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Exercise 26 (The Laplace Transform). Find the Laplace Transform of the following functions:

(a) f(t) = e−2t

(b) f(t) = 3t2

(c) f(t) = cos2 2t

(d) f(t) = t cos t+ tet

(e) f(t) = sinh t
t

(f) f(t) = t2 cos 2t

(g) f(t) = e3t−1
t

(h) f(t) = te−t sin2 t

(i) f(t) =

{
2 0 < t ≤ 3

0 t > 3

(j) f(t) =

{
sin 2t π ≤ t ≤ 2π

0 t < π or t > 2π

Solution 26.

(a) Note that

L
[
e−2t

]
(s) =

∫ ∞
0

e−ste−2t dt =

∫ ∞
0

e−t(s+2) dt =
1

s+ 2

(b) Note that

L
[
t2
]

= (−1)
2 d2

ds2
(L [1]) = (−1)

2 d2

ds2

(
1

s

)
= (−1)

2 d

ds

(
− 1

s2

)
=

2

s3
.

Consequently, we get

L
[
3t2
]

= 3L
[
t3
]

=
6

s3
.

(c) Note that cos2 2t = 1
2 (1 + cos 4t) which implies that

L
[
cos2 2t

]
=

1

2
L [1 + cos 4t] =

1

2

(
1

s
+

s

s2 + 16

)
.

(d) Since multiplication by t is equivalent to taking derivative with respect to s and multiplying by −1, it follows that

L
[
t cos t+ tet

]
= (−1)

d

ds
L
[
cos t+ et

]
= (−1)

d

ds

(
s

s2 + 1
+

1

s− 1

)
= (−1)

(
1− s2

s2 + 1
− 1

(s− 1)
2

)
=
s2 − 1

s2 + 1
+

1

(s− 1)
2 .

(e) Note first that since

(−1)
d

ds
L
[

sinh t

t

]
= L

[
t
sinh t

t

]
= L [sinh t] =

1

s2 − 1

we have that

L
[

sinh t

t

]
= −

∫
ds

s2 − 1
= −1

2

∫ (
1

s− 1
− 1

s+ 1

)
ds =

1

2
ln

(
s+ 1

s− 1

)
.

(f) We calculate that

L
[
t2 cos 2t

]
= (−1)

2 d2

ds2
L [cos 2t] = (−1)

2 d2

ds2

(
s

s2 + 4

)
=

d

ds

(
s2 + 4− 2s2

(s2 + 4)2

)
=

d

ds

(
4− s2

(s2 + 4)
2

)

=
−2s

(
s2 + 4

)2 − (4− s2) 4s
(
s2 + 4

)
(s2 + 4)

4 =
−2s

(
s2 + 4

)
−
(
4− s2

)
4s

(s2 + 4)
3

=
2s3 − 24s

(s2 + 4)
3 .

(g) Note first that

(−1)
d

ds
L
[
e3t − 1

t

]
= L

(
t
e3t − 1

t

)
= L

[
e3t − 1

]
=

1

s− 3
− 1

s
.

It follows that

L
[
e3t − 1

t

]
= −

∫ (
1

s− 3
− 1

s

)
ds = ln

(
s

s− 3

)
.
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(h) Recall that sin2 t = 1
2 (1− cos 2t). This implies that

L
[
te−t sin2 t

]
= L

[
te−t

1

2
(1− cos 2t)

]
=

1

2
L
(
te−t − te−t cos 2t

)
=

1

2
(−1)

d

ds

(
1

s+ 1
− (s+ 1)

4 + (s+ 1)
2

)

=
1

2
(−1)

− 1

(s+ 1)
2 −

(s+ 1)
2

+ 4− (s+ 1) 2 (s+ 1)(
(s+ 1)

2
+ 4
)2

 =
1

2

 1

(s+ 1)
2 +

4− (s+ 1)
2(

(s+ 1)
2

+ 4
)2


=
1

2

 (s+ 1)
4

+ 12 (s+ 1)
2

+ 16− (s+ 1)
4

(s+ 1)
2
(

(s+ 1)
2

+ 4
)2

 =

 6 (s+ 1)
2

+ 8

(s+ 1)
2
(

(s+ 1)
2

+ 4
)2


=

(
6s2 + 12s+ 14

)
(s+ 1)

2
(s2 + 2s+ 5)

2 .

(i) We calculate that

L [f(t)] =

∫ ∞
0

e−stf(t) dt =

∫ 3

0

2e−st dt =

[
−2e−st

s

]3
0

=
2− 2e−3s

s
.

(j) Let τ = t− π and ϕ = t− 2π. Then, we get

L (f(t)) =

∫ ∞
0

e−stf(t) dt

=

∫ 2π

π

e−stf(t) dt

=

∫ ∞
π

e−st sin 2t dt−
∫ ∞
2π

sin 2te−st dt

=

∫ ∞
0

e−s(τ+π) sin (2τ + 2π) dτ −
∫ ∞
0

sin (2ϕ+ 4π) e−s(ϕ+2π) dϕ

=
2e−πs

s2 + 4
− 2e−2πs

s2 + 4

=
2
(
e−πs − e−2πs

)
s2 + 4

.

www.neilcourse.co.uk/math216.html



MATH216 Mathematics IV Solutions to Exercise Sheet 6

Exercise 27 (The Inverse Laplace Transform). Find the inverse Laplace Transform of the following functions:

(a) F (s) = 1
s−2

(b) F (s) = 1
s −

2
s5/2

(c) F (s) = 3s+1
s2+4

(d) F (s) = 2e−3s

s

(e) F (s) = 1
s(s−3)

(f) F (s) = 2s+1
s(s2+9)

(g) F (s) = s3

(s−4)4

(h) F (s) = s2−2s
s4+5s2+4

(i) F (s) = 2s3−s2
(4s2−4s+5)2

(j) F (s) = ln
(
1 + 1

s2

)
(k) F (s) = arctan

(
3
s+2

)
(l) F (s) = s

(s2+1)3

(m) F (s) = e−s

s+2

Solution 27.

(a) f(t) = e2t

(b) f(t) = 1− 8
3
√
π
t
3
2

(c) f(t) = 3 cos 2t+ 1
2 sin 2t

(d) f(t) = 2u3(t)

(e) f(t) = 1
3

(
e3t − 1

)
(f) f(t) = 1

9 (6 sin 3t− cos 3t+ 1)

(g) f(t) = e4t
(
1 + 12t+ 24t2 + 32

3 t
3
)

(h) f(t) = 1
3 (2 cos 2t+ 2 sin 2t− 2 cos t− sin t)

(i) f(t) = 1
64e

t
2 [(4t+ 8) cos t+ (4− 3t) sin t]

(j) Note that since L [tf(t)] = (−1)dFds , we have that

L−1
[
dF
ds

]
= (−1)tf(t). Therefore

dF

ds
=

−2
s3(

1 + 1
s2

) = − 2

s (s2 + 1)

L−1
[
dF

ds

]
= −L−1

[
2

s (s2 + 1)

]
= (−1)tf(t)

L−1
[

2

s (s2 + 1)

]
= L−1

[
2

s
− 2s

s2 + 1

]
= tf(t)

2− 2 cos t = tf(t)

f(t) =
2 (1− cos t)

t

(k) Here, we again use the formula L−1
[
dF
ds

]
= (−1)tf(t)

to calculate that

dF

ds
=

−3
(s+2)2

1 +
(

3
s+2

)2
= − 3

s2 + 4s+ 13
= − 3

(s+ 2)2 + 9

L−1
[
dF

ds

]
= −L−1

(
3

(s+ 2)2 + 9

)
= (−1)tf(t)

e−2t sin 3t = tf(t)

f(t) =
e−2t sin 3t

t
.

(l) f(t) = 1
8

(
t sin t− t2 cos t

)
(m)

f(t) = L−1
(
e−s

s+ 2

)
=

{
e−2(t−1) t ≥ 1

0 t < 1

= u1(t)e−2(t−1)

where u is the unit step function.
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f(t) F (s) = L[f ](s)

1 1
s s > 0

eat 1
s−a s > a

tn (n ∈ N) n!
sn+1 s > 0

sin at a
s2+a2 s > 0

cos at s
s2+a2 s > 0

sinh at a
s2−a2 s > |a|

cosh at s
s2−a2 s > |a|

eat sin bt b
(s−a)2+b2 s > a

eat cos bt s−a
(s−a)2+b2 s > a

tneat (n ∈ N) n!
(s−a)n+1 s > a

uc(t)
e−cs

s s > 0

uc(t)f(t− c) e−csF (s)

ectf(t) F (s− c)

f(ct) (c > 0) 1
cF
(
s
c

)
∫ t
0
f(t− τ)g(τ)dτ F (s)G(s)

tnf(t) (−1)nF (n)(s)
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