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2018-19 MATH216 Mathematics IV — Solutions to Exercise Sheet 7 N. Course

( 1)dF

1 " we have that —£ 1 [4£

Hint for 27(j)-(k): Note that since L [tf(t)] = | =tf(t) and thus f(t) = —;L* [LiTI:]-

Exercise 28 (The Laplace Transform). Use the definition L[f](s) = / e 5" f(t) dt to prove that the following identities
0
are true. The first one is done for you.

(w) L[1](s) = 3

S A e—st14 e—sA 0
L A N R T T e e O
(a) L[t*](s) =& for s >0 (d) L[coshat](s) = zt= for s > a
(b) L]cosat](s) = 7y fors >0 (e) L[f(ct)](s)=2L[f] (%)
(c) L[sinhat|(s) = =% for s > a (£) LL[f](s)=—L[tfF1)](s)

Solution 28.

(a) Using integration by parts, we calculate that if s > 0 Rearranging this equation gives

then -
L[t*](s) :/ et dt L
0 a? a2
B [_th_St]oo _/Oo_e_St 2t dt s’L—a’L=s
S 0 0 S I = S
:2/00 et dt o
st Oo st as required, if s > a.
(] )
s 0 s
2/ —st gy (e) Let & = ct. Then d¢§ = cdt and dt = %df. Thus
52
2 7St >~ —st
= L[f(ct)](s) = e " f(et)dt
T8 0
2 e 1
= c — d

=3 ) | et e
. o0 . (oo}

where the notation [~}0 means Ah_r)n()o [']0' _ 1/ e_%gf(f) e

. ¢ Jo
(b) omitted B 1£[f] (8)
(¢) omitted S c

(d) For brevity of notation, let L = L[ coshat](s). Again
using integration by parts, we have that
oo

L= / e *" cosh at dt
0 (f) We calculate that

as required.

1

—st 1 : = > —st 1 :
e **—sinh at — —se” **—sinh at dt
a 0 0 a

[e'e] dS

= f/ et sinh at dt

a Jo

1 o o 1

-3 ([e_St cosh at} — / —se %t~ coshat dt)

a a 0 0 a

1 o0

_3 < + f/ e *t coshat dt)

a a ajy

s 52

== + ?L. as required.
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£[f](s) = js/ooo =L F (1) dt

* d
:/0 ge—stf(t)dt

= /OO —te S f(t) dt
0

—L[tf(t)](s)



Exercise 29 (The Laplace Transform).

" +4x =0
z(0) =5
z'(0)=0

' -2 —2x =0
z(0) =0
z'(0) =2

2/ +9x =1
z(0)=0
z'(0)=0

" + 6z + 252 =0
x(0) =2
2’'(0) =3

Solution 29.

(a) We calculate that

[s>F(s) — sz(0) —

Use the Laplace Transform to solve the following initial value problems:

Therefore the solution to the IVP is z(¢) = 5 cos 2t.

(b)

[s*F(s) — sz(0) —

[s*F(s) — sz(0) —
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z®) —|—4x”—|—5x +2x = 10cost

2"(0) = 23 (0) =

=0

" — 62" +8x =2 0 @ 422" 4 = 2
(e) ¢x(0)=0 z(0) = 2/(0) =
z'(0)=0
' —dx =3t .
() {2(0)=0 W {
z'(0)=0
2 4 4z’ + 8 = et x”+4x + 13z = te™!
() 3 (0) =0 (k)
2'(0) =0
@ + 82" + 162 = 0 sin 2¢
(h) § =(0) =2(0) =2"(0) =0 1 %
z®)(0) =1 (%) =
L[z" +4z] = L[0]
Z(0)] +4F(s) = 0
(s> +4)F(s)—5s = 0
o8
O = @
z(t) = L1 {(525:9% 4)] = 5cos 2t
L' —a —2z] = L[0]
1:’(0)] — [sF(s) —z(0)] — 2F(s) =
(s°—s—2)F(s)—2 =
2
Fs) = (s2—5-2)
_ 2 2
wt) = L7 3(s—2) 3(s+1)
200 2 4
x(t) = 3¢ 3¢
Lz +9z] = L[1]
' (0)] +9F(s) = é
(s> +9)F(s) = é
1
Fls) = s(s2+9)
|1 s
@) = {95 9(s2 + 9)}
xz(t) = % - 1cos 3t

1



L[z + 62" +25z] = L][0]
[s°F(s) — sz(0) — 2/ (0)] + 6 [sF(s) — z(0)] + 25F(s) = 0
(s°+6s+25)F(s) —2s—3—12 = 0
25+ 15
PO = oies+m
1 25415 -
w0 = £ | ) -
o 2(s+3) 9
o) = £ [(s+3)2 T (s+3)2+ 16}
z(t) = 2e 3t cosdt+ %e*‘% sin 4t
L[z" —62" +8x] = L[2]
[5F(s) — sa(0) — ' (0)] ~ 6 [sF(s) ~ a(0)] + 8F(s) = -
(s°—6s+8) F(s) = §
2
Fs) = s(s2—6s+38)
_ 1 1 1
w0 = LT o) s
{E(t) _ 1 4t_%€2t+i
L[z" — 4z] L [3t]
[s*F(s) — sz(0) — 2’ (0)] — 4F (s) S%
(52 —4) F(s) s%
3
Fls) s2(s2 —4)
z(t) £t 5 _ 3 5

L[z" + 42" + 8x]
[s?F(s) — sz(0) — 2/(0)] + 4 [sF(s) — 2(0)] + 8F (s)

(s* +4s+8) F(s)

[S4F(s) — $32(0) — s22/(0) — sz (0) — 2 (o)] +8 [s2F(s) — s2(0) — 2/ (0)] + 16F(s)

s+1

s+ 1

(s+1)(s2+4s+38)
1{1 1 1 s+3 ]

55+1 5(s2+4s+8)
1 1 1 s+2 1 2

Bs+1 5(s+2)%+4 10(s+2)>+4

-1

Ly 1 4 L o,
= —e'—= 2t — — 2
56 56 cos 2t 106 sin 2t
E{x(4)+8x"+16x} = L][0]
=0
(s +8s*+16) F(s)—1 = 0
(s +8s*+16) F(s) = 1
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This implies that

1
Fs) = —
(s) s* 1852 + 16
1
x(t) = L£7F —
(2 +4)
1
z(t) = 3 (sin2t — tcos 2t) .
(i)
L {x(‘l) + 22" + a:] = L]e*]
1
[5(4)F(s) — s32(0) — 522/ (0) — sz”(0) — 2® (0)} +2 [s*F(s) — sz(0) — 2/(0)] + F(s) = 5
5 —
. 1
(s*+282 +1)F(s) —s® —s? —s—1-2s—2 = 5
5 —
1 _3 2_ 34 5
(s*+25 +1)F(s) = ——=+s+s°+3s+3= S e
5§—2 5§—2
Fls) = —3s+s2—s3+s1 -5
(s—2)(s*+2s2+1)
_ 2_ 3, A 5
o) = £ 35+ 5% —s +82
(s —2)(s2+1)
1 1 124 2 1
ot) = £V 4L s+23 1 9$+82
255—2 25 s2+1  5(s241)
z(t) = 1 (e* + 24 cost + 23sint) + gtsint + %(sint —tcost)
25 10 5
Therefore z(t) = & [2€" + (48 — 40t) cost + (45t + 86) sint] is the solution to the IVP.
)
L [x(3) + 4z + 52’ + 24 = L[10cost]
3 2 / 7 2 ’ 10s
[s°F(s) — s%x(0) — s2’(0) — 2”(0)] + 4 [s°F(s) — sx(0) — 2’ (0)] +5[sF(s) — x(0)] +2F(s) = 211
10s
3 2
(s° +4s° +5s+2) F(s) -3 = 211
10s 354+ 10s + 3
3 2 _ _
(S +4s +58+2)F(8) = m‘F —327“
2
1
Fls) = 3s° 4+ 10s 43
(s24+1) (s34 452+ 55+ 2)
1 352 +10s+ 3
z(t) =
(s24+1)(s3+4s2 + 55+ 2)
2 2 1 S 2
t)y = £7! - - —
z(®) s+1 (s+1)° s+2 32—|—1+52+1
z(t) = 2e ' —2te”! —e? —cost + 2sint
(k)
Llz" + 42’ +13z] = L[te]
1
[s*F(s) — sz(0) — 2/(0)] + 4 [sF(s) — 2(0)] + 13F(s) = 5
(s+1)
1
2 +4s+13) F(s) -2 =
( ) (s +1)°
1 45+ 25 +3
(s +4s+13) F(s) = b
(s+1) (s+1)
45 +2s* +3

F(s) =

(s +1)%(s2 + 4s + 13)
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and

4s + 25243 B A n B . Cs+D
(s + 1) (s2 4 4s + 13) s+1  (s+1)? $2+4s5+13

-1 1 1 98
50 10° 50 50

o) = £ L S S S S o S 3

50s+1 10(s+1)* 50(s+2)*+9 50(s+2)*+9

1 1 1 32

z(t) = —%67t+ﬁte4+%e*2tcos3t+%e*2tsm3t

(1) If we use the substitution & = ¢ — § then we have

2 +x = sin(2k+ )
2 +x = —sin2k
L[z" +x] = —L][sin2k]
2
2F(s) — 0) —2'(0)+ F = ——
FE(s) — 52(0) ~ )+ Fls) =~
2
2
1) F(s)—2s = ———
ey = gty
2 253 + 85 —2
2y F = __f 4os—Z22T7°
(s> +1) F(s) 2yt 1
253 + 85 — 2

T+ 1) (s +4)

By using partial fractions we obtain

253 +8s—2 _As+B CUs+D

F = =
() E1) (214 241 T 214
25> 4+85—2 = 4B+ D+ As® + Bs> + Cs® +s°D +4As + Cs
2 2
A = 2B=--,0=0D==
) 37 ) 3
25% 4 85 — 2 2s 2 1 1 2
F(s) = 2 2 =2 T 22 +33
(s2+1)(s2+4) s24+1 3s2+1 3s2+4
2 1
z(k) = 2cosk—§sink+§sin2k
2 1
x(t) = 2cos(t—g)—gsin(t—g)—i—gsin(%—ﬂ')
) 2 cost+2sint — ~sin2t
= —- int — = sin
x 3 €0 s 35
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