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Exercise 21 (The Method of Undetermined Coefficients). Find the general solutions of the following ODEs:

(a) y" — 2y — 3y = 3e* (d) v +2y =3+ 4sin2t (2) 2y + 3y +y =13+ 3sint
(b) y" + 2y + by = 3cos 2t (e) v+ 9y =1t%e3"+6 (h) v +y = 3sin2t + tcos 2t
(c) o' —2y —3y=2—3te " f) v' +2y +y=2e"" (i) v" +y' + 4y = 2sinht

Solution 21.

(a) First we must consider the homogeneous equation
Yy’ -2y —3y=0.
The characteristic equation is
0=r*—2r—3=(r—3)(r+1)

which implies that 1 = 3 and r = —1. Hence the
general solution of the homogeneous equation is

Y= cle3t + cze_t.
Next we must find a particular solution to our ODE.
Since e?* does not solve the homogeneous equation, our
ODE does not have resonance. Thus we try the ansatz

Y(t) = Ae? for some constant A. Then we calculate
that Y/ = 24e%, that Y = 4A4¢?! and that

32 =Y" -2y’ - 3Y
= 4Ae* — 2(24e%) — 3(Ae*') = —3A4e™.
Thus we must have A = —1. Therefore the general

solution to our ODE is

Y= cle3t + ch_t — et

Y= cre "t cos 2t + coe"tsin 2t + % sin 2t + % cos 2t

y=c1e® + coe”! + 155 (T2t% + 36t + 9 — 128¢")e "

2

y = c1cos 3t + cosin 3t + 155 (92 — 6t + 1)t + 2

)
)

d) y=c+ coe 2t %t - %SiHQt — Leos2t
) 162 3
)

The homogeneous equation y”’ + 2y’ +y = 2e~t has
characteristic equation

0=r’+2r+r=(r+1)>
and general solution y = cie™t 4 cpte™t.

Next we need to find a particular solution to our ODE.
Our equation has resonance since both e~! and te™*
solve the homogeneous equation. Hence we must mul-
tiply by t again and consider the ansatz Y (t) = At?e~*
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for some constant A. Then we calculate that Y/ =
2Ate~t — At?e~?, that Y = 24e~t — 4Ate™t + At?et
and that

2t =Y"+2Y' +Y
= e '((24 — 4At + At?) + 2(2At — At?) + (At?))
=24e7 "

Therefore the general solution to our ODE is

= cle_t + czte_t +t%e .
(g) y=cie ' +eae™ 2 +13 912 +4Tt— 90— 2 sint — % cost
(h) y=cycost+ cosint — %tcoth — gsith

(i) First we consider the homogeneous equation
y//+y/+4y:0.
Its characteristic equation, 72 4+ r 4+ 4 = 0, has roots

—1i\/12—16_ 1i\/15,

T1,2 = 9 _5 72 1.

Hence \ = —% and p = \/TTS Therefore this homoge-

neous ODE has general solution

. . /15t

+ coe” 2 sin 5

_t
Yy =c1e” 2 cos

Now recall that sinh¢ = 1(e' — e~"). Thus we try the
ansatz Y (t) = Ae' + Be™! for constants A and B. We

calculate that Y/ = Ae! — Be™! and Y” =Y. Therefore

el —e ' =2sinht =YY" +Y' +4Y
= (Ae' + Be ") + (Ae' — Be ') + 4(Ae + Be™)
=6Ae’ +4Be™"

which implies that A = {1 and B = —1. Therefore the

6
general solution to the ODE is

1
i

AL S gy

—|—Cg€7%SIH 5 +66_Z€

_t
Yy = cie” 2 cos
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Exercise 22 (The Method of Undetermined Coefficients).

y' +y —2y =2t

(a) {y(0)=0

y'(0)=1

y' =2y +y=tet +4
(b) qv(0)=1

y'(0)=1

Solution 22.

@) y=c —%e—%—t—;

(b) y = 4dte’ — 3¢’ + LtPe’ +4

(c) y= 5sin2t — 2 cos2t + 142 — 1 4 3!
(d) First consider the homogeneous equation

—y" + 6y’ — 16y = 0.
The characteristic equation is
—r?+6r —16=0

which has roots

r=3+iVT.
Therefore the general solution of
—y +6y — 16y =0
is

y(t) = c1e® sin(V7t) + coe® cos(VTt).

Next consider
—y" 4+ 6y — 16y = 1.
Trying the ansatz Y (t) = C, we see that
1=-Y"+6Y" —16Y = —16C.

75- Hence Y (t) = —&

‘We must choose C' = — 6

Now consider

—y"" + 6y’ — 16y = 63 sin(2t).
We try the ansatz

Y (t) = Ae® cos 2t + Be’' sin 2t

Solve the following IVPs:

Y + 4y = % + 3¢t
(c) qy(0)=0

y'(0) =2

—y"" 4+ 6y — 16y = 1 + 6e> sin(2t)
(d) qy(0) =13

y'(0)=-1

and find that
63 sin2t = —Y"” +6Y’ — 16Y

= —¢% ((5A + 12B) cos 2t + (5B — 12A) sin 2t>
+6e* ((34 + 2B) cos 2t + (3B — 2A) sin 2t)

— 16€% (A cos 2t + Bsin 2t)

=" cos2t(—5A—12B + 16A+ 12B — 16A)
+e* sin2¢( — 5B + 124 + 18B — 124 — 16B)

= e3 cos 2t( — 5A) + €e*' sin 2t( - 3B).
Thus, we need A = 0 and B = —2. Hence
Y (t) = —2¢3 sin 2t.

Next we add these 3 solutions together. Therefore, the
general solution of the ODE is

1
y(t) = c1e® sin(V7t) +cae cos(v/Tt) —2¢ sin(2t) — —.

16
The final step is to satisfy the initial conditions. We
calculate that
15 1
6= (O)—0+02—0—1—6 = ey =1.
and
—1=1y(0)

= 3¢1e3 sin(VTt) + V7ere® cos(VTt) + 33 cos(VTt)

— V7e* sin(VTt) —6e* sin(2t) — 4e¥ cos(2t)|,_,
=04+ V71 +3-0-0-4 = c1 =0.
Therefore, the solution of the IVP is
y(t) = e cos(VTt) — 2e3 sin(2t) — %
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Exercise 23 (The Method of Variation of Parameters). Find the general solutions of the following ODEs:

(a) y//+y:tant, 0<t< g (C) y/1+4y/+4y:t,26,2t’ >0
" ’ el
(b) y" +4y =3cosec2t, 0<t<3 (d) 4" -2y +y:m

Solution 23.

(a) Note first that y;(t) = cost and y2(t) = sint form a fun-  (b) y = ¢1 cos2t + cosin 2t + 2(sin 2t) Insin 2t — 3t cos 2t
damental set of solutions of the homogeneous equation

—2t -2t -2t
y" +y = 0. The Wronskian of y; and ys is (c) y=cie™" +eate” ™ —e "Int
t int .
= zi ZZZ = —C(;isnt (S:;I;t = cos?t +sin’t = 1. (d) y = cie’ + cate’ — Je' In(1 + %) + te' tan™' ¢
Using the theorem from class, we calculate that

Y29 Y19
Y = — —_— —_—
®) yl/W+y2/W

:fcost/sinttant dt+sint/costtant dt

.2

t

= —cost/sm dt—l—sint/sint dt
cost

1 —cos?t . .
= —cost | ————dt+sint | sint dt
cost

:cost/cost—sectdt+sint/sint dt

= cost(sint — In(sect + tant)) + sint(— cost)

= —(cost)In(sect + tant)
is a particular solution to the non-homogeneous ODE.

Therefore the general solution of the ODE is
y(t) = ¢ cost + casint — (cost) In(tant + sect).

Exercise 24 (Going Backwards). Find linear, homogeneous ODEs with constant coefficients, which have general solutions
equal to the functions given below. The first one is done for you.

(w) y(t) = cre’ + coe® 4 cze®.

Clearly r1 = 1, ro = 2 and r3 = 3. We need to give an ODE which has characteristic equation 0 = (r — r1)(r —
ro)(r —7r3) = (r —1)(r — 2)(r — 3) = r* — 6r? + 11r — 6. One possible answer is y"’ — 6y" + 11y’ — 6y = 0.

(a) y(t) = c1 + cot + cze sint + cqe® cost + cze sin 2t + e cos 2t
(b) y(t) = cre’ + cate’ + cze® sint + cpe? cost + cse*'tsint + cge®'t cost
(c) y(t) = cre®’ + cote?®® + cst?e®' + cpe ™ sin 3t + cxe " cos 3t

Solution 24.

de d5y dy4 dSy d2y
— — 12— 4+59— —138— +130—— =0
@) G5 125 50 a e
(b) The first two terms correspond to a double root r = 1. The last four terms correspond to a double complex root
r = 2 +4. Consequently, the characteristic equation is
0=(r—120? —4r +5)? =5 —10r° + 43r* — 1007 + 1317* — 90r + 25

Then, the differential equation is

dy ddy dty dy d?y dy
9102 143t 10052 113152 —90°2 4 25y = 0.
6 an g a3 ot e at Y

&y dby dy d?y dy
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Exercise 25 (Higher Order Linear ODEs).

(a)
(b)

()

Given that sint is a solution of y* + 2/ + 6y + 2y’ + 5y = 0, find the general solution of this ODE.

Find the general solution of y*) + ¢ = 322 4+ 4sinz — 2cos .

Ly _ody 4 4ds gy —
y(0)=2
y'(0) =

y"(0) =0.

Solve

Solution 25. Thank you to Prof. Eldem for the following solutions.

(a)

Note that the characteristic equation is 74 + 213 + 612 + 2r +5 = 0. Since sint is a solution, two roots are i. Thus
the characteristic equation has (72 4+ 1) as a factor. Dividing the characteristic equation by (r? + 1), we get

24+ 2r+5=0.
Thus the other roots are —1 + 2i. Consequently, the general solution is
y(t) = ¢ cost + casint 4 cze™ " cos 2t + cqe” " sin 2t.
The characteristic equation is 0 = r* + 72 = r2(r? + 1) and its roots are 0, 0, 4. Consequently, the general solution of

the homogeneous equation is
y(x) =1 + car + c3cosx + ¢y sinx.

There is resonance for all the terms on the right hand side of the equation. For the first term on the right, we try
the ansatz y,1 = 2%(a + bz + cx?) because the degree of the zero root is two. For the second term, we try the ansatz
Yp2 = xz(dcosx + fsinz) because the multiplicity of the imaginary root is one. Thus, we have

Yy = 2ax + 3ba® + dcx®
ypy = 2a + 6bx + 12cx”
Ypy = 6b 4 24ca
yl(j) = 24c.
Using these expressions in the equation, we get
24c + 2a + 6bz + 12c2® = 32°.

This implies that 24c+2a = 0, b = 0 and ¢ = i. Thus a = —3. Consequently, we have y,; = %:v‘l — 322, For the
second term, we get

Ypo = d(cosz — xsinz) + f(sinz 4 x cos )

Ypo = d(—2sinz — zcosx) + f(2cosz — xsinx)

y;’é =d(—=3cosz + xsinx) + f(—3sinz — x cos x)

yp2 =d(4sinz + zcosz) + f(—4cosz + zsinz)
Using these expressions in the equation, we get
d(4sinx + zcosz) + f(—4cosz + zsinz) + d(—2sinz — xcosz) + f(2cosx — xsinx) = 4sinx — 2cos z.

This implies that d = 2 and f = 1. Hence
Yp2 = 2xCOST + T sin x.

Therefore, the general solution is

y(x) =c1 4+ car + c3cosx + casinz + yp1 + Yp2

. 1 .
=c1 4+ cox +cgcosx + cysinx + ix‘l — 322 + 2z cosz + xsinx

1
=c +cox — 322 + Zm‘l + (e3 +2z) cosz + (cg + ) sinz.

The characteristic equation is
0=7%—2r2 +4r —8=(r*+4)(r — 2)
and its roots are 2 and +2i. The general solution of the ODE is
y(x) = c1€%® + ¢5 08 22 + ¢5 sin 2.

Since y(0) = 2, we get ¢; + co = 2. Since y/(z) = 2¢1*® — 2cy8in 2w + 2c3 cos 2z and y/(0) = 0, it follows that
2c1 + 2c3 = 0. Furthermore, since 3" (z) = 4c1e%® — 4ey cos 2 — 4egsin 2z and y”(0) = 0, we also have 4¢; — 4cp = 0.
Thus ¢; = ¢co = 1 and ¢3 = —1. Therefore the solution of the initial value problem is

y(x) = e** + cos 2z — sin 2.
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