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MATH 216 MATHEMATICS 1V
Homework 3

Find the Laplace transformation of the following functions:
f(t) =e™2
Solutions : Note that
oo oo _1 o0
L(e?) = / e St dt :/ et gt = / e 1) (—(s+2))dt
0 0 0

s+2
1 {e—t<s+2>r° -
s+2 0 (s+2)

- f(t) =Vt + 3t

Solutions : Recall that multiplying 2(¢) by t" in t — domain is equivalent to taking the n*" derivative in
s — domain and multtiplying with (—1)". Consequently, we get

d? 2 (1 d 1 2
2= (1P e = (1) = ()= (=122 (=) = =,
L) =0 g e =0t (3) =g (-5) = 3
For the first term, we have

o=t p(pe) LG ED

gatl $3/2

Since I' (z + 1) = 2T'(z) , it follows that I' (3 + 1) = 3T (3) = 3+/7. This implies that

E(tl/z)— v :>£(x/£+3t2)— il +533.

T 9g3/2 T 9g3/2

f(t) = cos? 2t.
Solution : Note that cos? 2t = 3 (1 4 cos4t) which implies that
1 101 ]
204\ _ _
L (cos®2t) = §£(1 + cosdt) = 3 L + 32—1—16} .

f(t) = tcost + te'.

Solution : Since multiplication by ¢ is equivalent to taking derivative with respect to s and multiplying
by —1, it follows that

d s 1 1—s2 1
L (tcost + te' )z =1 -
(COS+€) ( )d8<82+1+8—1> ( )<52+1 (81)2>,
32—1+ 1
241 (3—1)2.

f(t) — sir;ht.
Solution : Since £ (sinht) = £ (¢522%) it follows that £ (sinht) is the derivative with respect to s of
L (%ht) multiplied by —1. Therefore, we have

. sinh ¢ 1 sinh ¢ ds
L (sinht) = E(t , )—821:>£( ; >__/321

_ _1/ 11 ds—lln s+1
) s—1 s+1 2 s—1)/"
1




6. f(t) =t cos2t.

10.

B.

Solution : Using the derivative in s-domain, we get

d? s d [ s2+4—2s° d 4— g2
Zeos2t) = (1) - == 5=
E(t Cos t) (=1 ds2 <32+4> ds ( (32+4)2 > ds <(32+4)2>’

_ —2s (82 —1—4)2 — (4— 52) 4s (82 +4) _ —2s (82 +4) — (4— 32) 4s
- (s> +4)" - (2 +4)°
_ 253 — 245

(s2+4)°

L) =

Solution : Note that

) 3t _ 1 1 1 3t_q 1 1
L(-1) = /L(te ): —:>,c<e >=—/< —>ds:>
t s—3 S t s—3 S
e

f(t) = te"tsin’t.
Solution : Recall that sin®t = 1 (1 — cos 2t). This implies that

o 71 1 _ ]. d 1 (S+]‘)
t 2 _ tZ _ = — t_ S \—1) =
L(te 'sin’t) = £<te 2(1 cos?t)) 2£(te te~" cos 2t) 2 ds (s—l—l It Gt >,
[ i s+ 1)
= (-1 |- 5 — 2 2
2 (s+1) ((s+1)2+4) (s+1)* s+1) +4)

o-{2 0115°)

Solution : Let 7 =t — 3. Then, we have

o0 (o] 2 o0
/ e~ stodt — / 2e Stdt == —/ 2¢—5(7+3) qr
0 3 S 0

2 2% 2(1-e)

S S S

sin 2¢ T<t<2m
ro={ " }

t<mor t>2w

L(f(1))

Solution : Similar to the previous case, let 7 =t — 7 and ¢ =t — 27. Then, we get

oo (oo} oo
/ e St f(t)dt = / e *'sin 2t dt — / e~ %! sin 2t dt
0 ™ 2m

o0 (o)
= / e s sin (27 + 2) dr — / sin (2 4 47) e=*#12™) dop
0 0

2e~ TS 267271'5 92 (e—TI'S _ e—2'rrs)

52—&-4752—1—4: s2+4

L(f(1))

Find the inverse Laplace Transform of the following functions:
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o

7.

10.

11.

A f(t) =1— 5=t3
F(s) = %55

A: f(t) =3cos2t + 1sin2t

Fs) = o5
. — 32 47
A: f(t) = et (1412t 4 24t + 2243)

s2—2s

F(S) — 5%15s214

A: f(t) = % (2cos2t — 2sin2t — 2cost + sint)

2s%—s?

F(s) = (452 —4515)2

A: f(t) = ez [(4t + 8) cost + (4 — 3¢) sint]

F(s)=n(1+ %)
Here we use L (tf(t)) =

dr
ds

e ()
st

2 —2cost

ft)

F(s) = arctan (s%)

Solution: Here, we again use the £ (¢f(t))

(D% = £ (%) =

(—1)4E = £=1 () = (—1)tf(t). Therefore,

2 2
(1+ %) s(s241)

(s ) = L)

£t <i o > =tf(t)

s24+1
tf(t)
2(1 — cost)
t

(=1)tf(t). Therefore

L 3 3
ds 27 244s5+13  (s+2)2+9
1+(s-?—2) ( )
dF’ 3
—1 o _ _pr-1 s — (_
(%) = < (s = 00
e ?sin3t = tf(t)
e~ 2t gin 3¢
o) = SR
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Solution:

f)y=c"" ((52 N 1)3>

then we have

1
f@) = A (tsint — t* cost)
13. F(s) = <5
Solution:

a1 e~ s B 672(t71) t>1
f0) =L <s+2)_{ 0 t<1

A: f(t) = u(t — 1)e~ 2= where u(.) is the unit step function.
C. Solve the following initial value problems by using Laplace Transform:

1. 2" +42=0; 2(0)=5,2/(0)=0

Solution:

o8
R

1 DS
) = £ (75
xz(t) = bcos2t

A: z(t) =5cos2t
2. 2" —a2' =2z =0; z(0)=0,2'(0) =2

Solution:

2
Fls) = (s2—5—-2)
1 2 2
o) = £ (3(52) 3(s+1)
) = 200 2 4
z(t) = 3¢ ~ 3¢

3. 2" +9z=1;2(0)=0,2'(0) =0



Solution:

E(:c”+9:,;) _

[s*F(s) — sz(0) — 2/(0)] + 9F(s) =
(s +9) F(s) =

F(s) =

2(t) =

2(t) =

4. 2" 4 62’ + 25z = 0;2(0) = 2,2/(0) = 3

Solution:
L (m” + 62 + 25x>
[s2F(s) — sz(0) — 2/ (0)] + 6 [sF(s) — z(0)] + 25F(s)
(s> +65+25) F(s) —2s —3— 12

5. 2 — 62’ 4+ 8x = 2;2(0) = 0,2'(0) =0

Solution:
L (x” — 62" + 83:)
[s?F(s) — sz(0) — 2'(0)] — 6 [sF(s) — 2(0)] + 8F(s)

(s> — 65+ 8) F(s)

6. ' — 4z = 3t;2(0) = 0,2'(0) =0

o
—
i
=

VI VAR

o
s(s249)

1 1
5~ §cos3t

= £(0)

= 0

25+ 15
52 4+ 65425
2s + 15 )

_ —1
= £ <(5+3)2+16

2(s+3)

9

_ —1
= £ ((s+3)2+16

9
2¢ 3 cosdt + —e 3t sin 4t

(s+3)2+16

= £(2)

_ 2

a S

_ 2

o S

B 2

~ 5(s2—65+8)
1

_ —1 _

-~ <4<s—4>

R ST o TR

= 1° T3¢ 1

2(31—2) +4ls>

)



Solution:

[s*F(s) — sz(0) — 2/ (0)] —4F(s) = s%
3
2
(s*—4) F(s) = 2
3
Fls) = s2(s2 —4)
_ el 5. 3 3
) = £ (16(5 ") 42 16(s +2)
_ 3 a3, 3 o
T L T
1
x(t) = 3 (—6t + 3sinh 2t)
7. 2" + 42’ + 8z =e 4 2(0) = 0,2/(0) =0
Solution:
L (x” + 42’ + Sx) = L(e7)
1
[s2F(s) — sz(0) — 2'(0)] +4[sF(s) — z(0)] + 8F(s) = e}
1
(s* +4s+8) F(s) = 1
F(s) = ;
 (s+1)(s2+4s+8)
11 1 s+3
) = £ (— =
2(t) (5s+1 5(s2+4s+8)>
1 1 1 s+2 1 2
z(t) = L£74 = - = R
W <5s+1 5(s+2)" +4 10(5—|—2)2—|—4>
I R e 7 g T
xz(t) = £€ g€ cos 2t gé st 2t
8. 2 + 82" + 162 = 0;2(0) = 2/(0) = 2”(0) = 0,2 (0) =1
Solution:
L (x(4) + 82" + 16:5) = L(0)
s'F(s) — s°2(0) — s%2/(0) — s2”(0) — x(S)(O)} +8[s*F(s) — sz(0) — 2/(0)] + 16F(s) = 0
(s"+8s°+16) F(s)—1 = 0
(s*+8s*+16) F(s) = 1

This implies that

1
Fs) = s*+8s2+16
1
z(t) = L' ——
(2 +4)
1
x(t) = 2 (sin 2t — t cos 2t) .
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9. 2@ + 22" + = e, 2(0) = 2/(0) =

Solution:

L (x(4) + 22" + x) = L (e2t)
sWF(s) — s*x(0) — s%2/(0) — sa"(0) — x(g)(O)] +2 [82F(3) —sz(0) —2'(0)] + F(s) = . i 5
(s"+2 +1)F(s) —s° —s° =5 —1-25—2 = SiQ

(s* +2s> +1) F(s) =

Ax(t) = &

—3s+s2—-s3+st—5
s—2

+s2+s2+3s+3=
s—2

—3s+s2—s34+st-5
(s —2)(s* +2s2+1)

-1 (—35+32—s3+s4—5>

(s —2)(s2+1)?

1 1 1 9s+8
—1 o -
£ (253—2+ +5(s2+1)2>

1 9 4
% (e®" + 24 cost + 23sint) + TOtSint+ g(sintftcost)

i248+23
25 s2+1

=5 [2? + (48 — 40t) cost + (45t + 86) sin ]

10. 20 + 42" + 52’ + 2z = 10cost; x(0) = 2'(0) = 0,2"(0) = 3

Solution:

L (33(3) + 42" + 5z’ + 2$) -
[P () = 22(0) = s2/(0) = 2" (0)] + 4 [F(s) = 52(0) — (0)] + 5[sF(5) — 2(0)] + 2F(s) = oo
(i s+ P -3 = Al

(s +4s* + 55 +2) F(s)

_ 10s 13— 352 +10s+ 3
8241 N s2+1
352 +10s + 3

(s2+1)(s3+4s2 + 55+ 2)
_ o 352 +10s + 3
N (s24+1)(s3+4s2+55+2)

o 2 2 1 s 2
N s+1 (3+1)2 s+2 s2+1 s2+41

= 2 -

2te ™t — e 2t —cost + 2sint

11. 2" + 42’ + 13z = te” 4 2(0) = 0,27 (0) = 2

L (10cost)



Solution:

L(z" +42' +13z) = L(te ")
1
[s>F(s) — sz(0) — 2/ (0)] + 4 [sF(s) — z(0)] + 13F(s) = 5
(s+1)
1
(s*+4s+13) F(s) -2 = 5
(s+1)
1 45+ 25 +3
(s°+4s+13) F(s) = 5 _dstes —;
(s+1) (s+1)
4s + 2s”
Fls) = 52—|— s +3
(s+1)"(s2+4s+13)
and
4s +2s% +3 _ A B Cs+ D
(s +1)° (s2 + 4s + 13) s+1 (s+1)% $2+4s+13
-1 1 1 98
50 10° 50’ 50
1 1 1 1 1 s+2 32 3
zt) = L7 -= + + = —
) ( 50s+1  10(s+1)* 50(s+2)°+9 50(s+2)°+9
1 1 1 32
z(t) = ——e '+ —te '+ —e *cos3t+ %6_% sin 3t

50 10 50

12. 2" +z =sin2t;2(5) =2,2'(5) =0

Solution: Let us use the substitution kK = ¢ — % then we have

2 +x = sin(2k+7)
2 +x = —sin2k
L(z"+x) = —L(sin2k)
2
2F(s) — s2(0) — 2/(0) + F(s) = ———
SES) - 52(0) =70+ Fls) = 5
2
2
1) F(s) =25 = ———
(s + ) (s) s 21
2
2 _ _
253 +8s—2

By using the partial fraction we obtain

(s2+1)(s2+4)

253 +8s—2

s2+4

)



253 +8s—2 _AerB Cs+ D

(s24+1)(s2+4) s2+1 T2
AB+ D+ As® + Bs?> 4+ Cs® + 2D + 4A4s + Cs

2 2
2,B=—--,0=0,D = -
’ 37 9 3

253 +8s—2 _ 2s 2 1 1 2

(s241)(s2+4) 32+1_§s2+1+532+4

2 1
2cosk — gsink—i— gsin2k

2 cos (t—g) —%sin (t—g) +ésin(2t—ﬂ')

2 1
——cost+ 2sint — = sin 2t
3 + 3



