (13, —67.38°).

z = tanf

/360 //180

0
//80 /{60
12

y=-%

Figure 22.2: The graph of z = tan . Note that

tan —67.38° = —12 = tan 112.62°.

Sekil 22.2: z = tan 6 gragigi gosterilmektedir. Dikkat edilirse,
tan —67.38° = —22 = tan 112.62°.

Sorular

Soru 22.1. Agagidaki kutupsal koordinatlar1 Kartezyen koor-
dinatlara dontigtiiriiniiz.

(a). (3,0)
(b). (=3,0)
(). (2,120°)

(d). (2,420°) (g). (—2,—60°)
(h). (1,180°)

(i). (2v/2,45°).

(e). (2,60°)
(). (—3,360°)

Soru 22.2. Asgagidaki Kartezyen koordinatlarin herbiri i¢in bir
kutupsal koordinat bulunuz.

(a). (1,1)
(b). (=3,0)

(€). (=2,-2)
(f). (=v3,1).

(). (V3,-1)
(d). (=3,4)

Soru 22.3. Kutupsal koordinatlar: agagidakilari saglayan nok-
talarin kiimesini ¢iziniz:

(a).
(b).

)
)
(c). r>2
(d). 0<6<30°ver>0
)
)

e). 6 =120°ver < -2

(
(f

.0<0<90°vel <r| <2.



Graphing in Polar Kutupsal Koordinatlarla
Coordinates Grafik Cizimi

Example 23.1. Graph the curve r =1 — cos#. Ornek 23.1. r = 1 — cosf egrisinin grafigini ¢iziniz.

solution: We will use the following steps to draw this graph  ¢gz4im: Bu grafigi cizmek icin agagidaki adimlan izleyecegiz

STEP 1. First we will create a table of 6 and r values which  Apmy 1. énce denklemi saglayan 6 ve r’ye ait degerler tablosu

satisfy the equation. yapilir values which satisfy the equation.
STEP 2. Then we will plot these points in R?. ADIM 2. Sonra bu noktalar:1 R?’de isaretleriz.
STEP 3. Fir.lally we will draw a smooth curve through these  Apiv 3. Son olarak isaretledigimiz noktalardan gegen diizgiin
points. bir egri gizilir.
1 2. 3
Y
0 r=1—cosf 1
0 — 60° r=1-—cosf 1.5
0 0
o_ m 1
60° =3 2
90° = 3 1 0
1200 — 2?7T % \\ /’ :‘ 05 ‘ T ‘
180° = 7 2 ! !
o __ 4m 3
240° = 4n 2
o _ 3m
270° = 3¢ 1 /
300° = 22 i
6 = 240° 10 0 = 300°
360° = 27 0
Note that » = 1 — cosf is a nice simple equation, yet its r = 1 — cosf@’nin glizel basit bir denklem, grafiginin de

graph is the interesting curve that we plotted above. Below we yukarida ¢izdigimiz ilging egri olduguna dikkat ediniz. Asagida
will look at some more examples. We are studying these purely bagka 6rnekleri de inceliyoruz. Bu giizel egrileri tamauyle ¢iziyoruz.
because they give nice shapes. You will not be asked to graph  Sinavda sorulmayacaktir.

a polar equation in your exam.
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Example 23.2. Example 23.5.
/7 y Y

2 9
X

r = 2cos 20

S

Y

Example 23.3.

r2 — 4cosd Example 23.6.

m 1 r = 2sin 20
X

T =
\_/7'('
1

\_/

72 = sin 20

Example 23.4.

Example 23.7.
0.5

: T
0.5 1

r = 2cos 30




Conic Sections Konik Kesitler

a circle
cember

an ellipse
elips

(@ —h)* + (y — k)* = a?

a parabola

parabol a hyperbola

hiperbol
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Parabolas Paraboller

Figure 24.1: Clifton suspension bridge, Bristol, UK. The cables Figure 24.3: The motion of a tennis ball.
of a suspension bridges hang in a shape which is almost (but Sekil 24.3: Bir tenis topunun hareketi
not exactly) a parabola.

Sekil 24.1:

To describe a parabola, we need a point called a focus and
a line called a directriz. See figure 24.2.

Y

PPl = |PQ] |

focus
odak‘ \}j(()” p)

Figure 24.4: Satellite dishes.
Sekil 24.4: Uydu antenleri.

directrix y = —p

Bir parabolii tanimlamak i¢in, odak adi verilen bir noktaya

ve dogrultman adi verilen bir dogruya ihtiyag var. Bkz gsekil
24.2,

dogrultman

Tamm. Bir P(z,y) noktasi bir parabol iizerindedir ancak ve
Figure 24.2: A parabola with focus at F(0,p) and directrix ancak

Sekil 24.2: 1PFI =Pl
Simdi
?eﬁnition. A point P(zx,y) lies on the parabola if and only |PF| = P(z,y) ile F(O p) arasindaki uzaklik
i
1PFI = 11PQI =Vl 0P+ = Vet +ly—oP
Now ve
|PF| = distance between P(z,y) and F(O p) |IPQ| = P(z,y) ile Q(x, —p) arasindaki uzaklik

=V (@ =02+ (@y—p?=+Va>+(y—p)? =V@—22+y+p?=Vy+p’=y+p
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and Bu nedenle
|IPQ|| = distance between P(z,y) and Q(x, —p) |PF| = ||PQ|
=V@-2?+W+p?=V+p?=y+p VaZ+(y—p)?=y+p
2 2 _ 2
Therefore , 1'2 +(y — p)2 = (Z +p) )
oty  —2py+p =y +2py+p
[PF| = |PQ > 5o
Vai+(y—pP=y+p i
€T — =
2
- =4
?+y* = 2py+p° =y +2py +p°
x? — 2py = 2py
Yy Yy Yy Y
graph z e - T . @
graf
equation x? = dpy 2 = —dpy y2 = dpx y? = —dpx
denklem
focus F(0,p) F(0,—p) F(p,0) F(=p,0)
odak
directrix Yy=—-p y=p r=—-p r=p
dogrultman

Example 24.1. Find the focus and directrix of the parabola
2
y° = 10x.

solution: Our equation 3% = 10z looks like y? = 4px with
p =22 = 2.5. Therefore the focus is at the point F'(2.5,0) and
the directrix is the line z = —2.5.

Example 24.2. Find the equation for the parabola which has
focus F'(0,—10) and directrix y = 10.

solution: Clearly p = 10 and 2 = —4py. Therefore the answer
is 22 = —40y.

Ornek 24.1. y? = 10z paraboliiniin odak noktasmi ve dogrultmanin
bulunuz.

coziim: y? = 10z denklemimiz olmak iizere y? = 4px bicimindedir.
Yani odak noktasi F'(2.5,0) ve dogrultmam da x = —2.5 olur.

Ornek 24.2. Odag F(0,—10) noktas1 ve dogrultmam y = 10
dogrusu olan paraboliin denklemini yaziniz.

cOztim: Surasi acik ki p = 10 ve 22 = —

yanit 22 = —40y olur.

4py dir. Bu nedenle
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Ellipses

Figure 24.5: Our solar system.
Sekil 24.5: Giines sistemimiz

LIPEL + | PF]| = 2a |

1
; focus

odak X

FQ(.'C', 0)

Figure 24.7: An ellipse with foci at Fi(—c,0) and Fs(c,0).
Sekil 24.7: Odaklar1 Fy(—c,0) ve F»(c,0) olan elips.
To describe an ellipse, we need two foci. See figure 24.7.
Definition. A point P(z,y) is on the ellipse if and only if
|PFy| + || PF| = 2a.

So

VE+eo2+y2+/(z— )2 +y?=2a.

This rearranges to

a

Elipsler

Figure 24.6: Tycho Brahe Planetarium, Copenhagen, Den-
mark.
Sekil 24.6: Tycho Brahe Planetaryumu, Kopenhag, Dani-
marka.

Figure 24.8: Drawing an ellipse with a pencil, two pins and a
piece of string.

Sekil 24.8: Iki toplu igne, bir kalem ve biraz ip kullanarak elips
¢izmek

Elipsi tanimlamak icin, we need two foci. Bkz. sekil 24.7.

Tanim. Bir P(z,y) noktasi ellips iizerindedir ancak ve ancak
|PFy[| + | PF,| = 2a.

Buradan hareketle

VE+eo2+y2+/(z -2 +y?=2a

Bunu da diizenlersek

a
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If we set b = Va2 — 2, then we have

2 2

buluruz. b = va? — ¢? dersek, o zaman

Z Y Y
) Y
focus¢
graph x graf
focus
focus¢
. 22 g2 2?2
equation = + = 1 (0<b<a) " + ol 1 (0<b<a) denklem
centre- merkez-
to-focus c= Va2 —b? c=+va? —b? odak
distance uzakligi
foci Fi(—c,0) & Fy(c,0) F1(0,—c) & F5(0,c¢) odaklar
vertices (—=a,0) & (a,0) (0,—a) & (0,a) tepe nok-
talar:
2?2 . 2?42
Example 24.3. The ellipse 6 + 9= 1 has Ornek 24.3. 6 + 9= 1 elipsinin
e a=4and b= 3; e a=4veb=3;

centre at (0,0);

foci at (—+/7,0) and (+/7,0); and

o vertices at (—4,0) and (4,0).
. 22 4P
Example 24.4. The ellipse 6 + %= 1 has
e ¢ =>5and b=4

centre-to-focus distance
c=+va2 -2 =25-16=+/9=3;

centre at (0,0);

foci at (0,—3) and (0, 3); and

e vertices at (0, —5) and (0,5).

centre-to-focus distance ¢ = Va2 — b2 = /16 — 9 = V/T;

e merkez-odak uzakhg ¢ = Va2 — b2 = /16 — 9 = V/T;

e merkezi (0,0);
e odaklar1 (—/7,0) ve (v/7,0); and
e tepe noktalar: (—4,0) ve (4,0).

IIIQ 2

k 24.4. — + == =1 elips
Orne 16 + o5 elipsi

e a=>5veb=4

e merkez-odak uzakligi
c=+va?—b2=+25—-16=+9 =3;

merkezi (0,0);

odaklar1 (0,—3) and (0, 3); ve

tepe noktalar1 da (0, —5) ve (0, 5).
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Hyperbolas Hiperboller

Figure 24.9: Cooling towers.
Sekil 24.9:

Figure 24.10: Twin Arch 138, Ichinomiya City, Japan.
Sekil 24.10:

|PFi|| — [[PFy | = 2a

Figure 24.11: A hyperbola with foci at Fy(—c¢,0) and Fz(c,0).

Sekil 24.11:
To describe a hyperbola, we again need two foci. See figure Hiperbolii tanimlamak igin, yine iki odak noktasina ihtiyag
24.11. var. Bkz. gekil 24.11.
Definition. A point P(xz,y) is on the hyperbola if and only Tanim. Bir P(z,y) noktas: bir hiperbol iizerindedir ancak ve
if ancak
[IPF = PRIl | = 2. [IPFy| — |PE| | = 2a.
So

Bundan hareketle,

V(z+e)?+y? = /(x—0)? +y? = £2a.
This rearranges to

VE+eo2+y?—(z—c)?+y?==+2a.

2 2 Diizenlersek,
@y s
a2 a?-—c2 ro_ Yy
@2 22
buluruz ki burada ¢ > a > 0. Simdi b = V¢ — a? dersek, o
22 2 zaman

where ¢ > a > 0. If we set b = v/c? — a?, then
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focus¢
graph focus focus cerjtre graf
&
AQ‘&K)
focus®
. 2?2 y? 22
equation primi i 1 poi T 1 denklem
centre- merkez-
to-focus c=+vVa?+? c=+va?+b? odak
distance uzaklig
foci Fi(=c,0) & F5(c,0) Fi1(0,—c) & F3(0,¢) odaklar
vertices (—a,0) & (a,0) (0,—a) & (0,a) tepe
noktalar
2?2 . 2?2
Example 24.5. The hyperbola T 5 1 has Ornek 24.5. Hiperbol olarak T 5" 1 alirsak,

oa:2andb:\/5;

centre at (0,0);

centre-to-focus distance ¢ = Va2 + b2 = /4 + 5 = 3;
foci at (—3,0) and (3,0); and

e vertices at (—2,0) and (2,0).

2 .132

Example 24.6. The hyperbola Y T _qhas

e a=3and b=4,

centre at (0,0);

9 16

centre-to-focus distance ¢ = Va2 + b2 = /9 + 16 = 5;
foci at (0,—5) and (0,5); and
vertices at (0, —3) and (0, 3).

e a=2veb= \/5;
e merkezi (0,0);

e merkez-odak uzakligi c = Va2 + 02 =4 +5=3;

odaklar1 (—3,0) and (3,0); ve

tepe noktalar1 da (—2,0) ve (2,0).

. y? 22
Ornek 24.6. T 1 hiperbolii i¢in

e a=3veb=4

merkez (0, 0);

merkez-odak uzakligi ¢ = va2 + b2 = /9 + 16 = 5;

odaklar (0, —5) ve (0,5); ve

tepe noktalar1 (0, —3) ve (0, 3).
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Reflective Properties Yansima Ozellikleri
Parabolas, ellipses and hyperbolas are useful in architecture Paraboller, elipsler ve hiperboller, yansima ozellikleri nedeniyle
and engineering because of their reflective properties. mimaride ve mithendislikte kullamshdirlar.

T | L " R % g
i —— lfocus| — | 7 - ) : _
<< >7 Figure 24.13: One of a pair of whispering dishes in San Fran-

cisco, USA.

Sekil 24.13: A.B.D. San Fransisko’daki bir ¢ift akustik ¢anak
Figure 24.12: Rays originating at the focus of a parabola are
reflected out of the parabola as parallel lines.

Sekil 24.12: Paraboliin odagindan c¢ikan iginlar paraboliin
diginda paralel dogrular olarak yoluna devam ederler

Figure 24.14: A car headlight
Sekil 24.14: Bir araba fari.

Figure 24.15: A car headlight
Sekil 24.15: Bir araba far.
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Figure 24.16: A satellite dish. Figure 24.17: A satellite dish.
Sekil 24.16: Bir ¢anak anten Sekil 24.17: Bir ¢anak anten

Figure 24.18: Rays originating from one focus of an ellipse are

reflected toward the other focus. Figure 24.19: A whispering gallery.
Sekil 24.18: Elipsin bir odagindan ¢ikan iginlar diger odaga Sekil 24.19:
yanstyorlar.

Figure 24.21: A whispering gallery.
Sekil 24.20: Sekil 24.21:

Figure 24.20: A whispering gallery.
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Figure 24.22: One half of a hyperbola. Rays aimed at one focus are reflected to the second focus.
Sekil 24.22: Hiperboliin bir yarisi. Odaklardan birine gelen 1ginlar ikinci odaga yansiyorlar.

-7 Hyperbolic -
P secondary R
- mirror -

Parabolic
primary
mirror

-
-

Figure 24.23: A telescope using a parabola and a hyperbola.
Sekil 24.23: Bir parabol ve bir elips kullanilan teleskop
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Problems Sorular
Problem 24.1. Soru 24.1.
(a). Find the focus of the parabola 2% = —8y. (a). 22 = —8y paraboliiniin odagini bulunuz.

(b). Find the foci of the ellipse 722 + 16y* = 112. (b). 722 4 16y = 112 elipsinin odaklarim bulunuz.



Three Dimensional Uc Boyutlu Kartezyen
Cartesian Coordinates Koordinatlar

0(0,0,0)
the origin
orijin

Figure 25.1: The Left-Handed Coordinate System

Sekil 25.1:
y=0
the zz-plane
2 xz-diizlemi z
i
Fxp
z=0
\ the zy-plane
ry-diizlemi
Y
z 3 y
x =20 - //q’
the yz-plane 3
yz-diizlemi
e ] q Figure 25.3: The planes y = 3 and z = 5, and the line y = 3,
Figure 25.2: The planes z =0, y = 0 and z = 0. =5,
Sekil 25.2: x =0, y = 0 ve z = 0 diizlemleri. Sekil 25.3:

126
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Example 25.1. Which points P(z,y,2) satisfy 2% + y? = 4
and z = 37

solution: We know that z = 3 is a horizontal plane and we
recognise that 22 4+ y2 = 4 is the equation of a circle of radius
2. Putting these together, we obtain figure 25.4.

> W

)

T

Figure 25.4: The circle 22 + y? = 4 in the plane z = 3.
Sekil 25.4: z = 3 diizlemindeki 2% + y? = 4 cemberi.

Distance in R?
Definition. The set
{(z,y,2)|x,y,z € R}

is denoted by R3.

Definition. The
PQ(.’I?Q, Y2, ZQ) is

distance between Pi(z1,y1,2z1) and

1P P = /(20 — 21)% 4 (2 — 91)2 + (22 — 21)2.

Example 25.2. The distance between A(2,1,5) and B(—2,3,0)
is

[AB|| = V/((=2) =2)? + (3 = 1)2+ (0 - 5)?
=16 +4+25 =45
=3V5~6.7.

Ornek 25.1. Hangi P(x,y, z) noktalar1 22 +y? = 4 ve z = 3’ii
saglar?

coziim: Biliyoruz ki z = 3 yatay bir diizlem ve z? + y? = 4

denklemi 2 yarigapli bir cemberdir. Bunlar bir araya getirirsek,
gekil 25.4°yi elde ederiz.

Po(z0, Yo, 20)

PPl =a

/D(xy ’
x

Figure 25.5: The sphere of radius a centred at Py(zo, yo, 20)-
Sekil 25.5: Yarigap1t a ver merkez1 Py(zo, Yo, 20) noktast olan
kiire.

Distance in R?
Tanim. The set

{(z,y,2)|z,y, 2 € R}
is denoted by R3.

Tanim. Pj(z1,y1,21) ve Pa(x2,y2, 22) noktalar1 arasidaki
uzaklik

[P P = /(z2 — 21)2 + (y2 — y1)2 + (22 — 21)2.

Ornek 25.3. C(1,2,3) ve D(3,2,1) noktalar1 arasmdaki uzaklik
agagidaki gibidir;

IAB|| = /(3—1)24 (2—-2)2+ (1 —3)2
=V/1+0+4=8
= 2v2~28.
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Spheres
See figure 25.5.

Definition. The standard equation for a sphere of radius
a centred at Py(xo, Yo, 20) is

(z —20)” + (y — %0)* + (2 — 20)* = @”.
Example 25.4. Find the centre and radius of the sphere
2492+ 224+ 3x—424+1=0.

solution: We need to put this equation into the standard form.
Since (z — b)? = 22 — 2b + b? we have that

4y + 2243 —424+1=0
(2?2 4+32) +y° + (2% —42) = -1

<x2+3x+i> 79+y2+(z274z+4)—4:71

4
2 9 2 2 9
x—|—33:—|—1 +y°+ (2 —4z+4)———1+1—|—4
3\° 21
2 2
- —2)"=—.
<x—|—2> +y°+(2-2) 1

The centre is at Py(xo, Yo, 20) = Po(f%,(), 2) and the radius is

— — 7
0= JE =B

Problems

Problem 25.1. Find the distance between the following pairs
of points.

(a). Pi(~1,1,5) and Py(2,5,0).
(b). A(1,0,0) and B(0,0,1).

(c
(d).
().

Problem 25.2. Find the centre and the radius of the sphere

—25,32).

)

)

). C(10,5,—8) and D(10,
)

). G

(
E(8,9,7) and F(2,2,3).
(—4,2,—4) and 0(0,0,0).

2?2+ y? + 22 —6y+82=0.

Spheres
Bkz. gekil 25.5.

Tanim. Yaricap: a ve merkezi Py(xo, yo, z0) olan Bir kiirenin
standart denklem:

(@ —20)” + (y —90)? + (2 — 20)? = a*.
Ornek 25.5. Verilen kiirenin merkez ve yaricapim bulunuz:
22 4+ 19% + 2% + 62 — 6y + 62 = 22.

¢oztm: Bu denklemi standart forma getirmemiz gerek. Simdi

(x — b)? = 22 — 2b + b? oldugundan
22 4+ y% + 2% + 62 — 6y + 62 =22
(2 4 62) + (y* — 6y) + (2% + 62) = 22
(22 4+624+9) -9+ (¥ —6y+9) —9+ (2> +62+9)— 9 =122

(y? — 6y +9) + (22 + 62 +9) =49
(x+3)°+(y—3)°+(2+3)°=49

(% + 62 +9) +

Merkezi Py(xo, Yo, 20) = Po(—3, 3, —3) olup yaricapi a = /49 = 7.

Sorular

Soru 25.1. Agagisaki nokta giftleri arasindaki uzakligi bu-
lunuz.

. Pi(—1,1,5) ve P»(2,5,0).
. A(1,0,0) ve B(0,0,1).
~95,32).

)

)

(c). C(10,5,—8) ve D(10,
(d)

). G

(
. E(8,9,7) ve F(2,2,3).
(—4,2,—4) ve 0(0,0,0).

Soru 25.2. Verilen denklemdeki kiirenin merkezini ve yarigapini
bulunuz
2 2 2 -
z°+y +2°—6y+82=0.



Vectors Vektorler

For some quantities (mass, time, distance, ...) we only need Baz biiyiikliikler (kiitle, zaman, mesafe, ldots) sadece bir say1
a number. For some quantities (velocity, force, ...) we need a  yeterli oluyor. Ancak baz1 buytikliikler igin (hiz, kuvvet, ldots)
number and a direction. bir sayiyla bir de yone ihtiyacimiz var.

direction of vector
vektor yonii

A wvector is an object which has a size (length) and a di-

rection. Vektor bir biiyiikligi (uzunlugu) ve bir yonii olan nesnedir.

Tanim. 1@ vektoriiniin baslangi¢c noktast A ve bitis nok-

terminal point

bitis noktasi tasy B dir.
B z@’nin uzunlugu Hzﬁ” ile gosterilir.
A Two vectors are equal if they have the same length and the

initial point same direction. In figure 26.2, we can say that

basglangi¢ noktasi
AB =CD = BF = OP.

Figure 26.1: The initial point and terminal point of a vector. = Note that E %+ CTI?[ because the lengths are different, and
Sekil 26.1: AB £ 7J because the directions are different.

Definition. The vector B has initial point A and terminal
point B.

The length of zﬁ is written HEH

Two vectors are equal if they have the same length and the
same direction. In figure 26.2, we can say that

AB=CD = EF = OP.

Note that 1@ # C?{) because the lengths are different, and J
1@ # I_j because the directions are different.

Figure 26.2: Six vectors.
Sekil 26.2: Alt1 vektor.

129
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Notation

When we use a computer, we use bold letters for vectors: u,
v, W, .... When we use a pen, we use underlined letters for
vectors: u, v, w, ....

If we type au + bv or write au + bv, then

e ¢ and b are numbers; and
e u, v, u and v are vectors.

Definition. In R?: If v has initial point (0,0) and terminal
point (vy,vs), then the component form of v is v = (vy,vs).

In R3: If v has initial point (0,0,0) and terminal point
(v1, v2,v3), then the component form of v is v = (vy, vg, v3).

Definition. In R?: The norm (or length) of v = (v1,vs) is

2

In R3: The norm of v = ]@ is

VIl = /v + 03 + 03

= /(x2 —21)2+ (y2 — y1)2 + (22 — 21)2.

The vectors 0 = (0,0) and 0 = (0,0, 0) have norm ||0|| = 0.
If v # 0, then ||v] > 0.

Example 26.1. Find (a) the component form; and (b) the
norm of the vector with initial point P(—3,4,1) and terminal
point Q(—5,2,2).

solution:
(a) V= (1}1,1}271}3) = QiP = (757 27 2)7(73747 1) = (727 72a 1

(b) IVl = Vo7 + o3+ 13 = V(22 + (-22 + 12 = VO =3,

v="PQ

Q(x2,y2, 22)

[ o

P(x1,y1,21)

Y

Figure 26.3: The vector (v1,ve,v3) =V = (z2 — 1, Y2 — Y1, 22 —

Zl).
Sekil 26.3:

).

Notation

When we use a computer, we use bold letters for vectors: u,
v, W, .... When we use a pen, we use underlined letters for
vectors: u, v, w, ....

If we type au + bv or write au + bv, then

e ¢ and b are numbers; and
e u, v, u and v are vectors.

Tanim. In R?: If v has initial point (0,0) and terminal point
(v1,v2), then the component form of v is v = (v1,vs).

In R3: If v has initial point (0,0,0) and terminal point
(v1,vg,v3), then the component form of v is v = (vy, vg, v3).

Tanim. In R?: The norm (or length) of v = (vy,v) is
+ v%

In R3: The norm of v = ]@ is

IVl = /v +v3 + 03

= \/(302 —21)2 4+ (y2 —11)? + (22 — 21)%.

The vectors 0 = (0,0) and 0 = (0, 0,0) have norm ||0]] = 0.
If v # 0, then ||v] > 0.

Ornek 26.1. Find (a) the component form; and (b) the norm
of the vector with initial point P(—3,4,1) and terminal point

Q(-5,2,2).

¢cozim:

(a) v=(v1,vq,v3) = Q—P = (-5,2,2)—(-3,4,1) = (-2,
(b) IVl = Ve + 3+ = (D7 + (2P + 2 = Vo = 3.

-2,1).
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Vector Algebra

u+v

Figure 26.4: u + v considered in two
ways.
Sekil 26.4:

Sekil 26.5:

Let u = (u1,u2,u3) and v = (v1,v2,v3) be vectors. Let k
be a number. Then

u+v = (uy +v,u + va,u3 + v3)

and
ku= (kul, k'UQ, k’u?,)

Note that

lkull = | (kuy, kus, kus)ll = v/ (ku1)? + (kuz)? + (kus)?

= \/kQU% + k2ud + k2u3 = \/kz(u% +u3 + u?)

= VIZ\/u? + 3+ 03 = k] Jul].

The vector —u = (—1)u has the same length as u, but
points in the opposite direction.

Example 26.2. Let u = (—1,3,1) and v = (4,7,0). Find (a)
2u+3v, (b) u—v, and (c) ||3ul.

solution:

(a) 2u+3v =2(—1,3,1)+3(4,7,0) = (~2,6,2) + (12,21,0) =
(10,27,2);

(b) u—-v= (_1737 ]-) - (4777 O) = (_57 —4, 1);

(© [[3ul = ull = /CIFF3F I = LVIL

Properties of Vector Operations

Let u, v and w be vectors. Let a and b be numbers. Then

(u+v)+w=u+(v+w);

u+0=u;
(iv). u+ (—u) = 0;
(v). Ou=0;

Figure 26.5: Constant multiples of u.

2999999

1.5u

Figure 26.6: u — v considered in two
ways.
Sekil 26.6:

Let u = (u1,u2,u3) and v = (v1,v2,v3) be vectors. Let k
be a number. Then

u+v = (u +v,u2 + v2,u3z + v3)

and
ku = (kul, k’UQ, k‘U3)

Note that

k]| = |[(ku, kug, kus)|| = v/ (ku1)? + (kug)? + (kus)?
= \/kzuf + k2ud + k2u3 = \/k2(u% +u3 +u?)

= Vi2\Ju? + 3+ ud = [k [[ul].

The vector —u = (—1)u has the same length as u, but
points in the opposite direction.

Ornek 26.2. Let u = (—1,3,1) and v = (4,7,0). Find (a)
2u+3v, (b) u—v, and (c) ||3ul.

¢coziim:

(a) 2u+3v =2(—1,3,1)+3(4,7,0) = (—2,6,2) + (12,21,0) =
(10,27,2);

(b) u—-v= (_17 3, 1) - (47 7, 0) = (_5a —4, 1);

(© [[4ull =4 lull = 3/ CDPF 82+ 12 = JVIL

Properties of Vector Operations

Let u, v and w be vectors. Let a and b be numbers. Then

(u+v)+w=u+(v+w);

u+0=u;
(iv). u+(-u) =0;
(v). Ou=0;
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lu=u;

3

a(bu) = (ab)u;
a(u+v) =au+ av;
(a +b)u = au+ bu.

Remark. We can not multiply vectors. Never never never

never write “uv”.

Unit Vectors
Definition. u is called a unit vector < |u| = 1.

Example 26.3. u= (272,

1\ /1) 1\* 1 1 1
““':V(ﬁ) +() () i
In R?:

j=1(0,1).
In R3: The standard unit vectors are i = (1,0,0), j =
(0,1,0) and k = (0,0, 1). Any vector v € R? can be written

,—%) is a unit vector because

N[

The standard unit vectors are i = (1,0) and

V= (’1)1,'02,’[]3) = (Ulaoao) +
= ’Uli + UQj + ’ng.

(0, Va2, 0) + (0, 0, 1)3)

If ||v|| # 0, then TvT 18 @ unit vector because

[l = ] =
= —V = — ||[V|| =
vl vl

Clearly ﬁ and v point in the same direction.

vl

A%

Figure 26.7: H“j—” is a unit vector pointing in the same direction

as v.
Sekil 26.7:

Example 26.4. Find a unit vector u with the same direction
as Py P where P(1,0,1) and P»(3,2,0).

solution:
—
We calculate that PiP, = P, — P, = (3,2,0) — (1,0,1) =

2,2, —1) = 2i+2j—k and that || P Py|| = \/22 + 22 + (—1)2 =
j

3. The required unit vector is

—_—

lesz 3 T3 3 3

i).
(vii). a(bu) =
)-

(viii

lu = u;
(ab)u;
a(u+v) =au+ av;

(ix).

Not. We can not multiply vectors. Never never never never
write “uv”.

(a+b)u=au+ bu.

Unit Vectors

Tamm. u is called a unit vector < |jul| = 1.
Ornek 26.3. u= (272, 1,—1) is a unit vector because
Il 1 2+ 12+ 1\? N
ull = —_— —_ —_— = _ - — = 1.
2 2 2 211
In R?: The standard unit vectors are i = (1,0) and
=(0,1).

In R3: The standard unit vectors are i = (1,0,0), j =
(0,1,0) and k = (0,0,1). Any vector v € R? can be written

vV = ('Ul,U27U3) = ('01,0,0) + (07v2a0) + (0,0703)

= Uli —|— ’Ugj —|— ’ng.

If ||v|| # 0, then o7 18 @ unit vector because

Clearly ﬁ and v point in the same direction.

HVII

Ornek 26.4. Find a unit vector u with the same direction as
P, P, where P(1,0, 1) and P»(3,2,0).

cozim:
We calculate that P1P2 =P —-P = (320 —(1,0,1) =
(2,2, —1) = 2i+2j—k and that lesz = V21221 (—1)2 =

3. The required unit vector is

—_—
PP 2i4+2j-k 2, 2 1

=—-i+-j— -k
lesz 3 373 3
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Py(x1,y1,21)

142y yi1tys zi+zo
M( 2 ) 2 b 2 )

Pa(x2,y2, 22)

0(07 07 0)

Figure 26.8: Midpoint of a Line Segment.
Sekil 26.8:

Midpoint of a Line Segment Midpoint of a Line Segment

The midpoint of the line segment from Pi(z1,y1,21) to The midpoint of the line segment from Pj(x1,y1,21) to
Py(23,y2, 22) is the point M (&322 yl;yQ, 2d22) To see why, Pa(22,y2, 22) is the point M (21522, yl;y"’, zt22) To see why,

we can calculate that we can calculate that
—_— — 1l=—— — 1l /= _— — 1= — 1l /==
OM = OP, + PP, = OP| + (oF; - oP)) OM = OP; + PP, = OP| + (oF; - oP))
1l (— — l (= —
— 5 (0P + 0P, - (opi+ o)
1+ X2, Y1+Y2. 21+ 22 T+ X2, Y1+yY2. 21+ 2
= k, = k.
5 1+ 5 J+ 9 5 1+ 5 J+ 2
Example 26.5. Find the midpoint of the line segment from  (Orpnek 26.5. Find the midpoint of the line segment from
P1(3,-2,0) to P(7,4,4). Pi(3,—2,0) to Py(7,4,4).
solutions (47, 44, 42) = (5,12 gizim: (357, =251, 054) = (5,1,2)
Problems Sorular
Problem 26.1. Soru 26.1.
(a). Find (5a — 3b) if a =i+ 2j + 3k and b = 2i 4 k. (a). Find (ba — 3b) if a =i+ 2j + 3k and b = 2i + 5k.

(b). Find a unit vector which points in the same direction as  (b). Find a unit vector which points in the same direction as
v =6i+2j — 3k v =6i+2j — 3k.



The Dot Product

Definition. In R?, the dot product of u = (uy,us) = uyi+usj
and v = (v1,v2) = v1i+ voj is

UV = UuUjv1 + ugv2.

Definition. In R3, the dot product of u = (uy,us,u3) =
uil + usj + usk and v = (vy,v9,v3) = v1i+ voj + vsk is

U*V = UjV1 + U2V2 + U3V3.

A%

Theorem 27.1. The angle between u and v is

6 = cos™! (¥) .
[[all v

Example 27.1.

(1,-2,1)+ (6,2, —3) = (1 x —6) + (=2 x 2) + (1 x —3)
=—6-4+3=-T.

Example 27.2.

(i4+3j+k)+(4i—j+2k)=(Ix4)+(3x-1)+
=2-3+2=1.

(1x2)

Example 27.3. Find the angle between u =i — 2j — 2k and
v = 6i+ 3j + 2k.

solution: Since u+v = (1,-2,-2)+(6,3,2) = 2 x
3)+(—2x2)=6-6—4=—4, ||[ul| = \/12 2)2 =
V9 =3and ||v| = V62 +32+22 =49 = 7, we havc that

6 = cos™* (uv>
([ull ]v ]l

(1><6)+(
+ (=

Example 27.4. If A(0,0), B(3,5) and C(5,2), find § = LACB.

solution: 6 is the angle between CTZl and C@ We calcu-

= cos ! (—;1) ~ 1.76 radians ~ 98.5°.

Nokta Carpim

Tanim. In R?, the dot product of u = (uy,us) = uyi + uaj
and v = (v1,v2) = v1i+ voj is

UV = UiV + U0s.

Tanim. In R3, the dot product of u = (u1,uz,u3) = uii +
u2j + ugk and v = (v1,v9,v3) = v1i + voj + vk is

U+*V = UjV1 + UgV2 + U3V3.

Teorem 27.1. The angle between u and v is

0 = cos™* <l) .
[[ull vl

Ornek 27.1.
(1,-2,1)+(-6,2,-3) = (1 x —=6) + (-2 x 2) + (1 x —3)
=—-6—-4+3=-T.
Ornek 27.2.
(3i4+3j+k)-(4i—j+2k)=(3 x4 +Bx—-1)+(1x2)
=2-3+2=1.

Ornek 27.3. Find the angle between u = i — 2j — 2k and
v = 6i+ 3j + 2k.

¢oziim: Since u-v = (1,

3)+(-2%x2)=6—-6—4=—4, ||u|| =
V9 =3and ||v|] =v62+32+22 =

u-v
0 = cos™ ( )
([l vl

Ornek 27.4. If A(0,0), B(3,

~2,-2)-(6,3,2) = (1><6)+( x
VI (2P + (-2 =

V49 = 7, we have that

4
os ™! (—21) ~ 1.76 radians ~ 98.5°.

5) and C(5,2), find § = LACB.

B

Do
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late that CA = A — C = (0,0) — (5,2)—(5, c’é—
B-C = (35 — (52) = (-2,3), CA.C 5 —9)
(—2,3) = 4, ’C_,ZlH \/—— = /29 and H@H
\/m = 1/13. Therefore

0 = cos™! M — cos ! <4>
o \[edfler]) v

~ 78.1° ~ 1.36 radians.
Definition. u and v are orthogonal <— u-.v =0.

Remark. Note that

u-v =|ull||v| cosé

by Theorem 27.1. Therefore
u=20,
u and v are orthogonal <= v=0
or 6 = 90°.

Example 27.5. u = (3,—2) and v = (4,6) are orthogonal
because u-v = (3,—-2)+(4,6) = (3x4)+(-2x6) =12—-12=0.

Example 27.6. u = 3i—2j+k and v = 2j+4k are orthogonal
because usv=3x0)+(-2x2)+(1x4)=0—-44+4=0.

Example 27.7. 0 is orthogonal to every vector u because
0-u=(0,0,0)+ (uy,uz,u3) = O0us + Oug + Oug = 0.

Properties of the Dot Product

Let u, v and w be vectors. Let k be a number. Then

gf'iim 0 is the angle between C' A andC@ We calculate that
CA=A-C=(0,0-(5,2) = (—5,-2),CB = B—C = (3,5)—
= (~2,3), CA-CB = (=5,-2) - (-2,3) = 4,

2
V5P (27 = V39 and ||CB| = /(227 + % = VI3.

Therefore

—

)

6 = cos™? M — cos ! <4>
o \ledfles]) vV

~ 78.1° ~ 1.36 radians.

Tanim. u and v are orthogonal <— u-v =0.

Not. Note that
u-v = |ull (vl cosé

by Theorem 27.1. Therefore
u=_0,
u and v are orthogonal <= v=0
or 6 = 90°.

Ornek 27.5. u = (3,-2) and v = (4,6) are orthogonal be-
cause u-v = (3,-2)+(4,6) = (3x4)+(-2x6) =12-12=0.

Ornek 27.6. u=3i—
because u+v = (3 x 0)

2j + k and v = 2j + 4k are orthogonal
+(—2x2)+(1x4)=0—-4+4=0.

Ornek 27.7. 0 is orthogonal to every vector u because
0-u=(0,0,0)+ (uy,uz,us) = Ouz + Oug + Oug = 0.

Properties of the Dot Product

Let u, v and w be vectors. Let k be a number. Then
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Figure 27.1: Vector Projections
Sekil 27.1: Vektor Izdiigiimleri

Vector Projections

See figure 27.1.

Definition. The vector projection of u onto v is the vector
proj, u = ﬁ

Now

a unit vector in the
same direction as v

proj, u = (length of proj, u) (

v
~ oroiy ul (77
v (vl
v
= ul eos) (77 )
(vl
_ <||u| ||v||cose>
(vl
(u.v>
= 72 Vv
(vl
Since this is an important formula, we write it as a theorem.

Theorem 27.2. The vector projection of u onto v is

proj, u = (u_x;) V.
vl

Example 27.8. Find the vector projection of u = 6i+ 3j+ 2k
onto v =1—2j — 2k.

solution:
u-v 6—-6—4
1 = _— = _— '—2'—21{
proJv i (||v||2>V (1+4+4) (=25 - 2k)
4 8 8
=——i+-j+ -k
91+ 9J+ 9

Example 27.9. Find the vector projection of F = 5i+ 2j onto
v =1i-3j.

Vector Projections
See figure 27.1.

Tanmim. The vector projection of u onto v is the vector
proj, u = PE.

Now

a unit vector in the
same direction as v

proj, u = (length of proj, u) (

Iproj ||(V)
= ||proj, u|| | —=
vl

= [[ull (cos6) <|Z||)

_ <|u|| |v||cose> y
- 2
vl

Since this is an important formula, we write it as a theorem.

Teorem 27.2. The vector projection of u onto v is

proj, u = (u_x;) V.
INgl

Ornek 27.8. Find the vector projection of u = 6i + 3j + 2k
onto v =1 — 2j — 2k.

cozim:
u-v 6—-6—4
1 = _— = —_— '—2'—21{
PR E <||v||2>v (1+4+4>(‘ i =2k
4 8 8
=—i+-j+ -k
91+9,]+9

Ornek 27.9. Find the vector projection of F = 5i + 2j onto
v =1i-3j.
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solution:

F.v 5—06
e (T (56 s
P <|v||2>v <1+9>(1 i

L, 3.
=——i+ —j.
10" 107

Problems

Problem 27.1. Let u = 2i+ 2j + k and v = 2i + 10j — 11k.
Let 6 denote the angle between u and v.

a). Find v-u.

(
(b). Find |Jul| and ||v].

(c). Find cosb.

).
).
).
(d). Find proj,, u.

Problem 27.2. Let u and v be vectors. Let 6 denote the
angle between u and u+ v; and let ¢ denote the angle between

u+vandv.
u+v

(a). Show that if ||ul| = ||v]|, then us (u+v)=(u+v)-.v
(b). Show that if |ju|| = ||v||, then 6 = ¢.

¢coziim:

F.v 5—06
e (P (56 s
PO <||v|2>V <1+9>(1 )

=it 1oF
Sorular

Soru 27.1. Let u=2i+2j+ k and v = 2i+ 10j — 11k. Let 6
denote the angle between u and v.

(a). Find v-u.
(b

(c
(d

Find |Ju| and ||v]|.

).
).
). Find cos 6.

). Find proj, u.

Soru 27.2. Let u and v be vectors. Let 6 denote the angle
between u and u+v; and let ¢ denote the angle between u+v

and v.
u+v

(a). Show that if |Ju|| = [|v]|, then us (u+v)=(u+v)-v
(b). Show that if ||u|| = ||v||, then 6 = ¢.



The Cross Product

uxv

Vektorel Carpim

Let n be a unit vector which satisfies

n
(i). n is orthogonal to u (L_, u);

n
(ii). n is orthogonal to v <L_, v); and

(iii). the direction of n is chosen using the left-hand rule.

Definition. The cross product of u and v is
ux v =|ul|v| (sind)n.
Remark.
e u -V is a number.
e u X v is a vector.

Remark.

( uand v ) e 0 =0°or 180°

are parallel
= sinf=0 = uxv=0.

Let n be a unit vector which satisfies

n
(i). n is orthogonal to u (L_, u);

n
(ii). n is orthogonal to v (L_, v); and

(iii). the direction of n is chosen using the left-hand rule.

Tanim. The cross product of u and v is
u x v = |ul|v|l (sinf)n.
Not.
e u -V is a number.

e u X Vv is a vector.

Not.

u and v
are parallel

) e 0 =0° or 180°

= sinf=0 = uxv=0.

138



139

Properties of the Cross Product

Let u, v and w be vectors. Let r and s be numbers. Then
(i
(ii

). (ru) x (sv) = (rs)(u x v);
).
(iii). vxu=—-uxv;
).
).
).

ux (v+w)=(uxv)+(uxw);

(iv). (v+w)xu=(vxu)+(wxu);
(v). 0 x u=0; and

(vi). ux (vxw)=(u-w)v—(u-v)w.
Property (iii)

Area of a Parallelogram

h = vl siné

v
|
1
1
1
1
1
[
1
1
1
1

Area of a Triangle

Properties of the Cross Product

Let u, v and w be vectors. Let r and s be numbers. Then

(i), (ru) x (sv) = (rs)(u x V);
(ii). ux (v+w) =(uxv)+(uxw);
(iii). vxu=—uxv;

(iv). (v+w)xu=(vxu)+(wxu)
(v). 0 x u=0; and

(vi). ux (vxw)=(u-w)v—(u-v)w

Ozellik (iii)

v Xu n

Paralelkenarin Alani

area = (base) (height) = ||u||||v||sin€ = |ju x v||.

alan = (taban) (ylikseklik) = ||ul| ||v]| sinf = ||ju x v|| .

Ucgenin Alani

area of triangle = % (area of parallelogram)

= Hux vl

iggenin alani = % (paralelkenarin alani)

:%||u><v||.
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A Formula for u x v

i=(1,0,0)

T

\(0,1,0)

Figure 28.1: The standard unit vectors in R®.
Sekil 28.1:

Note first that
ixi=Ji|||i]lsin0°n = 0.
Similarly j x j = 0 and k x k = 0 also.
Next note that i x j must point in the same direction at k
by the left-hand rule. Thus
ixj=|li|llj]] sin90°k = k.
We then immediately also have
jxi=—-(ix}j) =-k
It is left for you to check that
ixk=-j and kxi=]j.

jxk=1i, kxj=-i,

Now suppose that u = ujitusj+usk and v = vyi+wvsj+uvsk.
Then we can calculate that

u X v = (url+ ugj + usk) x (v1i+ voj + vsk)

Note first that
ixi=Ji||i||sin0°n = 0.
Similarly j x j =0 and k x k = 0 also.
Next note that i X j must point in the same direction at k
by the left-hand rule. Thus
ixj=|li] ||j]] sin90°k = k.
We then immediately also have
jxi=—-(ixj) =-k
It is left for you to check that
ixk=-j and kxi=j.

jxk=1i, kxj=-i,

Now suppose that u = ujitusj+usk and v = vyi4vsj+uvsk.
Then we can calculate that

= uﬂ}li X i—|— U1U2i X j + U1U3i x k + ’LLQUlj X i—|—UQU2j X j + UQU3j x k + U3’U1k X 1+ u3’U2k X j + U3U3k x k

= (’LLQ’Ug — U3’U2>i — (U1U3 — U3’U1)j + (uwz — U2'U1)k.

Theorem 28.1. If u = uii + usj + usk and v = v1i +
vaj + vsk, then

Teorem 28.1. Ifu = uji+usj+usk and v =vii+wvoj+
vsk, then

‘ u X v = (ugv3 — usve)i — (ujvz — ugvy)j + (u1ve — uzvl)k‘

‘ u X v = (ugv3 — uzve)i — (u1v3 — ugvy)j + (urve — U/Q'Ul)k‘

If you studied matrices and determinants at high school,
then you may prefer to use the following symbolic determinant

formula instead.

uXxXv= U1 Uy Uzl -

U1 V2 U3

Example 28.1. Find u x vand v x uif u=2i+j+ k and

If you studied matrices and determinants at high school,
then you may prefer to use the following symbolic determinant
formula instead.

uXV:ul Uo  UZ| -
U1 U2 U3

Ornek 28.1. Find u x vand v x uif u = 2i + j + k and
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v =—4i+3j+ k.
solution:
uxv=(1-3)i—(2

and

— =4+

(6 — —4)k = —2i — 6j + 10k

vxu=-—uxv=246j— 10k.

Example 28.2. Find a vector perpendicular to the plane con-
P(1

taining the three points

?

) _170)a Q(27

1,—1)and R(-1,1,2).

solution: The vector @ X P—}>E is perpendicular to the plane

PG x PR PG x PR
becauseL_‘t;_C§ and L_I?% . We calculate that

PG=Q-P=(2,

=@2-1,1+1,-1-0)=i+2j—k

PR=R-P=

L-1)-(1

(-1,1,2) — (1
= (-1-1,14+1,2-0) =

]@XP—})% 4+2)i-(2-2)j+

) 7170)

) _170)

—2i+2j+ 2k

(2 + 4)k = 6i + 6k.

Example 28.3. Find the area of triangle PQR.

solution: The area of the triangle is
1 —é 1, .
area = o H}% x P H =3 |61 + 6k||
1
= 5V62 +02 462 =3v2.

Example 28.4. Find a unit vector perpendicular to the plane
containing P, () and R.

solution: We know that @ X ﬁ is perpendicular to the
plane. We just need to normalise this vector to find a unit

vector.

PG x PR

61+6k

BEEED

Example 28.5. A triangle is inscribed inside a cube of side 2
as shown in figure 28.2. Use the cross product to find the area

of the triangle.

L.

1

Vi vEva

solution: First we draw coordinate axes and assign coordinates

to the vertices of the triangle.

calculate

AD—B— A=

(2,2,0) —

(2,0,0) =

See figure 28.3. Then we can

(0,2,0) = 2]

v=—4i+3j+k.
cozum:
uxv=_(1-3)§i-(2--4)j+(6-—-4)k=-2i—6j+ 10k

and
vxu=-—uxv=2i+6j— 10k.

Ornek 28.2. Find a vector perpendicular to the plane contain-
ing the three points P(l -1,0), Q(2,1,-1) and R(-1,1,2).

cozum: The vector P is perpendicular to the plane
becauseL_, and L_, We calculate that
PG=Q-P=(21,-1) - (1,-1,0)

:(2—1,1+1,—1—0):1+23—k

PR=R-P=(-1,1,2) — (1,-1,0)
—(-1-1,1+1,2-0) = —2i+2j + 2k
PO x PR =(4+2)i—(2—2)j+ (2+4)k = 6i + 6k.

Ornek 28.3. Find the area of triangle PQR.

R

Q

¢oztm: The area of the triangle is

1 1
area = o HP& X Pﬁ” =3 |61 + 6kK]||
1
=5 V67 +0°+6° = 3v2.

Ornek 28.4. Find a unit vector perpendicular to the plane
containing P, () and R.

¢ozum: We know that ]@ X P—é is perpendicular to the plane.
We just need to normalise this vector to find a unit vector.

W POxPR _6it6k 1, 1,
_H@xﬁéu V2 va Ve

Ornek 28.5. A triangle is inscribed inside a cube of side 2 as
shown in figure 28.2. Use the cross product to find the area of
the triangle.

coziim: First we draw coordinate axes and assign coordinates
to the vertices of the triangle. See figure 28.3. Then we can
calculate

AB=B - A=(2,2,0)—(2,0,0) = (0,2,0) = 2
and

AC =C — A=(0,0,2) — (2,0,0) = (—2,0,2) = —2i + 2k.
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€(0,0,2)

\
A(2,0,0 y
2 /
2 v B(2,2,0)

Figure 28.2: A triangle inscribed inside a cube of side 2. Figure 28.3: A triangle inscribed inside a cube of side 2.
Sekil 28.2: Sekil 28.3:

and It follows that

AC =C — A=(0,0,2) — (2,0,0) = (~2,0,2) = —2i + 2k. Dk

ﬁXﬁZ(Zi)X(—QIXQk): 0 2 0

It follows that

i j k -2 0 2
AB x A0 = (25) x (=21 x2k)=| 0 2 o —i(4—0) — j(0— 0) + k(0 — —4) = 4i + 4k.
2 0 2 Therefore
=i(4-0)—j(0—0) + k(0 - —4) = 4i + 4k. area of triangle = % Hﬁ X @H = ;\/m

Therefore

1 1
area of triangle = 3 HA§ X A(EH = 5\/42 +02 +42
1 — 1

= VB = VIVE=VE=2/2
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The Triple Scalar Product
Definition. The triple scalar product of u, v and w is

(uxv)-w.

The Volume of a Parallelepiped

The Triple Scalar Product
Tanim. The triple scalar product of u, v and w is

(uxv)ew.

Paralelyuzlinin Hacmi

volume = (area of base) (height)
— flux v]| ]| cos 6

=|(uxv)-w|

hacim = (taban alam) (yiikseklik)

u XV
w,

= /
w0
Q
3]
pr— V
13
[ 0 <\

N3
h= =\
2o K pas®
E a.'iea

u

One Final Comment

We can do the dot product in both R? and R3. But we can
only do the cross product in R3. There is no cross product in

R2.

= [[ux v [}w] cos®

= |(uxv)-w]

One Final Comment

We can do the dot product in both R? and R3. But we can
only do the cross product in R3. There is no cross product in

R2.
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Problems
Problem 28.1.
(a).

Find the area of the triangle with vertices at A(0,0,0),
B(-1,1,-1) and C(3,0,3).

Find a unit vector which is perpendicular to the plane
containing A, B and C.

(b).

Problem 28.2. Let u, v and w be vectors. Which of the
following make sense? Give reasons for your answers.

(a). 1-u.

(b). (uxv).w
(€). ux (vew)
(d). ux (vxw)
(). u-(v-w)

Problem 28.3.
(a). Calculate (i+j— k) x (0).
(b). Calculate (31— 1j+k) x (i+j+ 2k).

Problem 28.4. Use the cross product to calculate the area of
the triangles shown in figures 28.4 and 28.5.

Figure 28.4: Another triangle inscribed inside a cube.
Sekil 28.4:

Problem 28.5. Calculate the triple scalar product of u =
2i+j,v=2i—j+kand w=1i+ 2k

Sorular

Soru 28.1.

(a). Find the area of the triangle with vertices at A(0,0,0),
B(-1,1,-1) and C(3,0,3).

(b). Find a unit vector which is perpendicular to the plane
containing A, B and C.

Soru 28.2. Let u, v and w be vectors. Which of the following
make sense? Give reasons for your answers.

(a). Calculate (i+j—k) x (0).
(b). Calculate (31— 1j+k) x (i+j+ 2k).

Soru 28.4. Use the cross product to calculate the area of the
triangles shown in figures 28.4 and 28.5.

Figure 28.5: Yet another triangle inscribed inside a cube.
Sekil 28.5:

Soru 28.5. Calculate the triple scalar product of u = 2i + j,
v=2i—j+kand w=1i+ 2k.



Lines

F (*/L.()v Yo, Zo)

0(0,0,0)

X

Figure 29.1: A line in R3 passing through the point P, parallel
to v.
Sekil 29.1:

Lines

To describe a line in R3, we need
e a point Py(xo, Yo, z0) which the line passes through; and
e a vector v which gives the direction of the line.
Let r0:6—]50)andr20?.

Definition. The line L passing through Py(xo,yo,20) par-
allel to v = (v1,v2,v3) has the vector equation

r=rg+tv, —00 <t < 00.
This equation is equivalent to
(z,9,2) = (z0,Y0, 20) + t(v1,v2,v3)
or to the set of three equations
2 = 2o + tvus.

x::r'O"‘t'Ula y:y0+tv25

Dogrular

Dogrular

To describe a line in R3, we need
e a point Py(xo, Yo, 20) which the line passes through; and
e a vector v which gives the direction of the line.
Letro:O—Po)andr:O?.

Tanmim. The line L passing through Py(xq,yo, 20) parallel
to v = (v1,v2,v3) has the vector equation

r=rg+1tv, —00 <t < 00.
This equation is equivalent to
(2,9, 2) = (z0,Y0, 20) + t(v1,v2,v3)
or to the set of three equations
z = zg + tvs.

T = xg + tvy, Yy = yo + tva,

Tanim. The parametric equations for the line L passing
through Py(zo, yo, 20) parallel to v = (v1, vs, v3) are

T = x9 + tvy, Yy = yo + tvg, z = zo + tvus.

Ornek 29.1. Find parametric equations for the line passing
through Py(—2,0,4) parallel to v = 2i + 4j — 2k.

cozum: We can write

T = —2+4 2t, y = 4t, z=4 -2t

See figure 29.3

Ornek 29.2. Find parametric equations for the line passing
through P(—3,2,-3) and Q(1,—1,4).

¢oztim: Choose Py = Pand v = ]@ = (4,-3,7) = 4i—3j+7k.
Then we can write

r = —3 4+ 4t, y=2-—3t, z= -3+ Tt
Tanim. The vector equation
r =rg+tv, a<t<hb

denotes a line segment.
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Definition. The parametric equations for the line L passing
through Py(zo, yo, 20) parallel to v = (v1,ve,v3) are

T = xo + tvy, Yy = Yo + tva, z = 29 + tvs.

Example 29.1. Find parametric equations for the line pass-
ing through Py(—2,0,4) parallel to v = 2i + 4j — 2k.

solution: We can write

T =—2+42t, y = 4t, z=4—2t.

See figure 29.3

Example 29.2. Find parametric equations for the line pass-
ing through P(—3,2,-3) and Q(1,—1,4).

solution: Choose Py = P and v = ]@ =(4,-3,7)=4i-3j+
7k. Then we can write

r=—344t, y=2-—3t, z=-3+Tt.
Definition. The vector equation
r=rg+tv, a<t<b
denotes a line segment.
Example 29.3. Parametrise the line segment joining

P(—3,2,-3) and Q(1,—1,4).

solution: We know that x = —3+4¢t, y = 2—3t and z = —347¢.
The line passes through P then ¢ = 0 and passed through @
when ¢t = 1. Therefore

r=-3+44t, y=2—3t, z=-3+Tt, 0<t<1

denotes the line segment from P to Q). See figure 29.2.

Q(lw 717 4)

t=0
P(—3,2,-3)

T

Figure 29.2: The line segment R? joining P(—3,2,—3) and

Q(1,-1,4).
Sekil 29.2:

v=2i+4j—-2k

Figure 29.3: A line in R3 passing through the point P, parallel
to v.
Sekil 29.3:

Ornek 29.3. Parametrise the line

P(-3,2,-3) and Q(1,—1,4).

segment joining

¢oztim: We know that t = —3+4¢, y = 2—3t and z = —34Tt.
The line passes through P then ¢ = 0 and passed through @
when ¢t = 1. Therefore

Tz =—3+ 4t y =2 —3t, z=—-34+17t, O0<t<1

denotes the line segment from P to Q. See figure 29.2.
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The Distance from a Point to a Line

Let d be the shortest distance from the point S to the line L
as shown in figure 29.4. We can see from this figure that

d= Hﬁ‘ sin 6.
But remember that PS x v = Hﬁ” |lv]|sin @ n. Therefore
|PS x|
d_
vl

Example 29.4. Find the distance from the point S(1,1,5) to
the line

r=1+t%, y=3—t, z = 2t.

solution: The line passes through the point P(1,3,0) in the
direction v =i — j+ 2k. Thus

PS=§—P=(1,1,5) - (1,3,0) = (0,~2,5) = —2j + 5k
and

P8 xv=(—4+5)i—(0—5)j+(0+2)k=i+55+ 2%k

Therefore
d_HﬁXVH_ 12+52+22_\/%_\/5
(vl VIZF12 122 6 '
S

What is d?

Figure 29.4: The distance from a point S to a line L.
Sekil 29.4:

Points of Intersection

Definition. Two lines intersect at a point P if and only if P
lies on both lines.

Example 29.5. Do the following two lines intersect? Is yes,
where?

Line 1: x=7—t,y=3+3t, z =2t.
Line 2: x = —-142s,y=3s, 2 =1+s.

solution: The two lines intersect if and only if there exist s, ¢ €

The Distance from a Point to a Line

Let d be the shortest distance from the point S to the line L
as shown in figure 29.4. We can see from this figure that

d= HP?‘ sin 6.
But remember that PS x v = Hﬁ” |v] sin @ n. Therefore
|PS x|
d_
vl

Ornek 29.4. Find the distance from the point S(1,1,5) to the
line

r=1+1, y =31, z = 2t.

¢oztiim: The line passes through the point P(1,3,0) in the
direction v =1i— j + 2k. Thus

PS=5—P=(1,1,5) — (1,3,0) = (0,~2,5) = —2j + 5k
and
P xv=(-4+5)i—(0—5)j+(0+2)k=i+55+2%k.

Therefore

|72 _ v v .
a CVEr1r+22 V6

Figure 29.5: Intersecting lines.
Sekil 29.5:

Points of Intersection

Tanim. Two lines intersect at a point P if and only if P lies
on both lines.

Ornek 29.5. Do the following two lines intersect? Is yes,
where?

Dogrul: x =7—t, y=3+3t, z =2t.
Dogru2: x=—-142s,y=3s,z=1+s.

¢ozum: The two lines intersect if and only if there exist s,t € R
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R such that
T—t=x=-1+2s
3+3t=y=3s

AW=2=1+s

— t=8—2s
— s=t+1

The first equation tells us that ¢ = 8 — 2s. Putting this into
the second equation gives s =t+1= (8 —2s)+1 =9 —2s
which implies that s = 3 and t = 2. We must check the third
equation: 2t =2x2=4=1+3 =1+ s. Because the third
equation is also true, we know that they two lines intersect at
P(5,9,4).

Example 29.6. Do the following two lines intersect? If yes,
where?

Linel: x =14+t y=3t, 2 =3+ 3t.
Line 2: x =—-1+2s,y=3s, 2=1+s.
solution: Can we find s,t € R such that

l+t=2=-1+2s
3t =y =3s
3+3t=2=1+s

— s=t

are all true?

The second equation gives s =¢. Thus 1+t = —-1+2t —
24t=2t = t=2. However 3+ 3t =14+t = 2+ 2t =
0 = t = —2 # 2. Therefore it is not possible to find an s
and a t. Hence the lines do not intersect.

The Distance Between Two Lines

N

x LQ

Figure 29.6: The distance between parallel lines.
Sekil 29.6:

If two lines intersect, then clearly the distance between
them is zero. If they do not intersect then there are two possi-

such that
T—t=x2=-1+2s
3+3t=y=3s
AW=2=1+s

— t=8—2s
— s=t+1

The first equation tells us that ¢ = 8 — 2s. Putting this into
the second equation gives s =t+1=(8—2s)+1 =9 —2s
which implies that s = 3 and t = 2. We must check the third
equation: 2t =2x2 =4 =143 =1+ s. Because the third
equation is also true, we know that they two lines intersect at
P(5,9,4).

Ornek 29.6. Do the following two lines intersect? If yes,
where?

Dogrul: x =1+t y=3t z=3+ 3t.
Dogru 2: x =—-1+2s,y=3s,z=1+s.
¢oztim: Can we find s,t € R such that

l+t=2=-1+2s
3t =y =3s
3+3t=2=1+s

s=t

are all true?

The second equation gives s =¢. Thus 1+t = —-1+2t —
24t=2t = t=2. However 34+ 3t=1+t — 242t =
0 = t = —2 # 2. Therefore it is not possible to find an s
and a t. Hence the lines do not intersect.

The Distance Between Two Lines

Lo

Figure 29.7: The distance between skew lines.
Sekil 29.7:

If two lines intersect, then clearly the distance between
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bilities, either
e the lines are parallel (vy = kvy for some k € R); or

e the lines are skew (vq # kvy for all k € R).

Parallel Lines

First we will consider parallel lines. We can see from figure
29.6 on page 148 that the distance between the two parallel
lines is the same as the distance between P, and the line L.
Hence

—_—
HP1P2 X VlH
d: e

[[va

Skew Lines

Now consider skew lines. See figure 29.7 on page 148. Let

n = vy X vy. Then n is orthogonal to both vy and v,. So

=
P Pyen

— e ‘ 142 ‘

d= HQleH = HPTOJH P1P2H =

Thus

—_—
J ’PlPQ-(vl XVQ)'

[vi x va|

Example 29.7. Find the distance between the following two
lines.

linel: x =0,y =—t, z =1t

line 2: x =142s,y =35, 2 = —3s.

solution: We have that P;(0,0,0), vi = —j+k, P»(1,0,0) and
vy = 2i+ j — 3k. Since

V1><V2:2i+2j+2k750,

the lines are skew. (Recall that we have v; X vy = 0 for parallel
vectors.) Moreover note that Py P, = i. Then we calculate that

—_—
J P1P2'(V1 XVQ)

[[vi x va|
2+0+0 1

TV 2 2 B

(1) - (20 + 2j + 2K)|
|21+ 2j + 2K]|

them is zero. If they do not intersect then there are two possi-
bilities, either

e the lines are parallel (vi = kvy for some k € R); or

e the lines are skew (vy # kvy for all k € R).

Parallel Lines

First we will consider parallel lines. We can see from figure
29.6 on page 148 that the distance between the two parallel
lines is the same as the distance between P, and the line L;.
Hence

7]
a=1—"—_"1

[[val

Skew Lines

Now consider skew lines. See figure 29.7 on page 148. Let

n = v X vo. Then n is orthogonal to both v; and vs. So

—
PiPyen
— L= ‘ 142 ‘
d= HQ1Q2H = ‘ projy, P1P2H = ]
Thus
—
‘Plpz . (Vl X V2)’
d:
[vi x va

Ornek 29.7. Find the distance between the following two
lines.

dogru l: =0,y = —t, z =1,

dogru2: x=1+2s,y=s, 2= —3s.

¢oztiim: We have that P;(0,0,0), vi = —j + k, P»(1,0,0) and
vy = 2i+j — 3k. Since

Vi ><V2:2i+2j+2k750,

the lines are skew. (Recall that we have v; X vy = 0 for parallel
vectors.) Moreover note that Py P, = i. Then we calculate that

—_—
J P1P2'(V1 X VQ)

[vi x va|

2+0+0 1

Vit 2 B

(i) « (21 + 2j + 2K)|
21 + 2 + 2K||
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Problems

Problem 29.1. Find parametric equations for the line through
P(3,—4,—1) which is parallel to the vector v=1+j — k.

Problem 29.2. Find parametric equations for the line through
the points P(1,2,—1) and Q(—1,0,1).

Problem 29.3. Find parametric equations for the line through
the point P(2,3,0) which is perpendicular to the vectors u =
i+ 2j+ 3k and v = 3i+ 4j + 5k.

Problem 29.4. Find the distance from the point S(—1,4,3)
to the line x = 10 + 4¢t, y = —3, z = 4t.

Problem 29.5. Find the distance between the line x = 10+4t,
y = —3, z =4t and the line x =10 — 4ts, y =0, z = 2 — 4s.

Problem 29.6. Find the distance between the line x = 10+4¢,
y=—t, z=4t and the line x =10 —4s, y =1, z = 2 — 4s.

Sorular

Soru 29.1. Find parametric equations for the line through
P(3,—4,—1) which is parallel to the vector v=1+j— k.

Soru 29.2. Find parametric equations for the line through the
points P(1,2,—1) and Q(—1,0,1).

Soru 29.3. Find parametric equations for the line through
the point P(2,3,0) which is perpendicular to the vectors u =
i+2j+ 3k and v = 3i + 4j + 5k.

Soru 29.4. Find the distance from the point S(—1,4, 3) to the
line x = 10+ 4¢, y = —3, z = 4t.

Soru 29.5. Find the distance between the line x = 10 + 4t,
y = —3, z = 4t and the line x = 10 — 4ts, y =0, 2 = 2 — 4s.

Soru 29.6. Find the distance between the line x = 10 + 4t,
y=—t, z=4¢ and the linex =10 —4s,y =1, 2 =2 — 4s.



Planes

To describe a plane, we need
e a point Py(zo, Yo, z0) which the plane passes through; and

e a vector n = Ai+ Bj+ Ck which is perpendicular to the
plane.

The vector n is said to be normal to the plane.

n

PO(IO,yO, ZO)
[ )

Figure 30.1: A plane passing through the point Py(zo, yo, 20)
with normal vector n = Ai + Bj + Ck.
Sekil 30.1:

Definition. The plane passing through the point Py(zo, Yo, 20)
with normal vector n = Ai+ Bj + Ck has the vector equation

n- Pol?\ =0.
Writing this equation coordinates, we have
Az —z0) + By —yo) + C(z — 20) =0

or

‘Ax—l—By—i—Cz:D‘

where D = Axg + Byg + Czg is a constant.
Example 30.1. Find an equation for the plane passing through
Py(—3,0,7) normal to n = 5i + 2j — k.

solution:
5 —(=3)+2(y—0)+(-1)(=—7)=0
5r — 1542y —24+7=0
o + 2y — z = —22.

Duzlemler

To describe a plane, we need
e a point Py(xg, Yo, z0) which the plane passes through; and

e a vector n = Ai+ Bj+ Ck which is perpendicular to the
plane.

The vector n is said to be normal to the plane.

Tanim. The plane passing through the point Py(xo,yo, 20)
with normal vector n = Ai 4+ Bj + Ck has the vector equa-

tion
n-lg(;ﬁ = 0.

Writing this equation coordinates, we have
Az —20) + B(y —y0) + C(z — 2) =0

or

‘Ax+By—|—C’z:D‘

where D = Axg + Byg + Czg is a constant.

Ornek 30.1. Find an equation for the plane passing through
Py(—3,0,7) normal to n = 5i + 2j — k.

¢coziim:

5 —(=3)+2(y—0)+(-1)(z—7) =0
5¢ — 1542y —24+7=0
5t + 2y — z = —22.

Not. The vector n = Ai 4+ Bj + Ck is normal to the plane
Ax+ By+Cz=D.

Ornek 30.2. Find a vector normal to the plane x+2y+3z = 4.

cozum: We can immediately write down n =i+ 2j + 3k.

Ornek 30.3. Find an equation for the plane containing the
points E(0,0,1), F(2,0,0) and G(0,3,0).

¢ozum: First we need to find a vector normal to the plane.
Since ﬁ =2i—kand ﬁ = 3j — k, we have that

n=FEFxEC=(0——-3)i—(-2-0)j+(6—0k
— 3i 1 2j + 6k

151
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Remark. The vector n = Ai+ Bj+ Ck is normal to the plane
Ax+ By+Cz=D.

Example 30.2. Find a vector normal to the plane x+2y+3z =
4.

solution: We can immediately write down n =i+ 2j + 3k.

Example 30.3. Find an equation for the plane containing the
points E(0,0,1), F(2,0,0) and G(0,3,0).

solution: First we need to find a vector normal to the plane.
Since ﬁ =2i—kand E—Ci' = 3j — k, we have that

n=FEFxECG=(0--3)i—(-2—0)j+ (6— 0k
= 3i + 2j + 6k

is normal to the plane. See figure 30.2. Using Py = E(0,0,1),
the equation for the plane is

3z—0)+2(y—0)+6(z—1)=0
3z + 2y + 6z = 6.

Lines of Intersection

;

1™

|

Figure 30.3: Two planes are parallel <= n; = kns for some
keR.
Sekil 30.3:

Example 30.4. Find a vector parallel of the line of intersec-
tion of the planes 3x — 6y — 2z = 15 and 2z +y — 22 = 5.

solution: We can immediately write down n; = 3i — 6j — 2k
and ne = 2i+j—2k. A vector parallel to the line of intersection
is

n; xng = (12+2)i— (-6 +4)j + (3+ 12)k = 14i + 2j + 15k.

Example 30.5. Find the point where the line z = % + 2t,
y = —2t, z = 1+t intersects the plane 3z + 2y + 6z = 6.

solution: We calculate that

n=EF x BC

Figure 30.2: The vector n is perpendicular to the plane con-
taining F, F and G.
Sekil 30.2:

is normal to the plane. See figure 30.2. Using Py = E(0,0,1),
the equation for the plane is

3(z —0)+2(y — 0) + 6(z — 1) = 0
3x 4+ 2y + 62z = 6.

Kesisim Dogrulari

ng

line of intersection

n; X no

Figure 30.4: Two planes intersect in a line <= n; # kny for
all k € R.
Sekil 30.4:

Ornek 30.4. Find a vector parallel of the line of intersection
of the planes 3x — 6y — 2z = 15 and 2z +y — 22 = 5.

¢ozum: We can immediately write down n; = 3i—6j— 2k and
ny, = 2i+j— 2k. A vector parallel to the line of intersection is

n; xng = (12+2)i— (—6+4)j+ (3+ 12)k = 14i + 2j + 15k.

Ornek 30.5. Find the point where the line z = $42¢, y = —2t,
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3xr+2y+6z2=26
8
3(5 +20) +2(=20) +6(1+) = 6

8+6t—4t+6+6t=06
8t = -8
y=—1.

The point of intersection is

P(x,y,z)|t:_1 =P <§ +2t,—-2t,1 + t)

The Distance from a Point to a Plane

z =1+t intersects the plane 3z + 2y 4 6z = 6.
coziim: We calculate that
3r+2y+6z2=26

33 £ 2t +2(—20) 4+ 6(1+1) = 6

3
8+6t—4t+6+6L=6
8t = —8
y = —1.

The point of intersection is

8
P(x,y,z)[i=_, =P (3 +2t,—2t,1+ t)

Figure 30.5: The distance from a Point to a Place.
Sekil 30.5:

We can see from figure 30.5 that d = Hprojn ﬁ” Therefore

the distance from a point S to a plane containing the point P

1S
7S]

Il

Example 30.6. Find the distance from the point S(1,2,3) to
the plane x + 2y + 3z = 4.

solution: First we need a point in the plane. Setting y = 0 and
z = 0 we must have x = 4 — 2y — 3z = 4. Therefore P(4,0,0)
is in the plane. Clearly n =i+ 2j + 3k.

Therefore the required distance is

d:’ﬁ'n‘:|(—3i+2j+3k)-(i+2j+3k)|
]| i+ 2j + 3k||

=3 +4+9] 10

T VEiZi® Vi

We can see from figure 30.5 that d = Hprojn ﬁH Therefore

the distance from a point S to a plane containing the point P

1S ) ‘ﬁ.n)

d=-——7".
[l

Ornek 30.6. Find the distance from the point S(1,2,3) to the
plane x + 2y 4+ 3z = 4.

¢ozum: First we need a point in the plane. Setting y = 0 and
z = 0 we must have x = 4 — 2y — 3z = 4. Therefore P(4,0,0)
is in the plane. Clearly n =i+ 2j + 3k.

Therefore the required distance is

‘P—S)'n‘ (=31 + 2§ 4 3K) « (i + 2j + 3K)|
I I+ 25 + 3k||
C|-3+4+9] 10
ST 3 Vi

d=
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Angles Between Planes

There are two possible angles that can be measured between
planes. We are interested in the smaller angle. See figure 30.6.

Definition. The angle between two planes is defined to be
equal to whichever of the following angles is smaller

e the angle between n; and ny;
e 180° minus the angle between n; and ns.

The angle between two planes will always be between 0° and
90°.

Example 30.7. Find the angle between the planes 3z — 6y —
2z =15 and —2x —y + 2z = 5.

solution: We have normal vectors n; = 3i — 6j — 2k and ns =
—2i — j+ 2k. The angle between n; and ns is

: 4
6 = cos™! (m) =cos™! <> ~ 101°.
[y ]| [zl 21

Because 101° > 90°, the angle between the two planes is ap-
proximately 180 — 101° = 79°.

Dazlemler Arasindaki Aci

There are two possible angles that can be measured between
planes. We are interested in the smaller angle. See figure 30.6.

Tanim. The angle between two planes is defined to be equal
to whichever of the following angles is smaller

e the angle between n; and ng;
e 180° minus the angle between n; and ns.

The angle between two planes will always be between 0° and
90°.

Ornek 30.7. Find the angle between the planes 3z —6y—2z =
15 and —2x —y + 2z = 5.

¢ozim: We have normal vectors n; = 3i — 6j — 2k and ny =
—2i — j+ 2k. The angle between n; and ns is

. —4
0 = cos™* (nlng) =cos™! (> ~ 101°.
([ || [z 21

Because 101° > 90°, the angle between the two planes is ap-
proximately 180 — 101° = 79°.

ng

180° — 6

Figure 30.6: The angle between two planes is either 6 or
(180° — 0), whichever is smaller.
Sekil 30.6:
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Problems

Problem 30.1. Find an equation for the plane passing through
the points E(2,4,5), F(1,5,7) and G(—1,6,8).

Problem 30.2. Let O(0,0,0) be the origin. Find an equation

for the plane through the point A(1,—2,1) which is perpendic-
=

ular to the vector OA.

Problem 30.3. Find the point where the line x = 2, y = 3+2t¢,
z = —2 — 2t intersects the plane 6z + 3y — 4z = —12.

Problem 30.4. Find the point where the line intersects the
plane.

(a). Line: a =1—t,y=3t, z=1+1,
Plane: 22 — y + 32z = 6.

(b). Line: ¢ =2,y =3+2t, 2 = -2 — 2t,
Plane: 6x + 3y — 4z = —12.

Problem 30.5. Find parametric equations for the line in which
the following pairs of planes intersect.

(a).

Plane 1:
Plane 2:

r+y+z=1,
T+y=2

Plane 1:
Plane 2:

(b). 3x — 6y — 2z =1,

20 +y — 2z = 2.

Problem 30.6. Find the distance from the point S(1,0,—1)
to the plane —4x +y + 2z = 4.

Problem 30.7. Find a formula for the distance between two
planes.

Sorular

Soru 30.1. Find an equation for the plane passing through
the points E(2,4,5), F(1,5,7) and G(—1,6,38).

Soru 30.2. Let O(0,0,0) be the origin. Find an equation for
the plane through the point A(1, —2,1) which is perpendicular

to the vector OA.

Soru 30.3. Find the point where the line x = 2, y = 3 + 2t,
z = —2 — 2t intersects the plane 6x + 3y — 4z = —12.

Soru 30.4. Find the point where the line intersects the plane.

(a).

Line: x=1—-t,y=3t, z=1+1t,
Plane: 22 —y 4+ 32 = 6.

(b).

Line: x =2, y=3+4+2t, 2 = -2 — 2¢,
Plane: 6z + 3y — 4z = —12.

Soru 30.5. Find parametric equations for the line in which
the following pairs of planes intersect.

(a). Plane 1: x +y+ 2z =1,
Plane 2: z +y = 2.
(b). Plane 1: 3z — 6y — 2z =1,

Plane 2: 22 +y — 22z = 2.

Soru 30.6. Find the distance from the point S(1,0, —1) to the
plane —4dx +y+ z =4.

Soru 30.7. Find a formula for the distance between two planes.



Projections

Recall that in chapter 27 we defined the projection of a vector
u onto a vector v to be

proj, u = u-\; V.
vl

Projection of a Vector onto a Line

Definition. Let L be the line passing through the point P in
the direction v. The projection of a vector u onto the line L is

proj; u = proj, u.

Example 31.1. Find the projection of the vector u = 2i—j+
3k onto the linex =1+2t, y =2 —t, z =4 — 4¢.

solution: . Clearly v = 2i— j— 4k is parallel to the line. Thus

. . u-v
prOJLu:prOJvu:< 2>v
vl

44+1-12 ..
(7 () a0

= <217> (2i —j — 4k)

1

— (2 4k
3(1 J )
2. 1. 4

= _Zit i+ -k
gt gity

Izdiisiimler

Recall that in chapter 27 we defined the projection of a vector
u onto a vector v to be

proj, u = u-\; V.
gl

Projection of a Vector onto a Line

Tanim. Let L be the line passing through the point P in the
direction v. The projection of a vector u onto the line L is

proj; u = proj, u.

Ornek 31.1. Find the projection of the vector u = 2i — j+ 3k
onto the linex =142, y=2—t, 2 =4 — 4t.

¢oztiim: . Clearly v = 2i — j — 4k is parallel to the line. Thus

. . u-v
prOJLu:prOJvu:< 2>v
vl

441-12 ..
(7 () @30

= (217> (2i —j — 4k)

1
— S (2i—j—4k
3(1 J )
2. 1. 4
= _Zit i+ -k
3ttty

Figure 31.1: Projection of a vector onto a line.
Sekil 31.1:

156
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Projection of a Vector onto a Plane

Definition. The projection of a vector u onto a plane with
normal vector n is

. . u-n
pro.]plane u=u-—proj,u=u— W n
n

See figure 31.2.

Example 31.2. Find the projection of the vector u = i+ 2j+
3k onto the plane 3x —y + 2z = 7.

solution: Clearly n = 3i — j + 2k and

. u-n 3—2+4+6 L.
pip (58 )= (gt i) 30

1 3 1
=-Bi—-j+2k)=-i— =j+k
2(31 j+2k) 51 2J+
Therefore
projplane u=u-—proj,u
A 3. 1,
= (i+2j+3k) — 5175_]+k

1 5
= ——i+ —=j+2k.
21+ 2,] +

pI‘ijlane Q

Figure 31.2: The projection of a vector onto a plane.
Sekil 31.2:

Figure 31.3:
Sekil 31.3:

Projection of a Vector onto a Plane

Tanim. The projection of a vector u onto a plane with nor-
mal vector n is

. . u-n
PrOJgiizlem U = U — PIOJ, U = U — W n
n

See figure 31.2.

Ornek 31.2. Find the projection of the vector u = i+ 2j+ 3k
onto the plane 3z —y + 22z =7.

¢oztiim: Clearly n = 3i — j + 2k and

u-n 3—-2+6
1 = _— = _—_— 3'—' 2k
o <||n|2>“ (5 ) a0

1 3 1
=-Bi—-j+2k)==-i—-j+ k.
5 (3i—j+2k) 5l 5 +
Therefore
PrOjdiizlem U = U — PIOj, u

3, 1
:(i+2j+3k)—(2i—2j+k>

1 5
= ——i+—=j+2k.
21+ 2,] +

proj,, PQ T

1

proj plane P

The projection of a point onto a plane.
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Projection of a Point on a Plane

Definition. Let P be a point and let Ax + By+Cz = D be a
plane. Let @ be a point on the plane and let n = Ai+ Bj+ Ck
denote a vector normal to the plane.

The projection of the point P onto this plane is

projplanc pP=P + pI‘Ojn P@
as shown in figure 31.3

Example 31.3. Find the projection of the point P(1,2,—4)
on the plane 2z +y + 4z = 2.

solution: Note first that n = 2i + j + 4k and that the point
Q(1,0,0) lies on the plane. Since

PQ=Q—P=(1,0,0) - (1,2,—4) = (0,~2,4) = —2j + 4k,
we have
P
pr Jn =
||n\|
0—-—2416
= 4k
<22+12 >(2 i+ 3j+4k)
14
:< 1> (21 +j + 4k)
2
4
= — —. —k
31+ 3,]+ 3
Therefore

projplane pP=Pp + pI'Ojn ‘@

4 2 8
=(1,2,—4 -, 22
(a) )+<3a3a3>

_ (78 4
T \3'3 3/’

We should double check that this point is on the plane.

7\, (8 4 14 8 16 7\, (8 4
2x+y+4z—2<3>+<3)+4<—3)—3+3—3——2\/ 2x+y+4z—2<3)+<3)+4<—3>—3+3 T =3

Projection of a Point on a Plane

Tanim. Let P be a point and let Ax + By + Cz = D be a
plane. Let @ be a point on the plane and let n = Ai+ Bj+ Ck
denote a vector normal to the plane.

The projection of the point P onto this plane is

projdﬁzlcm P=P+ projn @
as shown in figure 31.3

Ornek 31.3. Find the projection of the point P(1,2,-4) on
the plane 2z +y + 4z = 2.

¢oztim: Note first that n = 2i + j 4+ 4k and that the point
Q(1,0,0) lies on the plane. Since

PQ=Q—P=(1,0,0) - (1,2,—4) = (0, -2,4) = —2j + 4k,
we have
(P >
prOJn =
In®
—24+16
= i j + 4k
(2 T )(21+3J+ )
14
=< 1) (21 +j + 4k)
2
4
N
31—1— 3J+ 3
Therefore

projd\'jzlem pP=Pr + projn -@

4 2 8
=(1,2,-4 -, 22
(av )+(373a3)

_ (T8 4
S \3'3" 3)°
We should double check that this point is on the plane.

14 8 16 6
-2V
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Projection of a Line onto a Plane

Let L be a line passing through the point P in the direction
v. Let Az + By + Cz = D be a plane with normal vector
n = Ai+ Bj+ Ck.

There are three cases to consider:

(i). The line is orthogonal to the plane (v x n = 0);
(ii). The line is parallel to the plane (v+n = 0); and

(iii). The line is not parallel to the plane and is not orthogonal
to the plane (ven # 0 and v x n # 0).

(i)

n n
? M
: pro.jplax\e L

’\' proj plane L

Figure 31.4: The projection of a line onto
an orthogonal plane.
Sekil 31.4:

a parallel plane.
Sekil 31.5:

A Line Orthogonal to a Plane (v x n = 0)

This is the easiest case: The projection of the line onto the
plane is just the point where they intersect. See figure 31.4.
Therefore

projplane L= projpl&ne P.

A Line Parallel to a Plane (v.n =0)

From figure 31.5, we can see that

the line passing through the point
PrOjplane £ 1n the direction v.

projplane L= (
A Line which is Neither Parallel nor Orthogo-
nal to the Plane

See figure 31.6. If v+n # 0, then the line must intersect the
plane at some point B. Assuming B # P, we have

the line passing through the >

PIOJplane L= ( pOintS B and prijlane P.

prOj plane P

Figure 31.5: The projection of a line onto

Projection of a Line onto a Plane

Let L be a line passing through the point P in the direction
v. Let Az + By + Cz = D be a plane with normal vector
n = Ai+ Bj+ Ck.

There are three cases to consider:

(i). The line is orthogonal to the plane (v x n = 0);
(ii).
(ii).

The line is parallel to the plane (v +n = 0); and

The line is not parallel to the plane and is not orthogonal
to the plane (ven # 0 and v x n # 0).

projplane L

|
‘ Projptane I

Figure 31.6: The projection of a line onto
a plane with neither orthogonal nor par-
allel to the line.

Sekil 31.6:

A Line Orthogonal to a Plane (v x n = 0)

This is the easiest case: The projection of the line onto the
plane is just the point where they intersect. See figure 31.4.
Therefore

projdiizlem L= projdiizlern P.

A Line Parallel to a Plane (v.n =0)

From figure 31.5, we can see that

the line passing through the point
PrOjgiizlem £ i the direction v.

PrO]qiizlem L = (

A Line which is Neither Parallel nor Orthogo-
nal to the Plane

See figure 31.6. If v+n # 0, then the line must intersect the
plane at some point B. Assuming B # P, we have

the line passing through the >

Projaiizlem L = ( points B and projgiem £-
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Example 31.4. Find the projection of the line x = 7 + 6t,
y = —3 + 15¢t, z = 10 — 12t onto the plane 2z 4 5y — 4z = 13.

solution:

Step 1. Find v and n.

v =6i+ 15§ — 12k
n = 2i + 5j — 4k

Step 2. Does the line intersect the plane?
Since

ven=124+75+4+48 =135 #0,

the answer is yes, the line does intersect the plane.

Step 3. Find the point of intersection.

We calculate that
13 =22+ 5y — 4z
=2(7+6t) + 5(—3 + 15¢) — 4(10 — 12¢)
=144 12t — 15 + 75t — 40 + 48t

= —41 + 135¢
o4 = 135¢
2 =5t
2oy
5

Hence the point of intersection is

B(w,y,2)],—2 = B(T+6t, =3+ 15,10 — 12¢)[,_»

= B(9.4,3,5.2)
Step 4. Is the line orthogonal to the plane?
Since
i j k
vxn=|g 15 —12| =0+0j+0k=0,
2 5 -4

the answer is yes, the line is orthogonal to the plane.

Step 5. Find projpjane L-

The projection of the line on the plane is the point

PrOjplane L = B(9.4,3,5.2).

Example 31.5. Find the projection of the line x = 1 + 4t,
y = 2+ 4t, z = 3 + 4t onto the plane 3x + 4y — 7z = 27.

solution:
Step 1. Find v and n.

v =4i+4j+4k
n=3i+4j—-7k

Ornek 31.4. Find the projection of the line 2 = 7 + 6t,
y = —3+ 15¢t, z = 10 — 12¢ onto the plane 2z + 5y — 4z = 13.
cozim:

Adim 1. Find v and n.

v = 6i+ 15j — 12k
n =2i+5j—4k

Adim 2. Does the line intersect the plane?

Since

ven=12+4+75+48 =135 # 0,

the answer is yes, the line does intersect the plane.

Adim 3. Find the point of intersection.

We calculate that

13 =2z + 5y — 4z
=2(7+6t) + 5(—3 + 15t) — 4(10 — 12¢t)
=14+ 12t — 15+ 75t — 40 + 48t
= —41+ 135t
54 = 135¢
2 =>5¢t

- =1t.
5

Hence the point of intersection is
B(z,y,2)|,—2 = B(7+6t, =3+ 15¢,10 — 12t)|,_»
= B(9.4,3,5.2)

Adim 4. Is the line orthogonal to the plane?

Since
i j k

vxn=|g 15 —12| =0i+0j+ 0k =0,

2 5 -4

the answer is yes, the line is orthogonal to the plane.

Adim 5. Find projgizem L-

The projection of the line on the plane is the point

projdiizlem L= B(947 3a 52)

Ornek 31.5. Find the projection of the line x = 1 + 4t,
y =2+ 4t, z = 3 + 4t onto the plane 3z + 4y — 7z = 27.

cozium:
Adim 1. Find v and n.

v =4i+4j+4k
n=3i+4j—-7k
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Step 2. Does the line intersect the plane?
Since
ven=12416—-28 =0,
the line does not intersect the plane. Therefore the line

is parallel to the plane.

Step 3. Find a point on proj, e L-

P(1,2,3) lies on the original line and Q(9,0, 0) lies on
the plane. So

PG=Q-P=(9,0,0)—
—8i—2j— 3k

(1,2,3) = (8,-2,-3)

and

oroi PO — _6 24— 8421
n n|? 9116+ 49

Therefore

PrOjpjane 2 = P + proj, P(j
3 7
—(1,2,3)+ (2,2, - L
( ) &y )+ (27 ) 2)

(o))
2 2

We should quickly double check that our proj,jume £
really is on the plane:

:m+4y—h=3<;)+““‘7<_;)

15
—5+1&+7_m’/

Step 4. Find proj,jape L-

The projection of the original line on the plane is the
line passing through the point proj,j,ne P = (% 4, —%)
in the direction v = 4i4+4j+4k, which has parametrised

equations
5 1

Example 31.6. Find the projection of the line x = 15 + 15¢,
y = —12—15t, z = 17+ 11t on the plane 13z — 9y + 16z = 69.

solution: .
Step 1. Find v and n.

v = 15i — 15j + 11k
n = 13i — 9j + 16k

Step 2. Does the line intersect the plane?

Since
ven =506 # 0,

the line intersects the plane.

Adim 2. Does the line intersect the plane?
Since
ven=12+16 — 28 =0,
the line does not intersect the plane. Therefore the

line is parallel to the plane.

Adim 3. Find a point on projgiizem L-

P(1,2,3) lies on the original line and Q(9, 0, 0) lies on
the plane. So

PG=Q-P=(90,0) -
— 8i—2j— 3k

(17 23 3) - (87 723 73)

n— 24—-8+21
9+16 449

Therefore

PrOjgiizlem £ = P + proj, P(§
3 7
=(1,2,3 -, 2, —=
( ? b )+ (27 ) 2)

NEIY
2 2

We should quickly double check that our projgimem
really is on the plane:

3x+4y7z3<5)+4u)7<;)

1
:?5+16+7f27 v

Adimm 4. Find projgiem L-

The projection of the original line on the plane is
the line passing through the point projgigem £ =

(%,4, —%) in the direction v = 4i + 4j + 4k, which
has parametrised equations
5 1

Ornek 31.6. Find the projection of the line x = 15 + 15¢,
y = —12—15t, z = 17+ 11t on the plane 13z — 9y + 16z = 69.

cozum: .

Adimm 1. Find v and n.
v =151 — 15j + 11k
n=13i—9j + 16k

Adim 2. Does the line intersect the plane?

Since

ven =506 # 0,

the line intersects the plane.
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Step 3.

Step 4.

Step 5.

Step 6.

Find the point of intersection.
We calculate that
69 = 13z — 9y + 162
= 13(15 4 15¢t) — 9(—12 — 15) + 16(17 + 11¢)
=195+ 195¢ 4 108 + 135¢ + 272 + 176t

= 575 + 506t
—506 = 506¢
—1=t.

Thus the line intersects the plane at

B(z,y,2)|,—_, = B(15 + 15t, =12 — 15,17 + 11t)|,__,

= B(0,3,6).
Is the line orthogonal to the plane?
Since
i j k
vxn=|15 —15 11|= —141i—97j+ 60k # 0,
13 -9 16

the line is not orthogonal to the plane.

Find another point on proj,jane L-

The point P(15,—12,17) lies on the original line. Since
PB = (~15,15, ~11) and

oroj, PT = (ﬁ-n) n = ()

n? 506
we have that

projplame P = P + proj, ﬁ
= (15,—-12,17) + (—13,9,—-16) = (2,-3,1).

Find proj,jane L-
Let

v = the vector from B to proj,ja,e P = 2i — 6j — 5k.

Then proj,jane L is the line passing through B(0, 3, 6)
in the direction vo = 2i—6j—5k which has parametrised
equations

x = 2t,

y =3 — 6t, z =6 —bt.

Adim 3.

Adim 4.

Admm 5.

Adim 6.

Find the point of intersection.
We calculate that
69 = 13z — 9y + 162
= 13(15 4 15¢t) — 9(—12 — 15) + 16(17 + 11¢)
=195+ 195¢ 4 108 + 135¢ + 272 + 176t

= 575 + 506t
—506 = 506¢
—1=t.

Thus the line intersects the plane at

B(z,y,2)|,__, = B(15+ 15, —12 — 15¢,17 + 11¢)|,__,
= B(0,3,6).

Is the line orthogonal to the plane?

Since
i j k
vxn=|15 —15 11|= —141i—97j+ 60k # 0,
13 -9 16

the line is not orthogonal to the plane.

Find another point on projgiziem L-

The point P(15,—12,17) lies on the original line. Since
PB = (~15,15,~11) and

roj, PT = (ﬁ-n) n = (2

n? 506
we have that

projdﬁzlemP:P_'_prOjnP?
= (15,—12,17) + (—13,9,—16) = (2, —3,1).

Find projgiiziem L-
Let

vy = the vector from B to projiziem P = 2i—6j—5k.

Then projgiizem L i the line passing through B(0, 3, 6)
in the direction vo = 2i—6j—5k which has parametrised
equations

x = 2t,

y =3 — 6t, z =6 —bt.
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Problems

Problem 31.1. Find the projection of the vector u = —2i +
5j — 3k onto the line z =2+¢, y =1—2t, z = 3 + 2t.

Problem 31.2. Find the projection of the vector u = i+7j+5k
onto the plane 6z + 4z = 100.

Problem 31.3. Find the projection of the point P(38, —59,4)
onto the plane 10x — 20y + z = 61.

Problem 31.4. Find the projection of the line x = —48 — ¢,
y =06+t 2 =—13 + 4t onto the plane 7z — y + 2z = 10.

Problem 31.5. Find the projection of the line x = 2 + 30t,
y=29—130t, z = % — 114t onto the plane Ty + 5z = 11.

Problem 31.6. Find the projection of the line z = —t, y =

14+t z= —% — t onto the plane 8z — 8y + 8z = 10.

Problem 31.7. Find a formula for the projection of a point
P onto a line L.

Sorular

Soru 31.1. Find the projection of the vector u = —2i+5j— 3k
onto the linex =2+t y=1-2t, 2 =3+ 2t.

Soru 31.2. Find the projection of the vector u =i+ 7j + 5k
onto the plane 6z + 4z = 100.

Soru 31.3. Find the projection of the point P(38, —59,4) onto
the plane 10z — 20y + z = 61.

Soru 31.4. Find the projection of the line x = —48 — ¢, y =
6 +t, z = —13 + 4t onto the plane 7Tx — y + 2z = 10.

Soru 31.5. Find the projection of the line x = 2 + 30¢, y =

29 — 130, z = 124 — 114¢ onto the plane 7y + 5z = 11.

Soru 31.6. Find the projection of the line x = —t, y = 14 + ¢,
z= f% — t onto the plane 8x — 8y + 8z = 10.

Soru 31.7. Find a formula for the projection of a point P onto
a line L.



Quadric Surfaces Kuadratik Yuzeyler

Definition. A quadric surface is the graph of Tanim. A quadric surface is the graph of

Az + By? + C2°> + Day+ Exz+ Fyz+Ge+ Hy+Iz=J Az’ + By> +C2> + Day+ Exz+ Fyz+ Ge+ Hy+ Iz = J

for A,B,C,D,E,F\G,H,I,J €R. for A,B,C,D,E,F,G,H,I,J €R.
We will study the easier equation We will study the easier equation
Ar? + By  +C2* 4+ Dz =FE Ar? + By* +C2*+ Dz =F
where A, B,C, D, E € R are constants. where A, B,C, D, E € R are constants.

Example 32.1. Ornek 32.1.
2 2 22 oy 22
¥+b_2+c_2:1 a2+b2~|—c2—1
is an ellipsoid. bir elipsoid’dir.
Example 32.2. Ornek 32.2.
y© 2z vz
Rl AT

is an hyperbolic paraboloid. bir hlpe"'bollk pa'r'(lboloid’dir.
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Example 32.3.

2 2
T Y z
2t eE T
a b c

is an elliptical paraboloid.

Example 32.4.

22 . ¥ 22
a? b2 c?

is an elliptical cone.

Example 32.5.

22 g2 2 X
a2 b2 2

is an hyperboloid.

Example 32.6.

$2 y2 22

a? b2 2

is an hyperboloid.

Ornek 32.3.

2 2
T Y 1
Bt E T
a b c

bir eliptik paraboloid’dir.

Ornek 32.4.
2 2 2
T z
5 + y_ -
a b2 2

bir eliptik konai’dir.

Ornek 32.5.

x2 y2 22

a? b2 2

bir hiperboloid’dir.

Ornek 32.6.
2 2 22
a2

bir hiperboloid’dir.




Cylindrical and Spheri- Silindirik ve Kliresel Ko-
cal Polar Coordinates ordinatlar

Cylindrical Polar Coordinates Silindirik Koordinatlar
z
P(z,y,z)9P(r,0,z)
Y
xXr
x
x =rcosf 12 =22 4y
y=rsinf tong = ¥
z =z x

Figure 33.1: Cylindrical Polar Coordinates.
Sekil 33.1: Silindirik Koordinatlar.

Example 33.1. Find cylindrical polar coordinates for the Carte- .. ) o )
sian coordinates (z,y,z) = (1,1,1). Ornek 33.1. Find cylindrical polar coordinates for the Carte-

sian coordinates (z,y,z) = (1,1,1).

solution:
LY cozim:
(r,0,z) = (Va2 + y3, tan™" =, 2)
x
1Y
= (V12412 tan"" 1,1) = (v/2,45°,1). (r,0,2) = (Va* + ¢ tan™! =, 2)
Example 33.2. Convert the cylindrical polar coordinates = (V12 +12,tan"1 1,1) = (V/2,45°,1).

(r,0,z) = (2,90°,2) to Cartesian coordinates.

Ornek 33.2. Convert the cylindrical polar coordinates

solution: (r,0,2) = (2,90°,2) to Cartesian coordinates.

(z,y,z) = (xcosh,ysinb, z)
= (2¢0s90°,2sin90°,2) = (0, 2,2). cozim:
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Example 33.3. Identify the surface described by each of the
following cylindrical polar equations.

(a).
(b).
(c).

r = b;
r? 4 22 = 100;

Z=T.

solution:

(a).

In R?, we know that » = 5 is a circle of radius 5. Since
the equation does not contain a z, z can take any value.
The surface must be an infinite vertical cylinder of radius
5 centred on the z-axis.

. This equation will be easier to identify if we convert the

equation into Cartesian coordinates.
r?+ 2% =100
22 4 y? + 2% = 102

This is the equation of a sphere of radius 10, centred at
the origin.

. Converting to Cartesian coordinates, we see that

zZ=r
22 =7
z2:x2+y2.

From Chapter 32, we know that this is the equation of a
cone.

(z,y,2) = (xcosb,ysinb, z)
= (2c0s90°,25sin90°,2) = (0,2, 2).

Ornek 33.3. Identify the surface described by each of the
following cylindrical polar equations.

(a). r=5;

(b). 7%+ 22 = 100;
(c). z=r

¢coziim:

(a).

In R?, we know that » = 5 is a circle of radius 5. Since
the equation does not contain a z, z can take any value.
The surface must be an infinite vertical cylinder of radius
5 centred on the z-axis.

. This equation will be easier to identify if we convert the

equation into Cartesian coordinates.
r? + 2% =100
2?42 422 =102

This is the equation of a sphere of radius 10, centred at
the origin.

. Converting to Cartesian coordinates, we see that

Z=r
22 =2
z2:x2+y2.

From Chapter 32, we know that this is the equation of a
cone.
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Spherical Polar Coordinates Kiresel Koordinatlar

P(p, .9, )

x =rcosf = psin¢cos b r=psing

y =rsinfd = psin¢sinf tan@:%
Figure 33.2: Spherical Polar Coordinates. Z=pcoso _ 5 5 5 5
Sekil 33.2: Kiiresel Koordinatlar. P= \/x tytte \/r T2

Typically, we require that p > 0 and 0 < ¢ < 180°. As Typically, we require that p > 0 and 0 < ¢ < 180°. As

before, 6 can be any number. before, 6 can be any number.
Example 33.4. Convert the point P(v/6,45°,1/2) from cylin- Ornek 33.4. Convert the point P(1/6,45°,1/2) from cylindri-
drical to spherical polar coordinates. cal to spherical polar coordinates.

solution: We have that r = \/6, 6 = 45° and z = /2. There- ¢ozim: We have that r = \/6, 6 = 45° and z = v/2. Therefore

fore
(p,0,0) = (\/mecos ) (p,0,0) = <V7"2+Z29C05 p)
P
2
(\/6+2,450,C081 ﬁ) = <V6+2,45O,C051 {)
p
\/i o o —1 \/5
— o -1.v= = 2\@,45 ,CO08 T ——
_<2\@,45,cos Vi 9v2
1 o —1 1
(2\/5, 45° cos™* 2) (2\/57 45%, cos 2)
2\/ 45° 600) = (2\/57 45°, 60°)
Example 33.5. Convert the point P(—1,1, —/2) from Carte- Ornek 33.5. Convert the point P(—1,1, —v/2) from Cartesian
sian to spherical polar coordinates. to spherical polar coordinates.
solution: First we calculate that ¢oztum: First we calculate that
x2+y2+22=\/(—1)2+12+(—\/§)2=\/1=2~ p=Va2+y?+22 = \/ 24124 (—V2)2=Vi=2.
Next we calculate that Next we calculate that
/2 —v?2
¢ =cos! 2 — cos~! % = 135° ¢ =cos™! L— l =135°
p
because we want ¢ € [0,180°]. Finally we need a 6. because we want ¢ € [0,180°]. Finally we need a 6.
1 1 1 1
sinf = y __ = sinf = y__ _

2 2

psinqﬁ_?(g)_\ﬁ' psin¢_2<72>_ﬁ'
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There are infinitely many 6 that satisfy this equation. Two
possible 6 are § = 45° and 6 = 135°. Only one of these can
be correct. We can see from figure 33.3 that the correct angle
must be 135°. Therefore the answer is

(p.6,6) = (2,135°,135°),

<

; (*13 1)

K\ )

Figure 33.3: The point (—1,1).
Sekil 33.3:

Example 33.6. Identify the surface described by each of the
following spherical polar equations.

(a). p=
(b). ¢ = 60°;
(c). 6 =120%
(d). psing =2.
solution:

(a). pis the distance from the origin to a point. If this is always
= 5, then we have a surface which is always 5 away from
the origin. That sounds like a sphere.

To check, we calculate
p=2>5
VETE TR =5
22 4% 4 2% =52
Yes, this is the equation for a sphere or radius 5 centred

at the origin.

(b). The angle between the z-axis and the surface is always 60°.
Thinking about this, you should be able to understand
that this is the equation for a cone.

(c). This is a vertical plane passing through the origin.

(d). We will convert the equation first into cylindrical polar
coordinates, then into Cartesian coordinates.

psing = 2
r=2
r?=4

22 4 y? = 22

This is the equation for a cylinder of radius 2 centred on
the z-axis.

There are infinitely many 6 that satisfy this equation. Two
possible 6 are § = 45° and 6 = 135°. Only one of these can

be correct. We can see from figure 33.3 that the correct angle
must be 135°. Therefore the answer is
(p.6,¢) = (2,135, 135°),

Ornek 33.6. Identify the surface described by each of the
following spherical polar equations.

¢coziim:

(a). pis the distance from the origin to a point. If this is always
= 5, then we have a surface which is always 5 away from
the origin. That sounds like a sphere.

To check, we calculate

p=>5

Vaz+y2+22=5

m2+y2+z2:52.

Yes, this is the equation for a sphere or radius 5 centred
at the origin.

(b). The angle between the z-axis and the surface is always 60°.
Thinking about this, you should be able to understand
that this is the equation for a cone.

(c). This is a vertical plane passing through the origin.

(d). We will convert the equation first into cylindrical polar
coordinates, then into Cartesian coordinates.

psing =2
r=2
r?=4
2?2 4yt =22

This is the equation for a cylinder of radius 2 centred on
the z-axis.
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Summary

e r = ¢ is a cylinder of radius a centred on the z-axis.

e 0 =D is a vertical plane passing through the origin that
makes an angle of b with the positive z-axis.

e p = cis a sphere of radius ¢ centred at the origin.

e ¢ = d is a cone that makes an angle of d with the positive
z-axis.

Problems

Problem 33.1.

(a). Convert the Cartesian coordinates (z,y, z) = (1,2,3) into
cylindrical polar coordinates.

(b). Convert the Cartesian coordinates (z,y, z) = (1,2, 3) into
spherical polar coordinates.

(c). Convert the Cartesian coordinates (z,y,z) = (0,—1,0)
into cylindrical polar coordinates.

(d). Convert the Cartesian coordinates (z,y,z) = (0,—1,0)
into spherical polar coordinates.

(e). Convert the cylindrical polar coordinates
(r,0,2) = (v/2,45° 1) into Cartesian coordinates.

(f). Convert the cylindrical polar coordinates
(r,0,2) = (v/2,45° 1) into spherical polar coordinates.

(g). Convert the spherical polar coordinates
(p,0,¢) = (10,60°,45°) into Cartesian coordinates.

(h). Convert the spherical polar coordinates
(p,0,¢) = (10,60°,45°) into cylindrical polar coordinates.

Problem 33.2. Sketch the following surfaces.

(a).
(b). r=2,
().
(d).

(e).
(f).
(8)-
(h).

(i).

Summary

e r = @ is a cylinder of radius a centred on the z-axis.

e 0 = b is a vertical plane passing through the origin that
makes an angle of b with the positive z-axis.

e p = cis a sphere of radius ¢ centred at the origin.

e ¢ = d is a cone that makes an angle of d with the positive
z-axis.

Sorular

Soru 33.1.

(a). Convert the Cartesian coordinates (z,y, z) = (1,2, 3) into
cylindrical polar coordinates.

(b). Convert the Cartesian coordinates (z,y, z) = (1,2, 3) into
spherical polar coordinates.

(c). Convert the Cartesian coordinates (z,y,z) = (0,—1,0)
into cylindrical polar coordinates.

(d). Convert the Cartesian coordinates (x,y,z) = (0,—1,0)
into spherical polar coordinates.

(e). Convert the cylindrical polar coordinates
(r,0,2) = (v/2,45°,1) into Cartesian coordinates.

(f). Convert the cylindrical polar coordinates
(r,0,2) = (v/2,45°,1) into spherical polar coordinates.

(g). Convert the spherical polar coordinates
(p,0,¢) = (10,60°,45°) into Cartesian coordinates.

(h). Convert the spherical polar coordinates
(p,0,¢) = (10,60°,45°) into cylindrical polar coordinates.

Soru 33.2. Sketch the following surfaces.
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