A.

MATH 216 MATHEMATICS 1V
Homework 2 : Solutions

Find the general solutions of the following homogeneous differential equations:

2
S Ly 2% 3y =0.

dz?

Solution : The characteristic equation is
M2 -3=A-3)(A+1)=0.

The roots of the characteristic equation are {—1,3}. Consequently, the solution of the homogeneous
equation is
y(z) =cre™* + coe3®.
4%y 128 4 5y — .
Solution : The standard form of this equation is
d?y

y 5
dx? dx+4y70'

The characteristic equation is \> =3\ +2 = (A = 3) (A — ) = 0. The roots of the characteristic equation

5.1 } Consequently, the solution of the homogeneous equation is

are {5, 5

yp(z) = cre? + cze%.

d? d? ds

@t —AGE g t oy =0

Solution : The characteristic equation is A*> — 4X* + X 4+ 6 = (A + 1) (A — 2) (A — 3). The roots of the
characteristic equation are {—1,2,3}. Consequently, the solution of the homogeneous equation is

- 2 3
yu(z) = cre” " + cae™® + cze’”.

Ly gy 416y = 0.

dx?
Solution : The characteristic equation is A> —8A+16 = (X — 4)2. The roots of the characteristic equation
are {4,4}. Consequently, the solution of the homogeneous equation is

yu(z) = c1€*® 4 coze®.

3 2
Cdy o qdy 3dy gy =0

dx3 dx?
Solution : The characteristic equation is A*> — 4A% — 3X + 18 = (A4 2) (A —3)>. The roots of the
characteristic equation are {—2,3,3}. Consequently, the solution of the homogeneous equation is

yu(z) = cre 2" 4 cpe3® + c3we®”.

C Ly 416y =0,

Solution : The characteristic equation is A*+16 = 0. The roots of the characteristic equation are {£4j5}.
Consequently, the solution of the homogeneous equation is

yu(z) = ¢1 cosdx + co sindax.

2 ;
C Y 4% 113y = 0.

dz?

Solution : The characteristic equation is A\* — 4\ + 13 = (A — 2 — 35) (A — 24 35). The roots of the
characteristic equation are {2 + 35}. Consequently, the solution of the homogeneous equation is

yr () = e**(cy cos 3z + co sin 3z).



8 Ly joly oy _g

dx” dx®

Solution : The characteristic equation is (/\4 +22% + 1) A3 =3 ()\2 + 1)2. The roots of the characteristic
equation are {0,0,0,+j, +5}. Consequently, the solution of the homogeneous equation is

yu(z) = ¢1 + cox + cz3x® + (cq + csx) cos + (¢ + crx) sin .

B. Find the linear, constant coefficient and homogeneous differential equations whose general solutions are
given below.

1. 2 (t) = c1 + cat + cze® sint + cqe3t cost + czedt sin 2t + cge3t cos 2t.

Solution: Note that ¢y + cot corresponds to a double zero root of the characteristic equation. Similarly,
cze3tcost + cuedtsint and cse®! cos 2t + cge® sin 2t correspond to two complex roots 3 & j and 3 + 27,
respecttively. Consequently, the characteristic equation is

A2(A2 = 6A +10) (A% — 61 + 13) = X% — 120° 4+ 590" — 138)% 4 130\,
Thus, the differential equation is

dSz d°x d*z Bz A2z
e —12 +59—— — 138— =+ 130

a0 e Y

2. 2 (t) = cre! + cotel + cze? sint + cqe?t cost + cse?ltsint + cge?t cost.
Solution : The first two terms correspond to a double root A = 1. The last four terms correspond to a
double complex root A = 2 + j. Consequently, the characteristic equation is
(A =12 (A% —4X +5) = X5 — 100" + 430" — 100A® + 131\% — 90\ + 25.
Then, the differential equation is

&z b dl & e d
105 4435 1005 + 13152 — 905

dr . dz % = 0.
16 i dt i i a T =0

3. xg(t) = c1e? + cote? + c3t?e® + cyetsin 3t + cze ! cos 3t.
Solution : The first three terms correspond to a triple root A = 2. The last two terms correspond to a
complex root A = —1 £ 3j. Consequently, the characteristic equation is
(A—2)" (A2 +2X410) = X° — 6A% + 10A% — 4402 + 104X — 80.
Then, the differential equation is

d°x d*z A3z d%z dx
— —6—— +10— — 44— +104— — 80x = 0.
P T az T o0

C. Solve the following problems:

1. Given that sinz is a solution of % + 2% + 6% + 2% + 5y = 0. Find the general solution.

Solution : Note that the characteristic equation is A* + 2A% +6A% + 2\ 4+ 5 = 0. Since sinz is a solution,
two roots are {£j}. Thus the characteristic equation has ()\2 + 1) as a factor. Dividing the characteristic
equation by ()\2 + 1) , we get

N +2X+5=0.

Thus the other roots are {—1 4 2j}. Consequently, the general solution is

y(x) = c1cosx + casinx + cse” ¥ cos 2z + cge” ¥ sin 2z.
2



2. Write y, by using the method of undetermined coefficients for g%{ +y =32? — 4sinx.
Answer :
Yp = a+bx +cx® + (d + fz)cosz + (g + hz)sinz.

d4y _

3. Write y, by using the method of undetermined coefficients for -—% — 16y = 22 sin 2z + xte?®.

Answer :

Yp =10 (a—l—bx + cz® + dz? —|—fx4) e 4 (g + hx + kw2) sin 2z + x (m—l—mc —i—pr) sin 2.
D. Find the general solutions of the following differential equations.
2
1A%y + 4% 4y = 3ze”.
Solution : The standard form of this equation is
d’y dy 1 3 .
a2 T T2V T4
The characteristic equation is A> + A + i = ()\ + %)2 = 0. The roots of the characteristic equation are

{—%, —%} Consequently, the solution of the homogeneous equation is

[N
[N

yu(z) = cre” 2 + cowe™

Since there is no resonance, we calculate ze” and derivatives. Note that

d
e (ze®) =1 +z)e" =y, = (a+bx)e”.

Substituting y, in the differential equation, we get

d*y, dy, 1 3 .
L — = — —
&2 de 2 1™
1 3
(a—l—?b—l—bx)ex—k(a—|—b+bx)em—|—1(a+bx)em = Zaze“".
This implies that %a +3b =0 and %b = % = b= % = a= —g. Consequently, y, = % (3z —4)e* and

the general solution of the nonhomogeneous equation is

x x 1
y(x) =cie” 2 +coze” 2 + 9 (3x —4)e”.

2. Ly 428y 4 5y — 3sin 2.

Solution : The characteristic equation is A* + 2\ + 5 = 0. The roots of the characteristic equation are
{—1=£25}. Consequently, the solution of the homogeneous equation is

yr(z) = c1e”% cos 2z + coe™* sin 2z.

Since there is no resonance y, = acos 2z + bsin 2z. Substituting y, in the differential equation, we get

Pyp | dy .
dm; +2d—;+5yp = 3sin2z =
(—4acos2x — 4bsin 2z) + 2 (—2asin 2z 4 2bcos 2x) + 5 (acos 2z 4+ bsin2x) = 3sin2z.
This implies that a +4b = 0 and b — 4a = 3 = b = % = a = —%. Consequently, y, =

1—17 (3sin 2z — 12 cos 2x) , and the general solution of the nonhomogeneous equation is

. 1
y(x) = c1e7% cos 2z 4 coe” ¥ sin 22 4+ T7 (3sin2z — 12cos2z) .
3



3.

© dx? dx

%+2%—3$=1+t€t.
Solution : The characteristic equation is A*4+2A—3 = (A + 3) (A — 1) = 0. The roots of the characteristic

equation are {—3,1}. Consequently, the solution of the homogeneous equation is
r(t) = cre™ 3 + cpel.

For the first term on the right hand side of the equation we have a. For the second term we have (b + ct) et.
Since this term creates resonance, we have

zp(t) = a+ (bt+ct?)e =
() = (b+(b+20)t+ct?) e,
ai(t) = (2b42c+ (b+4c)t+ct?)e".

Substituting these expressions in the equation, we get
(2b+2c+ (b+4c)t+ct?) e +2(b+ (b+2c)t +ct®) e —3a—3 (bt + ct®) e' = 1+ te'.
This implies that a = —%, 4b+2c=0,8c=1=c= %, and b= —%. Then, we have
1 1
t)y=—=+— (2t —t) €
Tp(t) 3 + 16 ( )e
which implies that the general solution of the equation is

. 1 1
t) = cre 3 o — (2t —t) el
z(t) = cre™" 4+ coe 3+16( )e

d’y  ody

— 3y = 2e” — 10sinx.

Solution : The characteristic equation is A* ~2A—3 = (A — 3) (A 4 1) = 0. The roots of the characteristic
equation are {—1,3}. Consequently, the solution of the homogeneous equation is

yu(x) = 13 + coe ",

There is no resonance. Therefore, y,(x) = ae” + bcosz + csinz. Thus, we have

y,(z) = ae® —bsinz+ ccosz,
yy(r) = ae® —bcosx —csinz.

Substituting these expressions in the equation, we get
(ae® —bcosz — csinz) — 2 (ae® — bsinz + ccosz) — 3 (ae” + beosx + csinz) = 2e* — 10sinz.

Consequently, we get a = f%, —4b—2¢ =0, and 2b —4¢ = —10 = ¢ =2 and b = —1. Thus, we get
1. .
yp(x) = —5e" —cosz + 2sinz.
Consequently, the general solution of the equation is

x

. 1, .
y(x) = 163 4 coe™" — 56* —cosx + 2sin .

Lz Q‘fi—f — 3x = —3te” L.

at?
Solution : The characteristic equation is A* =2A—3 = (A — 3) (A 4 1) = 0. The roots of the characteristic
equation are {—1,3}. Consequently, the solution of the homogeneous equation is

xp(t) :40163t + coe



The derivative of te~* is (1 —t) e~ and there is a resonance. Hence, z,(t) = (at + bt*) e™".

have

Then, we

() = (a+(2b—a)t—bt*)e ",
ah(t) = (20—2a— (4b—a)t+bt*)e "

Substituting these expressions in the equation, we obtain
(2b—2a— (4b—a)t+bt?)e " —2(a+ (2b—a)t —bt*) e " — 3 (at + bt%) e " = —3te”".

This implies that 2b —4a =0 and b = g == a= —136. Consequently, the general solution of the equation
is 3 3
£ = o3t —t te—t 1+ 2420t
x(t) = 1€’ + cqe +16e +8 e

. % + 92 = 2 cos 3t + 2sin 3t.

Solution : The characteristic equation is A* +9 = 0. The roots of the characteristic equation are {+35}.
Consequently, the solution of the homogeneous equation is

xp(t) = ¢1 cos 3t + co sin 3t.

Since there is a resonance x,(t) = at cos 3t + bt sin 3t. Then, we get

x,(t) = a(cos3t— 3tsin3t) + b(sin3t + 3t cos 3t),
x,(t) = a(—6sin3t—9tcos3t) + b(6cos3t — 9tsin3t).

Using these expressions in the equation, we obtain
a (—65sin 3t — 9t cos 3t) + b (6 cos 3t — 9t sin 3t) + 9 (at cos 3t + bt sin 3t) = 2 cos 3t + 2sin 3t.

This implies that a = —% and b= % Therefore, the general solution is
. 1 1 .
x(t) = c1 cos 3t + co sin 3t — §t cos 3t + §t sin 3t.

4 2
. ZTZ + ZT%’ =322 4+ 4sinz — 2cos .

Solution : The characteristic equation is A ()\2 + 1) = 0. The roots of the characteristic equation are
{0,0,£5}. Consequently, the solution of the homogeneous equation is

yu(z) =c1 + cox + czcosz + ¢y sin .

There is resonance for all the terms on the right hand side of the equation. For the first term on the right
Yp1 = 22 (a+bz+cz?) because the degree of zero root is two. For the second term y,e = z (dcosz + f sinx)
because the multiplicity of the imaginary root is one. Thus, we have

ypy = 2ax+ 3bx® + dca®,
Yy = 2a+6br+ 12¢a?,
Yy = 60+ 24cx,

y;’{’ = 24ec.

Using these expressions in the equation, we get

24c¢ + 2a + 6bx + 12¢x? = 322



This implies that 24c+2a =0, b =0, and ¢ = i = a = —3. Consequently, we have y,; = Lyt — 322,

1
For the second term, we get

Ypo = d(cosz—zsinz)+ f(sinz+zcosz),

y;)'2 = d(—2sinz —xcosz)+ f(2cosx — xsinz),
Ypo = d(=3cosz+xsinz)+ f(-3sinz —zcosz),
Ypy = d(4sinz+zcosz)+ f(—4cosz 4 zsinm)

Using these expressions in the equation, we get
d(4sinxz 4+ xcosx)+ f(—4cosx + zsinx) +d(—2sinz —xzcosz)+ f (2cosxz — xsinz) = 4sinx — 2 cos x.
This implies that d = 2, and f = 1 = yp2 = (2zcosx + xsinz). Therefore, the general solution is

y(x) = c1+cor+cgcosx + casine + yp1 + Yp2,

. 1 .
= 1 +cx+c3cosr+cysine + Zx‘l — 322 + 2xcosz + xsinx,

1
1+ cor — 3% + 1304 + (e3 +2z) cosz + (cy + ) sinz.

. %+9$=9S€C23t,0<t<%.

Solution : The solution of the homogeneous equation is
xp(t) = ¢1 cos 3t + co sin 3t.

Let x,(t) = ¢1 (t) cos 3t + ¢2 (¢) sin 3t. Then, using the method of variation of parameters, we get

cos 3t sin 3t ch (@) ] [0
. = _—
—3sin3t 3cos3t cy (1) | | 9sec? 3t
[l (t) ] 11 3cos3t —sindt 0
= — . et

|y (1) | 3| 3sin3t cos3t 9sec? 3t
()] _ [ —3tan3tsec3t

L) ] | 3sec 3t

e (t) ] _ [ —sec 3t + cio
co (1) | In|sec3t 4 tan3t| 4+ coo |

Therefore, the solution of thedifferential equation is
A: z(t) = 19 cos 3t + o0 sin 3t 4 sin 3t In |sec 3t + tan 3¢| — 1.
. % + x = sect.
Solution : The solution of the homogeneous equation is
xp(t) = cpcost+ casint.

Let z,(t) = ¢1 (t) cost + co (t) sint. Then, using the method of variation of parameters, we get

[ cost  sint ] [ ¢ (1) [ o }:>
—sint  cost cy(t) | | sect
[y (t) ] [ cost —sint 0
| & (t) ] | sint  cost } [ sect ] -
)] [ —tant }
L) ] |1
ci(t) ] [ In|cost|+cio
L) ] | tte }

Therefore, the solution of the differential equation is

A: z(t) = c1p cost + cop sint + costIn |cost| + tsi%t.



10.

11.

12.

%+4m:3csc22t,0<t<g.

Solution : The solution of the homogeneous equation is
g (t) = 1 cos 2t + cg sin 2t.

Let x,(t) = c1 (t) cost + c2 (t) sint. Then, using the method of variation of parameters, we get

cos2t  sin2t awyl [ 0 .

—2sint 2cost | | () | | 3esc?2t
[ @) ] _ 1] 2cost —sin2t 0 N
| & (t) | 2| 2sint  cos2t 3esc? 2t
(@] —3 cse2t
| &) | | Zcot2tesc2t -
[ei(t) ] [ 2Injesc2t+ cot2t|+ cio
L) | — | —3 cse 2t + oo )

Therefore, the solution of the differential equation is
At 2(t) = c19 €08 2t + ca0 8in 2¢ + 3 (cos 2¢ In [csc 2¢ + cot 2t — 1).

d’ d _ 1
o T3 W=
Ary(z) =cre ™ + e 2 + (e + e 2*) In|1 + €.

d?y dy T .
oz — 29, ty=wze®Inz; x> 0.

. — T T 5 .3,x 1.3z
A: y(z) = c1e” + coze” — gpa°e” + gar’e” Inx.

Solve the following initial value problems:

C Ly _dy — 12y = 0; y(0) = 3,%'(0) = 5.

dz? dx
Solution : The characteristic equation is A2 — X — 12 = 0. The roots are {4, —3}. The general solution is

y(z) = c1e*® + coe 3%,

Since y(0) = 3, we get ¢1 + co = 3. Since y/(z) = 4c1e*® — 3ce™3® and y/(0) = 5, it follows that
4c1 — 3cg = 5. Consequently, we get ¢; = 2 and ¢; = 1. Then, the solution of the initial value problem is

y(x) = 2e** + 73",

9%y 6% 4y =0; y(0) = 3,4/(0) = 0.

11

Solution : The characteristic equation is 9A* — 6\ +1 = 0. The roots are {g, 5}. The general solution is

y(z) = c1e”/3 + come®/?.

Since y(0) = 3, we get ¢; = 3. Since y'(z) = %ez/g + coe®/3 + %czeg”/3 and 3'(0) = 0, it follows that
cg = —1. Then, the solution of the initial value problem is

y(x) = 3¢%/3 — ze®/3,

2
C Py 4B 29y = 0; y(0) = 0,4/(0) = 5.

Solution : The characteristic equation is A> — 4\ +29 = 0. The roots are {2 £5j}. The general solution
is
y(x) = c1€%% cos bx + cpe?® sin 5.

Since y(0) = 0, we get ¢; = 0. Since y/(z) = 2¢2e%® sin 5z + 5cze?® cos 5 and y'(0) = 5, it follows that
co = 1. Then, the solution of the initial value problem is

2

y(x) = e** sin bx.
7



4.

3 2
T 258 498 — 8y =0; y(0) = 2,4/(0) = 0,”(0) = 0.

dx3 dz?

Solution : The characteristic equation is
M2 4N -8 =2 (A —2)+4(A—2)=0.
The roots are {2,42;5}. The general solution is
y(x) = c16®® + ¢5 cos 2z + 3 sin 2.

Since y(0) = 2, we get ¢ + c2 = 2. Since y/(x) = 2¢1€>® — 2¢y sin 2z + 2¢3 cos 22 and y'(0) = 0, it follows
that 2c¢; + 2c3 = 0. Furthermore, since y”(x) = 4c1e?® — 4cy cos 2z — 4ez sin 2z and 37(0) = 0, we also
have 4¢y — 4cy = 0. Therefore, ¢c; = co = 1 and ¢3 = —1. Then, the solution of the initial value problem is

y(x) = e** + cos 2z — sin 2.

U — 4% 4 3y =927 +4; y(0) = 7,4/ (0) = 3.
Solution : The characteristic equation is A — 4\ + 3 = (A — 1) (A — 3) = 0. The roots are {1,3}. The
general solution of the homogeneous equation is

yu(z) = c1e® + cpe®®.

Since there is no resonance y,(z) = a + bz 4 cz®. Then, we get y,(z) = b+ 2cx = y/(z) = 2c. Using
these expressions in the equation, we obtain

2c — 4 (b+ 2cx) + 3 (a+ bz + cz®) = 92° + 4.

This implies that 2¢c — 4b+ 3a = 4, ¢ = 3, and 3b — 8¢ = 0. Thus, we get b = 8 and a = 10. Therefore, the
general solution is

y(x) = c1e” + 23 + 10 + 8z + 322
Since y(0) = 7, we get ¢; + ca + 10 = 7. Since 3/ (z) = c1e® + 3c2e3® + 8 + 62 and y'(0) = —3, it follows
that ¢; + 3co + 8 = —3. Therefore, we get co = —4 and ¢; = 1. Then, the solution of the initial value

problem is
y(z) = y(z) = €” — 4¢** + 10 + 8z + 32°.

: %+4$:t2+3et; x(0) = 0,2/(0) = 2.

Solution : The solution of the homogeneous equation is
xp(t) = ¢1 cos2t + cosin 2t.

Since there is no resonance, the particular solution z, can be written as

zp(t) = (a+bt+ct?) +de' = z,(t) = (b+ 2ct) + de' =
a(t) = 2c+de' = 2c+de’ +4(a+bt+ct® +de’) =1t* + 3¢
This implies that d = %, c= i, and b=0, a= fé. Therefore the general solution is
1 1 3
t) = 2t in2t+ —? — - + e
z(t) = ¢1 cos 2t + ¢ sin +4 8+5e
Since z(0) = 0, it follows that
1 3 19
O)=ci—-+-=0=c=——.
z(0) = c1 3 + 5 c1 10

Similarly, since z’(0) = 2, we get
3
2:30'(0):202+g:>02:—
Consequently, the solution of the initial value problem is

A:a(t) = —jg cos2t + G sin2t + 32 — g+ el o



10.

Cfi— 248 4 ¢ =te' +4; 2(0) = 1,2/(0) = 1.
A: z(t) = =3¢ + 4te’ + Ltde + 4.

d—y+2dy+5y—4e’z0052x y(0) = 1,4'(0) = 0.

A: y(z) = e " cos 2z + e " sin 2z + xe ¥ sin 2z.
dfy+4dy +dy =22 0<z;y(l) = 3,y/(1) = —3.
Ary(z) =e 2 +2e™? — e Ing.

2 » x
TH -2 4y = 155;9(0) =3,4/(0) = 1.

Solution : The solution of the homogeneous equation is

yu () = c1e” + coxe®.

Using the method of variation of parameters let y, (z) = ¢1 (x) e* + ¢2 (z) x

e ze® cl_ _ [0
[ez <x+1>ex]_cf2_ - +}:‘
1 x [ ] 0
[1<x+1>]_cg_ B +}:‘{
'C/‘ '_3:2
il -1z )=l

Consequently, the general solution is

e”. Then, we get

1

—% In |1 —|—x2| + c10
arctan(z) 4 cag '

k=

1
y (x) = croe” + cooze” — 3 In ’1 + xz‘ e” + xze® arctan(z).

The fact that y(0) = 3 implies that ¢;0 = 3. Since 3’(0) =1 and

ze”
1422

y () 3e” +coo (T +1)e” —

it follows that

1:yl(0):3+020:>020:—2.

Therefore, the solution of the initial value problem is

A: y(z) = 3e” — 2ze” — 1 In (1 + 2?) + ze® arctan z.

1
- §1n|1 + 2| " + (z + 1) e” arctan(z) +

ze”

14 22

1
3e” + ey (x+1)e” — 3 In |1+ x2’ e’ 4+ (z + 1) e” arctan(x),



