
MATH 216 MATHEMATICS IV
Homework 3

A. Find the Laplace transformation of the following functions:

1. f(t) = e�2t.

Solutions : Note that

L
�
e�2t

�
=

Z 1

0

e�ste�2t dt =

Z 1

0

e�t(s+2) dt =
�1
s+ 2

Z 1

0

e�t(s+2) (� (s+ 2)) dt

�1
s+ 2

h
e�t(s+2)

i1
0

=
1

(s+ 2)
.

2. f(t) =
p
t+ 3t2.

Solutions : Recall that multiplying x(t) by tn in t� domain is equivalent to taking the nth derivative in
s� domain and multtiplying with (�1)n. Consequently, we get

L
�
t2
�
= (�1)2 d

2

ds2
(L (1)) = (�1)2 d

2

ds2

�
1

s

�
= (�1)2 d

ds

�
� 1
s2

�
=
2

s3
.

For the �rst term, we have

L (t�) = � (�+ 1)

s�+1
=) L

�
t1=2

�
=
�
�
1
2 + 1

�
s3=2

.

Since � (z + 1) = z� (z) ; it follows that �
�
1
2 + 1

�
= 1

2�
�
1
2

�
= 1

2

p
�. This implies that

L
�
t1=2

�
=

p
�

2s3=2
=) L

�p
t+ 3t2

�
=

p
�

2s3=2
+
2

s3
.

3. f(t) = cos2 2t.

Solution : Note that cos2 2t = 1
2 (1 + cos 4t) which implies that

L
�
cos2 2t

�
=
1

2
L (1 + cos 4t) = 1

2

�
1

s
+

s

s2 + 16

�
.

4. f(t) = t cos t+ tet.

Solution : Since multiplication by t is equivalent to taking derivative with respect to s and multiplying
by �1, it follows that

L
�
t cos t+ tet

�
= (�1) d

ds

�
s

s2 + 1
+

1

s� 1

�
= (�1)

 
1� s2
s2 + 1

� 1

(s� 1)2

!
;

=
s2 � 1
s2 + 1

+
1

(s� 1)2
.

5. f(t) = sinh t
t .

Solution : Since L (sinh t) = L
�
t sinh tt

�
, it follows that L (sinh t) is the derivative with respect to s of

L
�
sinh t
t

�
multiplied by �1. Therefore, we have

L (sinh t) = L
�
t
sinh t

t

�
=

1

s2 � 1 =) L
�
sinh t

t

�
= �

Z
ds

s2 � 1

= �1
2

Z �
1

s� 1 �
1

s+ 1

�
ds =

1

2
ln

�
s+ 1

s� 1

�
.
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6. f(t) = t2 cos 2t.

Solution : Using the derivative in s-domain, we get

L
�
t2 cos 2t

�
= (�1)2 d

2

ds2

�
s

s2 + 4

�
=
d

ds

 
s2 + 4� 2s2

(s2 + 4)
2

!
=
d

ds

 
4� s2

(s2 + 4)
2

!
;

=
�2s

�
s2 + 4

�2 � �4� s2� 4s �s2 + 4�
(s2 + 4)

4 =
�2s

�
s2 + 4

�
�
�
4� s2

�
4s

(s2 + 4)
3

=
2s3 � 24s
(s2 + 4)

3 .

7. f(t) = e3t�1
t :

Solution : Note that

L
�
e3t � 1

�
= L

�
t
e3t � 1
t

�
=

1

s� 3 �
1

s
=) L

�
e3t � 1
t

�
= �

Z �
1

s� 3 �
1

s

�
ds =)

L
�
e3t � 1
t

�
= ln

�
s

s� 3

�
.

8. f(t) = te�t sin2 t.

Solution : Recall that sin2 t = 1
2 (1� cos 2t). This implies that

L
�
te�t sin2 t

�
= L

�
te�t

1

2
(1� cos 2t)

�
=
1

2
L
�
te�t � te�t cos 2t

�
=
1

2
(�1) d

ds

 
1

s+ 1
� (s+ 1)

4 + (s+ 1)
2

!
;

=
1

2
(�1)

0B@� 1

(s+ 1)
2 �

(s+ 1)
2
+ 4� (s+ 1) 2 (s+ 1)�
(s+ 1)

2
+ 4
�2

1CA =
1

2

0B@ 1

(s+ 1)
2 +

4� (s+ 1)2�
(s+ 1)

2
+ 4
�2
1CA .

9. f(t) =
�
2 0 < t � 3
0 t > 3

�
.

Solution : Let � = t� 3. Then, we have

L (f(t)) =

Z 1

0

e�st2dt�
Z 1

3

2e�st dt =
2

s
�
Z 1

0

2e�s(�+3) d�

=
2

s
� 2e

�3s

s
=
2
�
1� e�3s

�
s

.

10. f(t) =
�
sin 2t � � t � 2�
0 t < � or t > 2�

�
.

Solution : Similar to the previous case, let � = t� � and ' = t� 2�. Then, we get

L (f(t)) =

Z 1

0

e�stf(t) dt =

Z 1

�

e�st sin 2t dt�
Z 1

2�

e�st sin 2t dt

=

Z 1

0

e�s(�+�) sin (2� + 2�) d� �
Z 1

0

sin (2'+ 4�) e�s('+2�) d'

=
2e��s

s2 + 4
� 2e

�2�s

s2 + 4
=
2
�
e��s � e�2�s

�
s2 + 4

.

B. Find the inverse Laplace Transform of the following functions:
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1. F (s) = 1
s�2

A: f(t) = e2t

2. F (s) = 1
s �

2
s5=2

A: f(t) = 1� 8
3
p
�
t
3
2

3. F (s) = 3s+1
s2+4

A: f(t) = 3 cos 2t+ 1
2 sin 2t

4. F (s) = 2e�3s

s

A: f(t) = 2u(t� 3)

5. F (s) = 1
s(s�3)

A: f(t) = 1
3

�
e3t � 1

�
6. F (s) = 2s+1

s(s2+9)

A: f(t) = 1
9 (6 sin 3t� cos 3t+ 1)

7. F (s) = s3

(s�4)4

A: f(t) = e4t
�
1 + 12t+ 24t2 + 32

3 t
3
�

8. F (s) = s2�2s
s4+5s2+4

A: f(t) = 1
3 (2 cos 2t� 2 sin 2t� 2 cos t+ sin t)

9. F (s) = 2s3�s2
(4s2�4s+5)2

A: f(t) = 1
64e

t
2 [(4t+ 8) cos t+ (4� 3t) sin t]

10. F (s) = ln
�
1 + 1

s2

�
Here we use L (tf(t)) = (�1)dFds ) L�1

�
dF
ds

�
= (�1)tf(t): Therefore,

dF

ds
=

�2
s3�

1 + 1
s2

� = � 2

s (s2 + 1)

L�1
�
dF

ds

�
= �L�1

�
2

s (s2 + 1)

�
= (�1)tf(t)

L�1
�

2

s (s2 + 1)

�
= L�1

�
2

s
� 2s

s2 + 1

�
= tf(t)

2� 2 cos t = tf(t)

f(t) =
2 (1� cos t)

t

11. F (s) = arctan
�

3
s+2

�
Solution: Here, we again use the L (tf(t)) = (�1)dFds ) L�1

�
dF
ds

�
= (�1)tf(t): Therefore

dF

ds
=

�3
(s+2)2

1 +
�

3
s+2

�2 = � 3

s2 + 4s+ 13
= � 3

(s+ 2)2 + 9

L�1
�
dF

ds

�
= �L�1

�
3

(s+ 2)2 + 9

�
= (�1)tf(t)

e�2t sin 3t = tf(t)

f(t) =
e�2t sin 3t

t
.
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12. F (s) = s
(s2+1)3

Solution:

f(t) = L�1
 

s

(s2 + 1)
3

!

then we have
f(t) =

1

8

�
t sin t� t2 cos t

�
13. F (s) = e�s

s+2

Solution:

f(t) = L�1
�
e�s

s+ 2

�
=

�
e�2(t�1) t � 1
0 t < 1

�
A: f(t) = u(t� 1)e�2(t�1) where u(:) is the unit step function.

C. Solve the following initial value problems by using Laplace Transform:

1. x00 + 4x = 0; x(0) = 5; x0(0) = 0

Solution:

L
�
x
00
+ 4x

�
= L(0)�

s2F (s)� sx(0)� x0(0)
�
+ 4F (s) = 0�

s2 + 4
�
F (s)� 5s = 0

F (s) =
5s

(s2 + 4)

x(t) = L�1
�

5s

(s2 + 4)

�
x(t) = 5 cos 2t

A: x(t) = 5 cos 2t

2. x00 � x0 � 2x = 0; x(0) = 0; x0(0) = 2
Solution:

L
�
x
00
� x0 � 2x

�
= L(0)�

s2F (s)� sx(0)� x0(0)
�
� [sF (s)� x(0)]� 2F (s) = 0�

s2 � s� 2
�
F (s)� 2 = 0

F (s) =
2

(s2 � s� 2)

x(t) = L�1
�

2

3(s� 2) �
2

3 (s+ 1)

�
x(t) =

2

3
e2t � 2

3
e�t

3. x00 + 9x = 1;x(0) = 0; x0(0) = 0

4



Solution:

L
�
x
00
+ 9x

�
= L(1)�

s2F (s)� sx(0)� x0(0)
�
+ 9F (s) =

1

s�
s2 + 9

�
F (s) =

1

s

F (s) =
1

s (s2 + 9)

x(t) = L�1
�
1

9s
� s

9 (s2 + 9)

�
x(t) =

1

9
� 1
9
cos 3t

4. x00 + 6x0 + 25x = 0;x(0) = 2; x0(0) = 3

Solution:

L
�
x
00
+ 6x0 + 25x

�
= L (0)�

s2F (s)� sx(0)� x0(0)
�
+ 6 [sF (s)� x(0)] + 25F (s) = 0�

s2 + 6s+ 25
�
F (s)� 2s� 3� 12 = 0

F (s) =
2s+ 15

s2 + 6s+ 25

x(t) = L�1
�

2s+ 15

(s+ 3)2 + 16

�
=

x(t) = L�1
�

2(s+ 3)

(s+ 3)2 + 16
+

9

(s+ 3)2 + 16

�
x(t) = 2e�3t cos 4t+

9

4
e�3t sin 4t

5. x00 � 6x0 + 8x = 2;x(0) = 0; x0(0) = 0
Solution:

L
�
x
00
� 6x0 + 8x

�
= L(2)�

s2F (s)� sx(0)� x0(0)
�
� 6 [sF (s)� x(0)] + 8F (s) =

2

s�
s2 � 6s+ 8

�
F (s) =

2

s

F (s) =
2

s (s2 � 6s+ 8)

x(t) = L�1
�

1

4(s� 4) �
1

2(s� 2) +
1

4s

�
x(t) =

1

4
e4t � 1

2
e2t +

1

4

6. x00 � 4x = 3t;x(0) = 0; x0(0) = 0
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Solution:

L
�
x
00
� 4x

�
= L (3t)�

s2F (s)� sx(0)� x0(0)
�
� 4F (s) =

3

s2�
s2 � 4

�
F (s) =

3

s2

F (s) =
3

s2 (s2 � 4)

x(t) = L�1
�

3

16(s� 2) �
3

4s2
� 3

16(s+ 2)

�
x(t) =

3

16
e2t � 3

4
t� 3

16
e�2t

x(t) =
1

8
(�6t+ 3 sinh 2t)

7. x00 + 4x0 + 8x = e�t;x(0) = 0; x0(0) = 0

Solution:

L
�
x
00
+ 4x0 + 8x

�
= L

�
e�t
�

�
s2F (s)� sx(0)� x0(0)

�
+ 4 [sF (s)� x(0)] + 8F (s) =

1

s+ 1�
s2 + 4s+ 8

�
F (s) =

1

s+ 1

F (s) =
1

(s+ 1) (s2 + 4s+ 8)

x(t) = L�1
�
1

5

1

s+ 1
� 1
5

s+ 3

(s2 + 4s+ 8)

�
x(t) = L�1

 
1

5

1

s+ 1
� 1
5

s+ 2

(s+ 2)
2
+ 4

� 1

10

2

(s+ 2)
2
+ 4

!

x(t) =
1

5
e�t � 1

5
e�2t cos 2t� 1

10
e�2t sin 2t

8. x(4) + 8x00 + 16x = 0;x(0) = x0(0) = x00(0) = 0; x(3)(0) = 1

Solution:

L
�
x(4) + 8x00 + 16x

�
= L (0)h

s4F (s)� s3x(0)� s2x0(0)� sx00(0)� x(3)(0)
i
+ 8

�
s2F (s)� sx(0)� x0(0)

�
+ 16F (s) = 0�

s4 + 8s2 + 16
�
F (s)� 1 = 0�

s4 + 8s2 + 16
�
F (s) = 1

This implies that

F (s) =
1

s4 + 8s2 + 16

x(t) = L�1
 

1

(s2 + 4)
2

!

x(t) =
1

8
(sin 2t� t cos 2t) :
6



9. x(4) + 2x00 + x = e2t;x(0) = x0(0) = x00(0) = x(3)(0) = 1

Solution:

L
�
x(4) + 2x00 + x

�
= L

�
e2t
�

h
s(4)F (s)� s3x(0)� s2x0(0)� sx00(0)� x(3)(0)

i
+ 2

�
s2F (s)� sx(0)� x0(0)

�
+ F (s) =

1

s� 2�
s4 + 2s2 + 1

�
F (s)� s3 � s2 � s� 1� 2s� 2 =

1

s� 2

�
s4 + 2s2 + 1

�
F (s) =

1

s� 2 + s
3 + s2 + 3s+ 3 =

�3s+ s2 � s3 + s4 � 5
s� 2

F (s) =
�3s+ s2 � s3 + s4 � 5
(s� 2) (s4 + 2s2 + 1)

x(t) = L�1
 
�3s+ s2 � s3 + s4 � 5
(s� 2) (s2 + 1)2

!

x(t) = L�1
 
1

25

1

s� 2 +
1

25

24s+ 23

s2 + 1
+
1

5

9s+ 8

(s2 + 1)
2

!

x(t) =
1

25

�
e2t + 24 cos t+ 23 sin t

�
+
9

10
t sin t+

4

5
(sin t� t cos t)

A:x(t) = 1
50

�
2e2t + (48� 40t) cos t+ (45t+ 86) sin t

�
10. x(3) + 4x00 + 5x0 + 2x = 10 cos t; x(0) = x0(0) = 0; x00(0) = 3

Solution:

L
�
x(3) + 4x00 + 5x0 + 2x

�
= L (10 cos t)�

s3F (s)� s2x(0)� sx0(0)� x00(0)
�
+ 4

�
s2F (s)� sx(0)� x0(0)

�
+ 5 [sF (s)� x(0)] + 2F (s) =

10s

s2 + 1�
s3 + 4s2 + 5s+ 2

�
F (s)� 3 =

10s

s2 + 1

�
s3 + 4s2 + 5s+ 2

�
F (s) =

10s

s2 + 1
+ 3 =

3s2 + 10s+ 3

s2 + 1

F (s) =
3s2 + 10s+ 3

(s2 + 1) (s3 + 4s2 + 5s+ 2)

x(t) = L�1
�

3s2 + 10s+ 3

(s2 + 1) (s3 + 4s2 + 5s+ 2)

�
x(t) = L�1

 
2

s+ 1
� 2

(s+ 1)
2 �

1

s+ 2
� s

s2 + 1
+

2

s2 + 1

!
x(t) = 2e�t � 2te�t � e�2t � cos t+ 2 sin t

11. x00 + 4x0 + 13x = te�t;x(0) = 0; x0(0) = 2
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Solution:

L (x00 + 4x0 + 13x) = L
�
te�t

�
�
s2F (s)� sx(0)� x0(0)

�
+ 4 [sF (s)� x(0)] + 13F (s) =

1

(s+ 1)
2�

s2 + 4s+ 13
�
F (s)� 2 =

1

(s+ 1)
2�

s2 + 4s+ 13
�
F (s) =

1

(s+ 1)
2 + 2 =

4s+ 2s2 + 3

(s+ 1)
2

F (s) =
4s+ 2s2 + 3

(s+ 1)
2
(s2 + 4s+ 13)

and

4s+ 2s2 + 3

(s+ 1)
2
(s2 + 4s+ 13)

=
A

s+ 1
+

B

(s+ 1)
2 +

Cs+D

s2 + 4s+ 13

) A =
�1
50
; B =

1

10
; C =

1

50
; D =

98

50

x(t) = L�1
 
� 1

50

1

s+ 1
+
1

10

1

(s+ 1)
2 +

1

50

s+ 2

(s+ 2)
2
+ 9

+
32

50

3

(s+ 2)
2
+ 9

!

x(t) = � 1

50
e�t +

1

10
te�t +

1

50
e�2t cos 3t+

32

50
e�2t sin 3t

12. x00 + x = sin 2t;x(�2 ) = 2; x
0(�2 ) = 0

Solution: Let us use the substitution k = t� �
2 then we have

x00 + x = sin (2k + �)

x00 + x = � sin 2k
L (x00 + x) = �L (sin 2k)

s2F (s)� sx(0)� x0(0) + F (s) = � 2

s2 + 4�
s2 + 1

�
F (s)� 2s = � 2

s2 + 4�
s2 + 1

�
F (s) = � 2

s2 + 4
+ 2s =

2s3 + 8s� 2
s2 + 4

F (s) =
2s3 + 8s� 2

(s2 + 1) (s2 + 4)

By using the partial fraction we obtain
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F (s) =
2s3 + 8s� 2

(s2 + 1) (s2 + 4)
=
As+B

s2 + 1
+
Cs+D

s2 + 4

2s3 + 8s� 2 = 4B +D +As3 +Bs2 + Cs3 + s2D + 4As+ Cs

A = 2; B = �2
3
; C = 0; D =

2

3

F (s) =
2s3 + 8s� 2

(s2 + 1) (s2 + 4)
=

2s

s2 + 1
� 2
3

1

s2 + 1
+
1

3

2

s2 + 4

x(k) = 2 cos k � 2
3
sin k +

1

3
sin 2k

x(t) = 2 cos
�
t� �

2

�
� 2
3
sin
�
t� �

2

�
+
1

3
sin (2t� �)

x(t) = �2
3
cos t+ 2 sin t� 1

3
sin 2t
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