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1. (20pts) Find the area of the surface generated by revolving the curve y = (4 — 2% 3)3/2 between
x =1 and x = 8 around y-axis.

SOLUTION:
(Method 1)
fla) = (a=a*)""
3 1/2 2 _
o = 3y (20)
— LB (4 _ x2/3)1/2
8
L= [ Wi+l @ra
1
8 2
A = 27?/ x\/1+[—x—1/3(4—x2/3)1/2} dx
1
8 8
= 27?/ xV4x=2/3 da::47r/ 223 dx
1 1
8
2
= 4r §x5/3 = 4r %—§ ziﬂumts.
57|, 5 5 5
(Method 2)

First, we express the in the form z = g (y) > 0, where y*3 = 4 — 2?3 «—= 2?® =4 — 3 —=

9(y) = (4—y2/3)3/2 vvhelreaﬁz8:>y:0andx:1:>y:33/2

1/2 gy—1/3 ’
'3

3 2 3
Then ¢ (y) = —3 (4 — y2/3)1/2 .gy_l/g. Thus 1 + [¢' (y)]2 =1+ [—5 (4 — y2/3)
1+ (4 . y2/3) y—2/3 =14+ 4y—2/3 —1= 4y—2/3.

Therefore, 27g (y) 1/ 1+ (¢’ (y))2 =27 (4 - 92/3)3/2

Ty = o (4 — y2/3)%/2 g1/

d
S = / 279 (y) \/ 1+ (¢ ()" dy
V27
= / 47 (4 — y2/3)3/2 Y3 dy.
0

2 2
To evaluate the last integral, we substitute v = 4 — /% and so du = _§y2/371 dy = —gy’1/3 dy.
When y = 0, we have ©v = 4 and y = V27, we have u = 1.

Therefore
3 [t 2
5= __/ dm (4?3 (=5 )y dy
2 /4 3

3 4
= —47r/ u?? du
2 1
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= “Zrunits®
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2. (15pts) Suppose f (z) = 2° + 22° + 42, and g (z) = f (x) for —00 < z < 0.
(a) Evaluate f (1) and g (7).

(b) Evaluate ¢’ (7).

SOLUTION:

(a)

Clearly, f (1) = (1)’ +2(1)* +4(1) =7 and so ¢(7) = f ' (7) = 1.

(b)

By the Inverse Function Theorem, we have

'(7) = 1 _{ 1 ] B 1 1
TN =90) ™ |52t + 622 1 4 o1 (Y461 +4 15




3. (15pts) Find the limit, if it exists

3 x
lim (1 + sin —) .
T—00 €T
SOLUTION:
First, the limit has the form 1°°.

3 x
Let y = <1+sin—) .
x

Then

Iny = zln <1+sin§>
x

In (1 + sin %)

Now the limit of this function has the form %

Thus
In(1+sin2
lim lny = lim ( T m)
T—00 T—00 P
L (—i) cos 3
sin 2 x? x
—  lim = T (L’Hopital’s Rule)
T—>00 —=2
3 3
= lim —————5cos— = 3.
z—oo | +sin = T
Therefore
Iny =3 and so y — €°.
Thus

3 X
lim (1 + sin —) =e3
T—00 €T




4. (20pts) Suppose coshz = 2.
(a) Find all values of = satisfying the given equation.
(b) Find cosh 2.

SOLUTION:
(a)
We have
coshz = 2@%:2@6%—%1:4&
— w?—4w+1=0, wherew = ¢".
<~ w172:2i\/§
= =2++3
<— len(?j:\/g)
(b)

We may proceed in two ways:

First, from coshz = 2 and cosh? z — sinh®2 = 1, we have (2)> —sinh®>z = 1 = sinh’*z = 3 =

sinhz = +v/3. ,
Now we use the identity cosh (22) = cosh® z + sinh® z = 2% + (j:\/§> =
Alternatively, from the definitions of cosh x and sinh z, we have

2x —2x
cosh2r = L
1 2x —2x 1
When z = (2—1—\/_), we have e” —2+\/_:>2( +e )25
1 1 1 7—4V3
h2z = - (7+4 T4+4V3+——— | =7
cosh 2z 2<+\/_+ 4\/_> 2<+\/_+49—48>

When z = ( ) e =2-1/3
\/§> = 7—4v/3 and ezx:( )
(e* + ‘29”):2(7 4\/_+7+4\/_>

eQx —

cosh2r =

l\DI}—‘/—\

[<2+ \/§>2+ (2+ \/5)1

_7+4f




5. (30pts) Evaluate the following integrals. (Remember arctanz = tan™' z)

dz
(a) /xarctan:v dx, (b) /—, (c) [ sec’xtan®z dx
Vi +dx/x

SOLUTION:
(a) We integrate by parts.

Let
u=tan"'z dv=xdx
du = —leg de v= %xQ
Then

/xtan_lxdac = /udv
= uv—/vdu

1 1 2 1 1 241-1
= —x2tan_la:——/ i dx:—than_lx—i/de

2 2/ 1422 2 14 22
1 1
= —x2tan1x——/ 1— dx
2 2 1+ 22
L, -1 1 -1
= 5:5 tan x——(x—tan x)+C.

(b)
First, we substitute

y=+/x and so z =1y* and dz = 2y dy.
Then we have

dx 2y dy / dy / 2 dy 1
e — —Z 7 =9 = —_—— =% 2y) +C
/ NCEN N /y T 442y 1+ 4y? T+ (2y)
= tan ! (2\/5) +C.

(c)

We have the product of odd powers of tangent and secant. Thus
/ secd rtan®x dr = / sec? z tan’® z sec x tan z dx

= /sec2 x (sech — 1) secxtanx dr  y =secx and dy = secxtanx dx

= /yz(yz—l) dy
1 1

1 1




