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e Calculators, cell phones are not allowed.

e In order to receive credit, you must show all of your work. If you
do not indicate the way in which you solved a problem, you may get
little or no credit for it, even if your answer is correct. Show your
work in evaluating any derivatives, integrals.

e Use a BLUE ball-point pen to fill the cover sheet. Please make sure
that your exam is complete.

e Time limit is 75 min.

Do not write in the table to the right.

Problem | Points | Score
1 20
2 30
3 25
4 25
Total: 100

1. (a) Show that ydx + (4xy — e*4y)dy = 0 is not an exact differential equation and find the integrating factor A (y).

M, —N. 4y—1 1
Y Xy /Ldy /(4—*)dy e
=e y = e

Ay)=e -M y -
») 5

Solution: Let us take M(x,y) =y and N(x,y) = 4xy — e~*. The derivative of M with respect to y is My =1 and N, = 4y.
M, # Ny, so it is not an exact differential equation. Let us find the integrating factor as

(b) Find the general solution of the A (y) [ydx + (4xy —e~*)dy = 0].

1
dy 4y 1
Fydx+ Fydy = 0. F; = ™ and F, = 4xe™ — —.
y
F(x,y)= /e4ydx = xe® +h(y)

) 1 1
By = e +1 () = 4xe® = Z > W) = == = h(y) = ~Inly| +C

F(x,y) =xe¥ —In|y|+C=0

Solution: The equation e*dx+ (4xe® — =)dy = 0 is an exact equation. therefore, there exists a function F(x,y) = 0 such that
y
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2. (a) Solve the initial value problem 1%y’ + 2ty 4 tant = 0, y(27) = —2.
. . . . . , 2 tant _ . . . . .
Solution: Let us write the differential equation as y' + n y= - It is a linear differential equation, so we calculate the

integrating factor as
Alr) = ol Fdt _ 2 _ 2
The general solution of the given differential obtained by solving

__Infcost| C
2 2

tant
2y(t) = 7/ 22;—I;dt =1n|cost|+C = y(t)

Let us use the initial value to find C.

In|cos2n| C

_In|cost| 82

The particular solution of the differential equation is y(¢)

12 12

dy 1
b Solve the iniial value problem 7" = = y(0) = 5

Solution:
dy Tx dy Tx X
- = :>—=7:>d=7d:>/d=/
dx  y+xty Tdx  y(1+x?) Y= e yay
Let us calculate the arbitrary constant by using initial value.
52 7 25
= = inl - =
y(0)=5= 7 =5 +C=C >

y> =7In|14x%|+25

Tx VT )
d —=-In|l
2 k= 2n| +x°|+C
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3. Find the general solution of y”/ +y' = 6cost —4sint + e~

"

Solution: The characteristic equation of the y"/ +y' = 0 is P+r=0= r(r2 + 1) =0 and the roots are r; = 0,r, =i,r3 = —i. The
general solution of the homogeneous equation is

ya(t) = c1€” + ¢y cost + c3sint = yiu(t) =c1 +cpcost +cysint

Let us calculate the particular solution y,, by using method of undetermined coefficients. Let us take y, = (A cost + Bsint)t +C. e 2,
The derivatives of the y), are as follows.

y;, = (Acost + Bsint) + (—Asint + Bcost )t —2Ce™* = (Bt +A) cost + (—At + B) sint — 2Ce ™
Yy =2(—Asint + Bcost) + (—Acost — Bsint)t +4Ce™* = (—At +2B)cost + (—Bt —2A) sint +4Ce™
¥y =3(—Acost — Bsint) + (Asint — Beost)t —8Ce™ % = (—Bt — 3A)cost + (At — 3B) sint —8Ce ™

Let us substitute them.
[(—=Bt —3A)cost + (At — 3B) sint — 8Ce ™| + (Bt + A) cost + (—At + B) sint — 2Ce™ 2] = 6cost — 4sint + ¢~

—2Acost —2Bsint — 10Ce % = 6cost — dsint +e %

1 1
=A=-3B=2,C= Tt (—3cost+2sint )t — l—oe_2’

The general solution of the given differential equation is

1
y(t) =c¢1 +cycost+cysint + (—3cost +2sint )t — Eefzt
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4. Find the general solution of y” —2y' +y = ¢*Inx, x > 0.

Solution: The char. eq. is r2—2r+1=0and its roots are r; = r, = 1. The general solution of the homogeneous eq. is
yh = c1€" +cpxe’
The particular solution is y,, = uje* 4 upxe* and we solve the system
Uy +uhxe* =0
u e +ub (e +xe*) = e“Inx
Therefore u{ = —xInx and u} = Inx and we can calculate u; and uy by using integration by parts easily

1 1
uy = f/xlnxdx = filenxqt 1x2 and up = /lnxdx=xlnxfx.

2 2
The general solution is

1 1 3 5
Yp = <,,x2 Inx+ sz) e+ (xInx —x)xe* = (flnxf Z) x2e

1 3
y(x) =cre* 4 cpxe* + <§ Inx— Z) xe




