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2018-19 MATH216 Mathematics IV — Solutions to Exercise Sheet 8 N. Course

Exercise 30 (Systems of Linear Equations). Find the general solutions to the following systems of ODEs:

@ ==y 1|x @) {7, v
: y'=-bx+y D) qy =2+3y+=z
(-3 2 Z=-3z+y—=z
(b) x' = _3 4:|x (h) 2 =z — 4y
:3 . v =x+4y ' =3x+y+z
(c) X' = |, _3] X. (m) Sy =3y+z
L ' =x—3y o — 6z

=3z +y

<
I

r=2x+4+y—=z

N o =4 -2y (n) Sy =—4x—3y—=2
, 09,
(©) {x=3x—y Yy =b5x+ 2y 2 =4+ 4y + 2z

Y =dr—y

(0) {x:i S + 4y (k)
Yy =-z+y

Solution 30.

(a) Note that
1—-A 2

— 2_ — — —
s oy =N -3=0 -3+ D).

det (A—AI) =

Thus, the eigenvalues of A are {3, —1}. Since the eigenvalues of A are real and distinct, the eigenvectors of A are linearly independent and can be
calculated as follows.

-2 2 1
0 = (A—3I)Q1f{ 9 _2]Q1:>C117[1],
2 2 1
0 = (A+I)qz—[2 2]012:>Q2—[71]‘
Consequently, the general solution is
— 1 1 —
x(t) = caaqe® toqpe = [ 1 ]em +c2 [ . ]e t7
o clest +cze_t
- c1e®t —coe™t |”
(b) Note that
-3 -2 2 2
det (A=XI) = _3 RN =X =-A—-6=AX=-3)(A+2).

Thus, the eigenvalues of A are {3, —2}. Since the eigenvalues of A are real and distinct, the eigenvectors of A are linearly independent and can be
calculated as follows.

-6 2 1
0 = (A—3I)Q1—{73 1]Q1:>q1—[3],
-1 2 2
0 = (A-‘r?I)Csz[_s 6}112:1127[1].
Consequently, the general solution is
_ 1 2 _
x(t) = aqe’ teoqe P =c [ 3 ]egt + c2 [ 1 ]e ,
_ c1e3t 4+ 2c0e7 2
B 3c1e3t + coe” 2t |
(c) Note that
det (A=XI) = 3-A ~1 =X —4=0A=-2)(A+2)
N 5 —3-X | - :

Thus, the eigenvalues of A are {2, —2}. Since the eigenvalues of A are real and distinct, the eigenvectors of A are linearly independent and can be
calculated as follows.

1 —1 1
0 = (A*2I)Q1f{5 75}Q1:>q17[1],
5 -1 1
0 = A+21 = = .
(A+2I) qz [5 71}012:>CI2 [5]
Consequently, the general solution is
— 1 1 —
x(t) = ciqie® +cagae” 261[ 1 ]e2t+02[ 5 }e )

clezt + cze_m‘
cre?t + 5C2€72t
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(d) The equations above can be written as

x/=Ax=[4 71]x,wherex=[z].
1 2 Yy

Thus, the eigenvalues of A are
4—A -1

det (A—XI) = ‘ : Y

‘:A2—6>\+9:(>\—3)2.

In this case, we first calculate the generalized eigenvector q; of order one as follows.
1 -1 1
0= (A-3I = = = .
(A=3T) qu [1 71}011 qi {1]
Then, we calculate the generalized eigenvector r; of order two as follows.

1 -1

1
(A—3I)r1:q1:>[ 1 -1 }r1:q1:>r1:[ 0 ]

Consequently, the general solution is
1 1 1
x(t) = ciqie® +eo(tqr +r1)e = [ 1 ]esf' + c2 (t[ 1 ] + { o D e,

c1e®t + co (t+1) &3t
c1e3t 4 cotedt :

(e) The equations above can be written as

; 3 -1 | =
x_Ax_[4 71]x,wherex_[y].
Thus, the eigenvalues of A are
3—2A -1

det (A—XI) = ‘ 4 1

‘:)\272)\+1:()\71)2‘
Similar to the previous case, we first calculate the generalized eigenvector q; of order one as follows.
2 -1 1
Of(A*I)(hf[ 4 _9 ]Q1:>Q17[ 2 }
Then, we calculate the generalized eigenvector r; of order two as follows.
2 -1

(A—I)!‘lquﬁ[4 5

0
]1‘12011:>1‘1:{ 1 ]

Consequently, the general solution is
1 1 0
x(t) = ciqie’ + o (tay +r1)et =c1 [ 9 ]et + ca (t[ 9 ] + { ]) et

clet + cztet
2ciet +ea (2t —1)et

(f) The equations above can be written as

x = Ax = 5 4 x, where x = T,
-1 1 Y

Thus, the eigenvalues of A are

5—A 4

det(A—AI):‘ AN

‘:/\2—6)\+9:(>\—3)2.
Similar to the previous case, we first calculate the generalized eigenvector q; of order one as follows.
2 4 2
0=(A-3D)q: = [ 1 o }CII = q = { 1 ]

Then, we calculate the generalized eigenvector ri of order two as follows.

2 4

(A73I)I‘1 =q1 — [ _1 9

(=3
[E—

] ry =qp = riy = [
Consequently, the general solution is
2 2 1
x(t) = clqle3‘+02(tq1+r1)e3t:c1[ . ]e?’t-&-cz (t[ 4 ]+{ 0 ])e?’t,

2c1e3t + co (2t +1) e3t
—c1e3t — cote ’

(g) The equations above can be written as

x =Ax = 3 2 x, where x = T
-5 1 Yy

The characteristic polynomial is
3—X 2

det(A—)\I):‘ PN

‘:A2—4>\+13.

Note that the characteristic polynomial is of the form A2 — 20\ 4+ 62 + w? where 0 = 2 and w = 3. Thus, the eigenvalues of A are {2+ 3j5}. The
eigenvectors are q; £ jqz which satisfy the following equation.

2 3
A[Ql OI2] = [Cu 012}[73 2}:>
0 3
(A-2D)[ g1 g2 ] = [ a1 qz}[_g 0]
Since A% — 20A + (02 + w2) I =0, q1 can be chosen as an arbitrary nonzero vector. Let us choose q1 := [ 1 1 ]T and calculate q2 as follows
1 2 -1
(A-2I)q1 = —3q2 = 5 1 qi = —3qs = q2 = 9 )
Consequently, the general solution is
x(t) = (c1d1 + c2q2) e2t cos 3t + (caq1 — c192) e2t sin 3t,

(] 1] e 3 ])eroomsin (a1 ] e[ 5 ]) s

. ¥ (c1 — c2) cos 3t + (c1 + c2)sin 3t
(1 4 2¢2) cos 3t — (2¢1 — ¢2) sin 3t
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(h) The equations above can be written as

x,:Ax:[1 74]x,wherex:[2].

The characteristic polynomial is
1—X —4

det (A—AI) = ’ I

':,\272,\+5.

As in the previous case, the characteristic polynomial is of the form A? — 26\ + 02 + w? where ¢ = 1 and w = 2. Thus, the eigenvalues of A are
{1+ 2j}. The eigenvectors are q1 + jq2 which satisfy the following equation.

1 2
A[Ql qrz} = [Ou 012][72 1]:>
0 2
A-D[a1 a | = [a (12][_2 0]4
Since A% — 20A + (02 + w2) I = 0, q1 can be chosen as an arbitrary nonzero vector. Let us choose q1 := [ 0 1 }T and calculate q2 as follows

0 -4 2
(A*I)q1:72q2:>[1 o }Q1:*QQ2:>Q2:{O]-

Consequently, the general solution is

x(t) = (c1d1 + c2q2) el cos2t + (coq1 — c192) e! sin 2t,

(o] o) (o £] - 3o

_ et[ 2 (cg cos 2t — ¢y sin 2t) ]

c1 cos 2t + co sin 2t

(i) The equations above can be written as

;o |1 =3 =
fox7[3 1 ]x,wherexf[y].

The characteristic polynomial is
1—A -3

det (A—AI) = ‘ PR

‘:,\272>\+10.

As in the previous case, the characteristic polynomial is of the form A% — 20X 4+ 02 + w? where 0 = 1 and w = 3. Thus, the cigenvalues of A are
{1+ 3;}. The eigenvectors are q1 £ jq2 which satisfy the following equation.

1 3
Alar q ] = [a& (12][_3 1]:>
0 3
A-D[a1 a ] = [a q2][—3 0]‘
Since A% — 20A + (02 + wz) I =0, q1 can be chosen as an arbitrary nonzero vector. Let us choose q1 := [ 1 0 }T and calculate q2 as follows

0 3 0
(A—I)Q1=—3Q2:[ 3 0 }Q1=—3Q2=>Q2={ 1 ]

Consequently, the general solution is

x(t) = (c1a1 4 c2q2) e’ cos3t + (caqi — c1q2) e’ sin 3t,

(o[]S P ([ ] £])

_ ot (c1 cos 3t + co sin 3t)
- (c2 cos 3t — ¢y sin 3t)

(j) The equations above can be written as

;o 4 -2 Tz
x_Ax_[5 9 ]x,wherex_[y].

The characteristic polynomial is
4—X -2

det (A—AI) = ‘ PR

‘:)\2—6)\—&-18.

As in the previous case, the characteristic polynomial is of the form A% — 26X 4+ 62 + w? where 0 = 3 and w = 3. Thus, the eigenvalues of A are
{3 £ 3j}. The eigenvectors are q1 + jq2 which satisfy the following equation.

3 3
Alar a2 ] = [a a || =
3 3
0 3
(A—3I) [ q1 q2 ] = [ qi q2 } .
-3 0
Since A% — 20A + (02 + w2) I =0, q1 can be chosen as an arbitrary nonzero vector. Let us choose q;1 := [ 1 0 }T and calculate q2 as follows

0 3 0
(A*3I)QI:*3Q2:>{ _3 0o }Q1:73Q2:>Q2:[ 1 ]

Consequently, the general solution is
x(t) = (c1a1+ c2qz) e cos3t + (caqn — c1q2) €’ sin 3¢,

(o 8 e ([ 3] 2] oms

_ GBt| crcos 3t 4 c2sin 3t
o cg cos 3t — ¢q sin 3t
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(k) The equations above can be written as

11 -1 T
x =Ax=| 2 3 —4 |x,wherex=| y
4 1 -4 z
The characteristic polynomial is
11— 1 -1
det (A=MXI) = 2 3—A —4 =A=-1)A=2)(A+3).
4 1 —4 -

Thus, the eigenvalues of A are {1,2,—3}. Since the eigenvalues are real and distinct, the eigenvectors of A are linearly independent and can be

calculated as follows.

ro 1 -1 1
0 = (Afl)qlz 2 2 —4 q1 — q1 = 1 B
L4 1 -5 1
[ -1 1 —1 1
0 = (A-2)qz2=| 2 1 -4 C12:><312—[2 ,
l 4 1 -6 1
r4 1 -1 1
0 = (A+3D)gz=| 2 6 —4 |g3=q3= 7
L4 1 -1 11
Consequently, the general solution is
1 1 1
x(t) = cae’ +erqze® fezaze P =ci | 1 |eftea| 2 || T |7
1 1 11
clet + 0262t + C3€73t
= cret + 2(;262t + 7(;36_31’
cret + coe?t + 11cge ™3t
(1) The equations above can be written as
1 -1 -1 T
x' =Ax = 1 3 1 X, where x = | y
-3 1 —1 z
The characteristic polynomial is
1—A —1 —1
det (A=XI) = 1 3—X 1 =A=-2)(A=3)(A+2).
-3 1 —1—-X

Thus, the eigenvalues of A are {2,3, —2}. Since the eigenvalues are real and distinct, the eigenvectors of A are linearly independent and can be

calculated as follows.

M -1 -1 -11] M1
0 = (A-2I)q: = 1 1 1 Q1 = q1 = 0 ,
| —3 1 -3 | L —1 |
[ -2 -1 -1 1] M1 7
(0] = (A—3I) q2 = 1 0 1 q2 =— q2 = -1 s
| —3 1 -4 | | —1 |
[ -1 -1 —1 ]
0 = (A+21) q3 = 1 5 1 q3 — q3 = 1
. —3 1 1 ] L —4 |
Consequently, the general solution is
1 —1
x(t) = crae® +eaqee® tezase™ =1 | 0 | 4| -1 [ tes| 1 |7,
-1 -1 —4
cre?t 4 coedt — C3872t
= —cpe?t 4 cge” 2t
—cret — cpe?®t — dcge 2
(m) The equations above can be written as
3 1 1 T
x =Ax=| 0 3 1 |x, wherex=| y
0 0 6 z
The characteristic polynomial is
3—A 1 1
det(A-XI)=| 0 3-Xx 1 |=(A-6)(\-3)°.
0 0 6— A

Thus, the eigenvalues of A are {3,3,6}. The eigenvectors belonging to A = 3 are generalized eigenvectors and can be calculated as in Question 6.
Therefore, it follows that

0o 1 1 1
0 = (A-3)q: = 0O 0 1 q1 = q1 = 0 s
0 3 ] 0
0o 1 1 0
(A*BI) ry = q — 0 0 1 rH =q —rp = 1 s
o 0 3 0
-3 1 1 4
0 = (A-6I)q2 = 0 -3 1 |gqe=>q2=| 3
0 0 0 9
Consequently, the general solution is
x(t) = cique® +ca(tqr +r1)e® + csqee®
1 1 0 4
= c1 0 &3t +c2 |t 0 + 1 &3t + c3 3 th',
0 0 0 9

cleSt + cztest + 4C3€6t
= 025‘“ + 363€6t
9C3€6t
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(n) The equations above can be written as

2 1 -1 T
x' =Ax=| -4 -3 -1 |x,wherex=| y
4 4 2 z
The characteristic polynomial is
2—A 1 —1
det (A—AI)=| -4 —3-x -1 |=(\-1) (/\2+4),
4 4 2—A

Thus, the eigenvalues of A are {1, +2j}. The eigenvectors belonging to A = +2j are {q1 * jq2}.Note that

-4 -5 =5 0 -5 =5
A’441=| 0 1 5 |44I=|0 5 1
0 0 —4 0 0 0
‘We can choose q; so that (A2 + 41) q1 = 0. Hence, we get
0 -5 —5 1
0:(A2+4I)q1: 0 5 1 |ai=aqi=]0
0 0 0 0
Then, similar to the problems in R?, we can choose qoas follows.
2 1 —1 —1
(A—ol)q1 = —wqz = | -4 -3 -1 |q1=-2q2 = q2 = )
4 4 2 —2
Finally, the eigenvector for A = 1 can be calculated as follows.
1 1 -1 1
0=(A-I)qs = —4 -4 -1 |q3=q3 = -1
4 4 1 0
Consequently, the general solution is
x(t) = (c1q1 + c2qz)cos2t + (c2q1 — c1qz)sin 2t + csqse’
1 -1 1 -1
= c1 0 + co 2 cos2t + | ca 0 —c1 2 sin 2t + c3
0 —2 0 —2

(e1 — c2) cos2t + (c1 + c2)sin 2t + cset
2cg cos 2t — 2¢q sin 2t — C3et
2c¢1 sin 2t — 2¢o cos 2t
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Exercise 31 (Initial Value Problems). Solve the following IVPs:

|3 ;|4 -3 ¥ =3r+z
T3 o *Tle 7| Y =9 —y+22
(a) (b) b B
1 8 (©) Z==-9x+4y —z
0= <0 =1, #(0) =0
y(0)=0
z(0) =17

Solution 31.

(a) Note that

=2 -5A-6=(A—-6)(A+1).

dct(Af)\I):’?’_)‘ 4 ‘

3 2—-A

Thus, the eigenvalues of A are {6, —1}. Since the eigenvalues of A are real and distinct, the eigenvectors of A are linearly independent and can be

calculated as follows.

-3 4 4
0 = (A—Gl)cn—{ 3 _4]q1=>q1—[3],
4 4 1
0 = (A+I)Q27[3 3]Q2:>Q27[71].
Consequently, the general solution is
_ 4 1 _
x(t) = caqe® fege =0 [ 3 ] e 4o [ 1 ] e,

cleet — 0267t

_ [ clthJche’t' ]

Note that at ¢ = 0, we have

x(0)

5] -

Thus, the solution of the initial value problem is

Il
=

(b) Note that
4—- X -3

det (A—AI) = ’ PRAEN

‘:A2+3>\710:(>\72)(>\+5).

Thus, the eigenvalues of A are {2, —5}. Since the eigenvalues of A are real and distinct, the eigenvectors of A are linearly independent and can be

calculated as follows.

2 -3 3
0 = (A*QI)Ql—{G 79]Q1:>Q1—[2]1
9 -3 1
= A I = = .
0 (A+51) qz [6 _2}q2=>q2 [3]
Consequently, the general solution is
_5 3 1 —5
x(t) = ciaie® +caqae t:q[ 5 ]e2t+02[ 3 ]e :

36162t + cze_5t
- 2¢1e?t + 3cpe™®t |

Note that at ¢ = 0, we have

_ 8 _ 3 1 c1
<o = [5]-]2a]l5]=
e _ 1 3 -1 8] _1[ 24
) o7l -2 3 0 71 —16
Thus, the solution of the initial value problem is
8 [ 9e2t —2¢7 5t
x(t) = 7 [ 6e2t _ Go—5t ]
(c) The equations above can be written as
3 0 1 T
x' = Ax = 9 -1 2 x, where x = | y
-9 4 -1 z
The characteristic polynomial is
3—A 0 1
det (A—AI)=| 9 —1-2x 2 = (A2+2>\+2) (A—3).
-9 4 —1-2Ax

Thus, the eigenvalues of A are {3, —1 + j}. The eigenvectors belonging to A = —1 £ j are {q1 £ jq2}.Note that

8 4 4
A?42A42I=| 18 9 9
0 0 0

www.neilcourse.co.uk/math216.html



We can choose q; so that (A% + 2A+2I) q; = 0. Hence, we get

8 4 4
0=(A”+2a+20)ar=| 18 9 9 |a1 ==
0 0 O
Then, similar to the problems in R?, we can choose goas follows.
4 0o 1
A+Dar=-q@z= | 9 0 2 |q1=-qx=qz=
-9 4 0
Finally, the eigenvector for A = 3 can be calculated as follows.
0 0 1
0=(A-3I)qs = 9 —4 2 q3 = q3 =
-9 4 —4
Consequently, the general solution is
x(t) = (cia1+c2qz)e Pcost+ (c2qi —c1qz) e 'sint + czqse™
1 -3 1 -3
= c1 -1 + co -7 e tcost + co -1 —c1 -7
-1 13 -1 13

(c1 — 3c2)cost + (3c1 + c2)sint + dcgett
= e — (c1 4 Tez) cost + (Ter — c2) sint 4 9czet?
(13c2 — c1)cost — (13c1 + ¢2) sint

Note that at ¢ = 0, we get the solution for the initial value problem.

0 1 -3 4 C1 C1 1 117
0 - 1 -7 9 e | = | e | = —

17 “1 13 o0 cs cs 1701 9o
c1 1 —1 —4cost+sint + 4e*t
co = — 13 = x(t) = e " | —9cost— 2sint + 9e*
cs 101 40 17 cost

Changing back to the notation in the question, we have that
z(t) = —4e cost + e 'sint + 4¢3
y(t) = —9e “cost — 2 P sint + 9¢%t

2(t) = 17" cos t.
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Exercise 32 (Phase Plots). Match the system of ODEs x’ = Ax with the correct phase plot shown above, for each matrix
A below. You are given eigenvalues and eigenvectors for each matrix. The first one is done for you.

@ a=|}

5.
37

ry =38, re =—2;

1 1
o-fen-)

Since one eigenvalue is positive and one is negative, x’ = Ax must have a saddle point. So the phase plot must be
either (iv) or (v).

The phase plot must also have straight lines in the directions of the eigenvectors. So it must be (v).

(a) A= ;
) 4= |2
©a=|;
@ 4=}
() A= g

Solution 32.

(a) i

-2
—4

J

-1
-2

-1
1

3.
57

-2
-2

|

|

)

r= 2= =1 0 = [;2:,} €@ — m

T1 :—3, 7”2:—].;

7‘1:4,7'2:2;

1 1

e = H, €@ = M
1 -1

€W = [1} €2 = [ ) }

€ = m )

7‘1:8,7"2:2;

71 :2, ro = —].;

(c) vi (d) iii
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