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2018-19 MATH216 Mathematics IV — Solutions to Exercise Sheet 4 N. Course

Exercise 19 (Homogeneous Second Order Linear ODEs with constant coefficients).  Find the general solution of the
following ODEs:

() y' =2y +2y=0 (e) ¥y +6y +13y =0 (i) 4y” +12y + 9y =0 (m) 4y” + 17y +4y =0
() ' +2y +2y=0 (f) 9" + 16y =0 (G) 4y — 4y -3y =0 (n) 4y" + 20y’ + 25y =0
(c) ' +2y —8y=0 (&) ¥y' =2y +y=0 (k) ¥" -2y +10y =0 (0) 25y" —20y" +4y =0
(d) v" -2y +6y=0 (h) 99" +6y +y=0 (1) v —6y +9y =0 (p) 29" +2y +y=0
Solve the following IVPs:
9y"” + 6y’ +82y =0 y' =6y +9y =0
(@) q4(0)=-1 (r) 4y(0)=0
y'(0) =2 y'(0) =2
Solution 19.
(a) The characteristic equation is (m) y=cre 3 + e ¥
2 —2r4+2=0. (n) ,i+ o= %
n) y= T 4 cote 2
Thus Y ?
T:L V4_8:1:|:Z'. (0) y:C1€%+CQt€%

2
Hence we have complex roots with A = 1 and p = 1. (p) y= cle_% COSE + cze_% sinz
The general solution to the ODE is therefore 2 2

t t .
= c1e cost + coe” sint. 5
! ' ’ (@ y= —e™ % cos 3t + §e*% sin 3t

(b) y=cre "cost + coe 'sint
r) The characteristic equation is
(c) y=cie® + cpe™™ (x) ;1 )
0=r"—6r+9=(r—23)
(d) y = cret cos VBt + cget sin Vbt o
which implies that we have the repeated root r = 3.
(e) y = cie " cos 2t + coe ' sin 2t Therefore the general solution to the ODE is
4 — 3t t 325.
f) y =ci1cos—t+ cysin =t y=ae +cote
3
(&) y=crel + et Since
g) y=cae Tcegle Y = 3c1e3 + coet + 3eatedt
(h) y=cre7s +egtes we have that
() y=cre™ % +cpte™ % 0=y(0)=c1+0
. 3t 2=1y'(0) =3c1 +c2 +0,
() y=cre 2 4 cge2
. . which imples that ¢; = 0 and co = 2. Therefore the
(k) y = cie’ cos3t + cae”sin 3t solution to the IVP is
(1) y = cre® + cote?! y = 2te>t
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Exercise 20 (Reduction of Order). In each of the following problems:
(i) Check that y; solves the ODE;

(ii) Use the method of reduction of order to find a second, linearly independent solution, ys
[HINT: Start with y2(¢) = v(t)y1(¢).];

(iii) Check that your ys solves the ODE; and

(iv) Calculate the Wronskian of y; and ys.

(a) 29" +2ty —2y=0, t>0; yi(t)=t (d) 2y —t{t+2)y +(t+2y=0, t>0; y(t)=t
(b) 2" —4ty’ +6y =0, t>0; y(t) =1t (e) wy” —y +42®y =0, =>0; vy (r)=sina?
(c) 2" +3ty' +y=0, t>0; yi(t)=t"" ) =1y —2y/ +y=0, z>1; y(x)=¢€"

Solution 20.

(a) (i) First we calculate that y; = 1, ¥ = 0 and that (
2y + 2ty) — 2y; = t2(0) + 2¢(1) — 2(¢) = 2t — 2t = 0.
Hence y; (t) =t solves the ODE. (c
(ii) As per the hint, we start with ya(t) = v(t)y1(t) =  (
v(t)t. Then y5 = v't+v and y§ = v”t+2v". Substituting
into the ODE, we calculate that (e

0= t2ys + 2tys — 2ys
=12(v"t 4+ 20) + 2t (vt +v) — 20t
= 30" + /(2% 4 2t%) + v(2t — 2t)
— L‘B’UN + 4t2’Ul
=2 (tv” + 4').
Letting u = v’, we obtain the first order ODE

du
t— =
7 4+ 4u = 0.
We calculate that
g
dt
d dt
de_ g
u
du__, [
u t

In|ul =—4In|t|+C

uw=+et 4 =ct™*

and

:/u dt = / ct™t dt = fct_ + k.
Thus y2(t) = v(t)t = —3ct™2 + kt. Choosmg c= -3
and k£ =0, we obtaln the solution

ya(t) =72
(ifi) Since y5 = —2t~% and y5 = 61, we have that
2yl 4 2ty — 2o = t2(6t 1) 4+ 2t(—2t73) — 2t 72

=612 —4t72 272

=0
as required.
(iv) We have that
-2
‘Zi zz = ‘i —t2t*3 = 2722 = 3172 £

Therefore y; and y- are linearly independent.
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