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Problem 1 2 3 4 Total
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Score:

Time limit is 70 minutes. If you need more room on your exam paper, you may use the empty spaces on the paper. You have to show your.
Answers without reasonable-even if your results are true- work will either get zero or very little credit.

1. (a) (10 Points) Evaluate the integral
∫

π

0

√
1− cos(2x) dx.

Solution: ∫
π

0

√
1− cos(2x) dx =

∫
π

0

√
sin2 x+ cos2 x− (cos2 x− sin2 x) dx

=
∫

π

0

√
2sin2 x dx =

∫
π

0

√
2|sinx| dx

=
∫

π

0

√
2sinx dx

=
√

2[−cosx]π0 =
√

2(−cosπ− (−cos0)) = 2
√

2

p.72, pr.15

(b) (12 Points) Evaluate the integral
∫ 0

−∞

θeθ dθ .

Solution: ∫ 0

−∞

θeθ dθ = lim
b→−∞

∫ 0

b
θeθ dθ = lim

b→−∞

[
θeθ − eθ

]0

b

= lim
b→−∞

[(
0e0− e0)−(beb− eb

)]0

b

=−1− lim
b→−∞

(
b−1
e−b

)
=−1− lim

b→−∞

(
1
−e−b

)
=−1−0 = −1

p.94, pr.34
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2. Evaluate the following integrals.

(a) (9 Points)
∫

sec2 x tan2 x dx =

Solution: Let u = tanx and so du = sec2 xdx. Then∫
sec2 x tan2 x dx =

∫
tan2 xsec2 x dx

=
∫

u2 du =
1
3

u3 +C

=
1
3

tan3 x+C

p.72, pr.8

(b) (8 Points)
∫

sin(2x)cos(4x) dx =

Solution: ∫
sin(2x)cos(4x) dx =

1
2

∫
(sin(2x−4x)+ sin(2x+4x)) dx =

1
2

∫
(sin(−2x)+ sin(6x)) dx

=
1
2

∫
(−sin(2x)+ sin(6x)) dx

=
1
2

[
1
2

cos(2x)− 1
6

cos(6x)
]
+C =

1
4

cos(2x)− 1
12

cos(6x)+C

p.83, pr.52

(c) (10 Points)
∫ x+3

2x3−8x
dx =

Solution: We decompose the integrand in the following way:

x+3
2x3−8x

=
x+3

2x(x2−4)
=

x+3
2x(x−2)(x+2)

=
1
2

[
A
x
+

B
x−2

+
C

x+2

]
Clearing the fractions changes to

x+3 = A(x−2)(x+2)+Bx(x+2)Cx(x−2)⇒ A =−3/4,B = 5/8,C = 1/8.

Thus, ∫ x+3
2x3−8x

dx =
1
2

∫ (−3/4
x

+
5/8

x−2
+

1/8
x+2

)
dx

= −3
8

ln |x|+ 5
16

ln |x−1|+ 1
16

ln |x+2|+C

p.83, pr.52
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3. (a) (15 Points) Use a trigonometric substitution to evaluate the integral
∫ 8 dx

x2
√

4− x2
.

Solution: Let x = 2sinθ , −π/2 < θ < π/2 and so dx = 2cosθ dθ and also√
4− x2 =

√
4−4sin2

θ =

√
4(1− sin2

θ) =
√

4cos2 θ = 2cosθ ;

∫ 8 dx

x2
√

4− x2
=
∫ 8 ·2cosθ dθ

4sin2
θ2cosθ

= 2
∫ dθ

sin2
θ
=−2cotθ +C = −2

√
4− x2

x
+C

p.95, pr.68

(b) (10 Points) Use a Comparison Test to investigate the convergence for the integral
∫

∞

1

ex

x
dx.

Solution: We use direct comparison test as follows.

0 <
1
x
<

ex

x
for x > 1 and

∫
∞

1

1
x

dx diverges ⇒
∫

∞

1

ex

x
dx diverges by Direct Comparison Test

p.112, pr.26
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4. (a) (8 Points) If an =

(
1− 1

n

)n

, does the sequence {an} converge? If it converges, find its limit.

Solution: The sequence converges and has limit 0, because

lim
n→∞

an = lim
n→∞

(
1− 1

n

)n

= lim
n→∞

(
1+
−1
n

)n

= e−1

The sequence converges and has limit e−1.
p.112, pr.26

(b) (9 Points) Find the sum of the series
∞

∑
n=1

(
4
3n −

1
4n−1

)
.

◦ Converges. ◦ Diverges. Series’ Sum:

Solution: This is the difference of two convergent geometric series with sum

∞

∑
n=1

4
3n −

∞

∑
n=1

1
4n−1 =

4/3
1−1/3

− 1
1−1/4

= 2− 4
3
=

2
3

Series converges and has sum 2/3.
p.82, pr.35

(c) (9 Points)
5

1 ·2
+

5
2 ·3

+
5

3 ·4
+ · · ·+ 5

n(n+1)
+ · · ·

◦ Converges. ◦ Diverges. Series’ Sum:

Solution: First, by partial fraction decomposition of the general term, we have

an =
5

n(n+1)
=

5
n
− 5

n+1
sn = a1 +a2 +a3 + · · ·+an−1 +an

=

(
5
1
−

�
��5
2

)
+

(
�
��5
2
−

�
��5
3

)
+

(
�
��5
3
−

�
��5
4

)
+ · · ·+

(
�
��5
n
−
�
��
5

n−1

)
+

(
�
��5
n
− 5

n+1

)
=

5
1
− 5

n+1

⇒ lim
n→∞

sn = lim
n→∞

(
5
1
− 5

n+1

)
= 5

Series converges and has sum 5.
p.72, pr.8

Page 4


