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2018-19 MATH216 Mathematics IV — Solutions to Exercise Sheet 6 N. Course

Exercise 26 (The Laplace Transform). Find the Laplace Transform of the following functions:

S i PR

(c) f(t) = cos2t (8) J(t) = =5 | n2t w<t< o

(d) f(t) = tcost + te! (h) f(t) = te~tsin®¢ G 7@ = {o t<mort>2r
Solution 26.

(a) Note that

L[e™?] (s) /O Teote? gt /O et gy 34%2
(b) Note that
L) = 0 ey =0t (N = e 2 (-5) = 3

Consequently, we get

(c) Note that cos?2t = 3 (1 + cos4t) which implies that

1
2
1 1/1 s
20,1 _ _
[: [COS 2t] = 5[: [1 +COS4t} = 5 <S -+ <92—|—16) .
(d) Since multiplication by ¢ is equivalent to taking derivative with respect to s and multiplying by —1, it follows that

d d s 1
- t = —1 —_— t - _1 A 2 1
L [tcost +te'] = ( )dsﬁ[cost+e] ( )ds (82+1+s_1)

— (1) 1—527 1 _32—1Jr 1
- 52+1 (571)2 782_’_1 (871)2'
-1Le [Smht} Sy [tsnzht] = £ [sinhf] = - !

r sinh ¢ :7/ ds :71/ 1 B 1 ds:lln s+1 .
t s2 -1 2 s—1 s+1 2 s—1

d? 5 d? s d [(s?+4—2s> d 4— g2
2 = —1 _— _— = — _— = — _—
d82£ [COS t] ( ) ds2 (32 + 4) ds ( (82 + 4)2 ) ds (82 + 4)2

—2s (52 + 4)2 — (4 - 82) 4s (82 + 4) —2s (82 + 4) — (4 — 52) 4s

(e) Note first that since

we have that

(f) We calculate that

I
—
|
—
Nawt
i)

L [t2 cos Qt]

(s +4)" (52 +4)°
_ 253 — 245
(52 +4)°
(g) Note first that
SV Kt Y Pl NG D S
ds t t B s—3 s

It follows that

R (- en(is)

www.neilcourse.co.uk/math216.html



(h) Recall that sin®¢ = 1 (1 — cos2t). This implies that

L [te_t sin? t]

(i) We calculate that

vy _1 ~t _ 4o~ cos _} _ i 1 . (s+1)
L |te 2(1—c082t)}—2£(te t 2t)—2( 1)ds <S+1 4+(8+1)2>
1(_1) b (s HA—(s+D2(s+1) | 1 L 4—(s+1)°
2 (s+1)° ((5+1)2+4>2 2| (s+1)° ((5+1)2+4>2
T+ +12(6+ D +16—(s+ 1" | _ 6(s+1)>+8
2 (s+1) ((s +1)° +4)2 (s+1)° ((s +1)° +4)2

(65% + 125 + 14)
(s+1)%(s2+2s45)°

—2¢717% 2 9¢78s
- = .

LI = /OOO e~ (1) di = /03 26t dt —

0 S

(j) Let 7 =t — 7 and ¢ =t — 27. Then, we get

L) = / T ety de

21
/ e SHF(t) dt

o0 o0
/ e Stsin 2t dt — / sin 2te =t dt
™ 2

s

/ e s sin (27 + 2) dr — / sin (2 4 47) e =512 dop
0 0

2ems 9w

2+4 244

2 (7™ — e=279)
s2+4
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Exercise 27 (The Inverse Laplace Transform).

Find the inverse Laplace Transform of the following functions:

() F(s)

(f) F(s) = 859‘2119) =In(1+ %)

3

(g) F(s) = (sz)AL (k) F(s) = arctan (s+2)

(d) F(S) — 2e 3¢ (h) F(S) = 5‘:35_78314 (1) F(s) - ﬁ
(&) F(s) = s () Fls) = G2y (m) F(s) = S
Solution 27.
(a) f(t) = (k) Here, we again use the formula £ [2E] = (—1)tf(t)
3 to calculate that
(b) f(t) =1 -t
-3
() f(t) = 3cos2t+ Lsin2t CfTF S = L
s
(d) f(t) = 2us(t) 1+ ()
() J(t) =3 (¥ ~1) B _s2+435+13:_(s+23)2+9
(f) f(t) = 5 (6sin3t —cos3t + 1) [aF] = 3 o
(&) F(t) = e (1412t + 247 + 32¢3) {ds] = ((s+2)2+9) = (=D
(h) f(t) = % (2cos2t + 2sin2t — 2cost — sint) e sin3t = tf(t)
_2t .
() £(t) = &eb [(4¢+8) cost + (4 — 3t) sint] f) = %Smgt
(j) Note that since L[tf(t)] = (—1)%E, we have that
£ [%] = ( dF)‘tf(t) Ther:fore ) 0 ft) = % (tsint — % cost)
s T (4L @+ .
L [dF] 2 B m
[ds} B L (s + 1)} =0 e s e~20t-1) >
£t 2 _ 1|22 =tf(t) 1) =27 (8+2> - {0 t;l
s(s24+1)| s s2+41 it
2-_2cost = tf(t) = un (e
ft) = 2(1%&)”) where u is the unit step function.
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f(t) F(s) = L[f](s)
1 1 s>0
eat " s>a
" (neN) - s>0
sinat T 5>0
cosat vz 5>0
sinh at Tz s > |al
coshat o s > |al
e sin bt (g:5§7;g§ s>a
e cos bt ey s>a
t"et  (neN) # s>a
e (t) 5> 0
uc(t) f(t —c) e “F(s)
et f(t) F(s—c)
flet)  (e>0) F(2)
Jo £t =m)g(r)dr | F(s)G(s)
t"f(t) (=1)"F(s)
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