Math 114 Summer 2018 Second Exam

July 25, 2018
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Time limit is 75 minutes. If you need more room on your exam paper, you may use the empty spaces on the paper. You have to show your.
Answers without reasonable-even if your results are true- work will either get zero or very little credit.
o !
1. (a) (12 Points) Investigate the convergence or divergence of the series Z nfl)
o Converges. o Diverges. Test Used:
!
Solution: Use the Ratio Test. Let a, = v > 0 for each n > 1. We have
(2n+1)!
. ) ! 2n+1) (2n 21T
lelm@zllm(n+)(n+):ll (a1
| g | e et 3) (W8 5 0y 4 3) 0p gty ()]
1
Jim g = 0< 1]
The series converges by Ratio Test.
p.72, pr.8
—1
(b) (12 Points) Investigate the convergence or divergence of the series Z 474_2
n=
o Converges. o Diverges. Test Used:
(=] 1 _a
Solution: Use Direct Comparison Test with Z — which is a convergent p-series since p =3 > 1. Let a, = n47+2 >0
=in n
foreach n > 1. For n > 1, we have
entprs s 10 1
- n* T nt42 n* T nt42

N 1 ), n S n—1
n T rt+2 Tt 42

By Direct Comparison Test,the given series converges.

p.72, pr.8

Justify
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answer.

Justify
your
answer.
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2. (a) (10 Points) Does the series Z’(_l)nﬂ z

o Converges. o Diverges. Test Used:

converge absolutely? Converge Conditionally? Or diverge? Justify your answer.

3
Solution: Converges absolutely. Let @, = (—1)"! = for each n > 1. We have

- 3 > 3 © 3 /1 n—1 o
n+l — -1
Y (-1 “Xn=X; =Y ar
n=1 2 n=1 ¢ 2 n=1
Justify
1 1
:>a:§,r=*=> |r‘=*<1 Zr(l):\fver
2 2 2 '

This is a convergent geometric series because |r| < 1.

p.72,pr8

(Bx—2
(b) (15 Points) Find the radius and interval of convergence of Z xi)
n=0 7
Radius of Convergence: Interval of Convergence:
3x—2)"
Solution: Let u, = M Then
n
(3x72)”+1
1 1
lim |2 <1 = lim — <1 = lim |(3x— 2)L <1=|0Bx— 2)| hm 1+-) <1
n—yeo | U, n—eo| (3x=2) n—yeo n n
n e e
=1
=3x-2| <1
=-1<3x-2<1=1<3x<3
1
= -<x<l1
3 X

1 = (3 1y _ 2\ (1)
When x = —, we have Z ( (%) ) = Z (=) ,a conditionally convergent series.
3 n

— ((3 . . . . .
When x = 1, we have Z = = Z —, a divergent series. So the radius of convergence is R = 1; the interval of
n=1

1
convergence is > <x<L

p.583, pr.17
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Inx

3. (a) (12 Points) Find the Taylor series generated by f(x) = Inx about ¢ = 1. Use this to evaluate the limit lirr} T (Hint: You
—_— x=1x—
2 3 4

may use the series In(1 +x) T A +( 1)"xn + i( 1)”_1xn l<x<1)
X)=x— — - — —_ e — — —, = X
Y 273 4 n n =

n=1

Solution: By replacing x by x — 1 in the series for In(1 +x), we have

Inx = (x—l)—%(x—1)2+%(x—1)3—%()6—1)3—---—i—(—l)"_lw-l----: i(—l)"_l(x_l)n, 0<x<L2
n ‘ n

from which we find that

Inx :1—1(x—1)+1(x— 1)2—1(x—1)2—---+(—1)”*17(x_ ! o= i(—l)”"

x—1 2 3 3 n e n

Therefore, the limit is

nx ¥ — n—1
Jim - —lim<1;(xl)+;(x1)2;(x1)2-~~+(1)"_1(1)+~~~>—

—lx—1 x—1

p72,pr8

oo 2n+1
(b) (15 Points) Using the series sinx = Z(—l)”ﬁ, —oo < x < oo, write the first four nonzero terms for the series
n=0 g .
/sin(xz) dx.
Solution: From the series for sinx,
3 5 7 2n+1 oo 2n+1
X X x x X
sinx=x——=+——=+---+(-1)" +o= — , —oo < x < oo,
31507 (=1) (2n+1)! ngb( 2n+1)!
we substitute x? for x to obtain
6 10 14 4nt2 o 4n+2
s X X x n X X
smx” =x"— —+ ———+---+ = —oo < x < oo,
375 D a1y ,Ef S I

Therefore,

3 7x3 T 1ixsl Isx7

p.83, pr.52
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4. Given the vectorsu =2i+j+k, v=2i+3j+kand w= -2i+4j+k.
(a) (12 Points) If the angle between u and v is 0, then find cos 6.

Solution: First the dot product is

cos =

uev  (2i+j+k)e(2i+3j+k)

p-82, pr.35

lulv|]  |2i+j+K||2i+3j+K]|

2)2)+ 1))+ M)

T VP (2P B+ (1)
C4+43+1 [ 8
= Vevia | Ve

(b) (12 Points) Find the volume of the parallelepiped that is spanned by the vectors u, v and w.

Hence Volume = |(u X v) - w| = 8.

p-688, pr.48

Solution: We haveu=2i+j+k, v=2i+3j+kand w=—2i+4j+k.




