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Exercise 8 (Separable Equations).

(a) {Zy = (- 27

y(0) =—3 y(0) =1

Solve the following initial value problems:

—zdy _
xt+ye T2 =0
(b){ ¢

dy _ 2z
(C) dr ~ y+x2y
y(0) = 2

Exercise 9 (Stable, Unstable and Semi-Stable Equilibrium Solutions). Each of the following problems involve equations of
the form ¢’ = f(y). In each problem, (i) sketch the graph of f(y) versus y; (ii) find the equilibrium solutions (critical points)
of the ODE; and (iii) classify each equilibrium solution as asymptotically stable, semi-stable, or unstable.

(a) % =ay+by? a,b>0, yo > 0.

(b) %zay+by2, a,b> 0, —co < yo < 0o.

() ¥ =yly—1)(y—2), 50 >0.

Exercise 10 (Sick Students).

Suppose that the students of Istanbul Okan Universitesi can
be divided into two groups; those who have the flu virus and
can infect others, and those who do not have it but are sus-
ceptible. Let x be the proportion of susceptible individuals
and y the proportion of infectious individuals; then z+y = 1.

Assume that the disease spreads by contact between sick
students and well students, and that the rate of spread %
is proportional to the number of such contacts. So % =
k1 x (number of contacts). Further, assume that members
of both groups move about freely among each other, so the
number of contacts is proportional to the product of x and y.
So (number of contacts) = kozy. Since x = 1 — y, we obtain
the initial value problem
% = Oéy(l - y)7 (1)
y(0) = yo,
where o« > 0 is a constant, and 0 < yo < 1 is the initial
proportion of infectious individuals.

(d) % =y(1-y)? —oco <y < o0.

(e) %:ey—l, —00 < Yp < 0.

() %ze‘y—l, —00 < yp < 00.

Istanbul Okan Universitesi ogrencilerinin  iki gruba
ayrildiklarim varsayin; grip viriisi tagiyan, diger 6grencilere
bulastirabilecek olanlar ve virilisii tasimayan ancak hastaliga
yakalanabilecek olanlar. Hastaliga yakalanabilecek bireylerin
oran1 z; hastaligi tagiyan ve bulagtirabilecek olanlarin orani
y’dir. Bu durumda x +y = 1.

Hastaligin, hasta ogrencilerle saglikli 6grenciler arasinda etk-
ilegimle yayildigimi, ve %’ olan yayilma hizinin etkilesim
sayisiyla orantili oldugunu varsaymn.  Yani ‘2—? = k X
(etkilegim sayis1).  Ayrica, her iki grubun iiyelerinin bir-
birlerinin arasinda serbestge dolagtiklarini varsayin; boylece
etkilesim sayisi x ve yenin c¢arpimlar: ile orantilidir. Yani,
(etkileg im sayis1) = koxy. = = 1 — y oldugundan, (1)’
elde ederiz. «a > 0 sabit sayidir, 0 < gy < 1 hastalik
bulagtirabilecek 6grencilerin en bagtaki oramdir.

(a) Find the equilibrium points for the differential equation and determine whether each is asymptotically stable, semi-

stable, or unstable.

(b) Solve (1).

(¢) Suppose that yo > 0. Show that tlim y(t) = 1, which means that ultimately all students catch the disease.
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Exercise 11 (Exact Equations). Determine if each of the following ODEs is an exact equation. If it is exact, find the
solution.

(a) (2w +4y)+ (22 —2y)y' =0 (d) (2zy” +2y) + (22°y + 22)y' = 0
_ ! — d
(b) 2z +3)+(2y—2)y' =0 (e) (”siny —2ysinx) + (e” cosy + 2 cos m)ﬁ =0
dy
(¢) (32® —2xy +2) + (6y* — 2® + 3)% =0 (f) (e"siny + 2y)dx + (3z — e*siny)dy = 0

Exercise 12 (Exact Equations). The following equations are not exact. For each one, (i) find an integrating factor (u(z)
or p(y)) which changes the equation into an exact equation; and (ii) solve the equation.

(a) (3% + 27y + ") + (&2 + 7/ =0 © dot (£ siny) dy =0
)
(b) ¥ =e* +y—1 (d) y+ 22y —e ™)y’ =0
Exercise 13 (Homogencous Equations).  Use the substitution v(z) = £ (or equivalently y = v(z)z and then y' =

v'(x)z + v(z)) to solve the following ODEs:

2 2\ T _ 200 2 32 d
(a) (x* + 32y +y*)dr —a°dy =0 (b) dy _x” -3y (c) x£:y+m
dx 2y dx

Exercise 14 (Bernoulli Equations). ~ We can use the substitution v(z) = y'=" to solve y’ + p(t)y = q(t)y". Use this
technique to solve the following ODEs:

(a) t2y +2ty —y> =0
(b) 3 = ry — ky? (where 7 > 0 and k > 0 are constants). This is an autonomous equation called the Logistic Equation.

(c) 3 = ey — oy® (where ¢ > 0 and o > 0 are constants). This equation occurs in the study of the stability of fluid flow.
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