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2018-19 MATH216 Mathematics IV — Solutions to Exercise Sheet 9 N. Course

Exercise 33 (Systems of First Order Linear Equations). Transform each of the following equations into a system of first
order linear ODEs.

(a) v’ +0.5u +2u=0 (c) t2u’ +tu' + (2 — 0.25)u =0

(b) u” + 0.5u' + 2u = 3sint (d) u® —u=0

Transform each of the following systems into a single second order ODE for ;.

(©) x) = 3x1 — 29 ) x) = 1.2521 + 0.7524 (@) ) =1 — 29 (h) T) = 2x9
xh = 2x1 — 2x9 xh = 0.75x1 + 1.25x9 xh = 3z — 4xs

Solution 33.

(a) {le =13 (f) 2 =252y 4+ 21 =0
Ty = —2x1 = 0.5z, (g) First we solve the first equation for z:
1 1
o —— _
(b) {.Tll = T2 . xTo 2%1 23’,‘1.
Ty = —2z1 — 0.5z + 3sint Then we substitute into the second equation to find
/o Z‘IQ = 3371 — 41)2
() {xl - 11,y 11
/o -2 -1
2y =—(1—0.25t")a1 — ™ ao (2361 - 293’1) =3r —4 <2x1 - 25”/1)
CE/ = 1 / 1 "no__ /
1 2 501~ 5% = 3r1 — 271 — 27
d ac’z = X3 1
() xé:x4 0:551/./1/_5‘%/1_'_‘%1
Ty =1 0=af — bz} + 22,
(e) f =2y =22, =0 (h) z{ +42, =0

Exercise 34 (Fundamental Matrices).

(a) Suppose that ¥(t) is a fundamental matrix for x’ = Ax, where A € R"*"™. Show that ¥/ = AU.

11

(b) Let A = [0 )

} . Find e* = exp(At).

For each of the following;

(i) Find a fundamental matrix W(t) for the system; and

(ii) Find the special fundamental matrix ®(¢) which satisfies ®(0) = I.

The first one is done for you.

, 11 , _[2 5] , -1 —4
W =], ||x @ x'=|] 5|x Wy x'=1p 4%
3 -2 1 1]
(c) x' = ]x (f) x' = x
2 -2 4 -2 -
- - 11 1
() x' = -1 2]y ()X,_'2 -1] Hx=]2 1 -1|x
L3 8/ X =13 -2 -8 -5 -3
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3t —t
(w) (i) The general solution to this system is x(t) = ¢; B] et + ¢y [12} e~t. Therefore U(t) = [22315 Zet} is a
fundamental matrix for this system.
! !
x' = x x' = X
B 4 1 4 1 . L
(ii) We must solve . and 0 . Using the general solution from above, we calculate
0) = 0) =
<0~ <0~}
that 1.3t 1 ,—t
1 1 1 e’ + se
|:0:| = X(O) =1 |:2:| + C2 |: 2] - Cl = C2 = 5 - X(l)(t) = [2€3t _ 627t ]
and 1.3t 1t
0 1 1 1 =evr — 7(37
[J =x(0) = [2} tc2 [ 2} = (=7, = 1 = X(Q)(t) = Best + i(t:|
Therefore 1.3t 1 ,—t 1.3t _ 1,—¢
_ |ze7 + 5 e —ger
ORI EREIR i

Solution 34.

(a) We have that

AT = A[x®  x@

x] = [AxD  Ax®

x| =9

Ax(M] = {xu)' <@’

since x(® solves Ax®) = 2(®' for each k.

1

of A are 1y = 1 and 7y = 2; and the eigenvectors are £(1) = [(ﬂ and £€?) = [1

x(t) = ¢ [(1)} et + ¢y B] e?t. Then we calculate that

1

Mx(())cl H+czm = q=16=0 = x(l)[

0

et

|

Recall first that eA* = ®(t) where ® is the special fundamental matrix which satisfies ®(0) = I. Since the eigenvalues

}, the general solution of x' = Ax is

and o
0 1 1 et —e
|:1:| — X(O) =C [0:| + Cc2 |:1:| — (1 = —1’ Cy = 1 = X(2) = |: ezt :| .
Therefore o 4 o
At et et—e
S ORI
L—t | 4,2t 2,—t_ 2.2t
. . .. _|—ze "+ e ze " — ze
(©) (0 omitted () #() = |73 T 3% 17,7 1%
(d) (i) This matrix has eigenvalues 4 = f% and ro = —1; and corresponding eigenvectors £ = E] and £?) = {_12}
. 2] . -2 ., . 2e"2 —2¢t
Therefore the general solution is x(t) = ¢; le 2t e and a fundamental matrix is ¥(t) = |~ _, -
e 2 e
(ii) Since
1 2] _o 2] _ 1 le=3 4 Lt
[0] =c [J e 24 co [ 1 ] et = €1 = 7, C2= 1 = X(l)(t) = Ee_; _ ;e—t
and
of _ 2| _o - 0 o1 (D) _ e"2 —et
|:1:|—Cl|:1:|€ 2—|—cz[1}e = c1=cy= = x"(t) = §e%+%e*t
we have that L ,
ez 4 let ez et
o) =|2°, "2 . :
®) [}le_é — et lemz 4 ;e_t}
(e) (i) This matrix has eigenvalues 11 = i and ro = —i; and corresponding eigenvectors e = [2 _1‘_ Z} and £?) = [2 I Z} .
Since '
xM (1) = eMent = [2 —1i_ Z} (cost +isint)
_ |2cost —sint [cost + 2sint]’
o cost sint
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we have general solution

x(t) =

cost

and fundamental matrix

2cost —sint
\D(t) - [ cost

(ii) Then we calculate that

2cost —sint
1{005 sm}_’_

c cost + 2sint
2 sint

cost + 2sint
sint ’

sint

H =x(0) =« m T H — =0,c=1 = x(t)= [COStJrQsint]

and

m — %(0) = e1 m te H =1, o

Therefore
cost + 2sint
sint

%)~ |

—5sint

=-2 = x() {cost — ZSint] ’

—bsint
cost — 2sint|’

1,3t 4,2t 1,3t 1.2t
. . .. g€ + ze e + ze
(f) (i) omitted (ii) ®(t) Loty o2t o3ty L2t
(8.t _ 1.t _ 1.t 1t
. . . 5€ — 5e —5€e + 5€
(®) () omitted () #(0) = 3580 15 T30
. ) .. e"tcos2t —2e tsin 2t
(h) (i) omitted (ii) ®(t) = lo~tsin2t e cos2t
92t 1 et e gt e 4 ot
(g) (i) omitted (i) ®(t) = %e_% —det 4 32t %e_% - %e‘t + 1—%6% %e‘gt - %e‘t + ?ezt
e A T B P s wi
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