MATH 216

Homework 1: Solutions

A. Write the type of the following equations:
Ex: 3" + 223y? = 0 is a second order nonlinear homogeneous ordinary differential equation.

Loy +y(y)? = 2a.
Answer : It is a third order, nonlinear, and nonhomogeneous ordinary differential equation.
2. y" +2e3%y + 2y = (2% + 5)3.
Answer : It is a second order, linear, and nonhomogeneous ordinary differential equation.
d
3. L4 32%y = 0.
Answer : It is a first order, linear, and homogeneous ordinary differential equation.
4. 2"(t) — 22 = 0.

Answer : It is a second order, nonlinear, and homogeneous ordinary differential equation.
B. Show that the following functions are the solutions of the following differential equations:

1. 2" =22 +2=0; z(t) = te'.
Solution : Note that

= (1+t)e' and 2’ = (2+1t)e! =
"2+ = (2+t)e —2(1+t)e' +tef =0.

2. y" + 4y =0; y(x) = cos 2z
Solution : y” can be calculated as follows.

y —2sin2z and 3"’ = —4cos2z =

"+ 4y = —4cos2x+ 4cos2z =0.

C. Find the equilibrium points (% = ) of the following differential equations and determine if they are

attractive or repulsive (stable or unstable).
d
1. Z2=-2—y.
Solution : y = —2 is the only equilibrium point. If y > —2, then dy < 0. This implies that y decreases
dy

toward —2. If y < —2, then 32 > 0. This implies that y increases toward —2. Thus, y = -2 is an

attractive (stable) equilibrium point.
2. W—9_y

Solution : y = 2 is the only equilibrium point. If y > 2, then d—y < 0. This implies that y decreases

toward 2. If y < 2, then Z—Z > 0. This implies that y increases toward 2. Thus, y = 2 is an attractive

(stable) equilibrium point.

3. W= (y-2)y.

Solution : y=0and y =2 are equilibrium points. If y < 0, then dy > 0. This implies that gy increases
toward 0. If 0 <y < 2, then Y < 0. This implies that y decreases toward 0 and away from y = 2. Thus,

y = 0 is an attractive (stable) equlhbrlum point. If y > 2, then dy > 0. This implies that y increases and
moves away from y = 2. This implies that y = 2 11s a repulswe equilibrium point.



d
-~ = G-y
Solution : y =0 and y = 4 are equilibrium points. If y < 0, then % < 0. This implies that y decreases
and moves away from y = 0. If 0 < y < 4, then g—g > 0. This implies that y increases toward y = 4

and away from y = 0. Thus, y = 0 is a repulsive (unstable) equilibrium point. If y > 4, then % < 0.
This implies that y decreases towards y = 4. This implies that y = 4 is an attractive (stable) equilibrium
point.

. %:(y2—2y—8)y.

Solution : y =0, y = —2 and y = 4 are equilibrium points. If y < —2, then % < 0. This implies
that y decreases and moves away from y = —2. If —2 < y < 0, then g—g > 0. This implies that y
increases toward y = 0 and away from y = —2. Thus, y = —2 is a repulsive (unstable) equilibrium point.

If 0 < y <4, then Z—z < 0. This implies that y decreases towards y = 0 and moves away from y = 4. This

implies that y = 0 is an attractive (stable) equilibrium point. If y > 4, then % > 0 and y increases and
moves away from y = 4. This implies that y = 4 is an repulsive (unstable) equilibrium point.

Find the general solutions of the following differential equations:
. 9yy’ + 4z = 0.

Solution : This is a separable equation. Thus, we have

Jydy = f4a:d:c:>/9ydy:f/4xd:c+0:>

9 2 4 2 C
§y2 = 2x2+C:>yimi3 Cy — a2, <012>~

Y+ (z+ 1)y =0.
Solution : This equation can be written as follows.

dy dy
] —(x+1)dx:>/E=—/($+1)d$+CZ>

1 x2+ S PR 1
22 g 7T v= V 22 + 2z +2C°
C = 3t(x + 1).

Solution : This separable equation can be written as follows.

dz dz
Gt D) — 3tdt:>/7(m+1)_/3tdt+02>
In|(z+1)] = §t2 +C = z(t) = Cre2t” — 1. (C = ec) .

2

.y +cscy = 0.
Solution : This separable equation can be solved as follows.

d 1
8 _ —— :>—sinydy:dx:>—/sinydy:/dm+C:>
dz siny

x4+ C = y = arccos (z + C) .

cosy

. x’sin2t = x cos 2t.
Solution : This is a separable equation. Therefore, we get

d 2t
@ _ cot2tdt:>1nm:/cf)s
T sin 2t

r = (CqVsin2t. (C’1 = ec) .
2

+C = %1n(sin2t)+0:>



10.

11.

y+y=>5

Solution : Note that e” is the integrating factor. Thus, we get

d
%(ye’”) = 5e“’:>ye’3:/5ewdx+C=5ez+C’:>

Ce ™™ + 5.

Y
’

y =(y—1)cotz.

Solution : Note that this is a separable equation which can be written as follows.

d d
4 cotxdm:>/yfy1:/cotxdx+C:>

y—1
In(y—1) = In(sinz)+C = y=1+ Cysinz. (C’lzeo).

% + (2x+1) y=e 2%,

x

Solution : Integrating factor is

Consequently, we get

d 2
%(ymez”) = xe%e_%:x:yxe%:/xdx: %+C:>
X —92 C —92 X C -2 x2+Cl
Y 26 +xe <2+x e Srele (Ch )

(322 + y?)dz — 2xydy = 0.
Solution : Let M(z,y) = 322 + y? and N(x,y) = 22y. Then, we have

oM

ON
oy

© O

which implies that the equation is exact. Thus, it follows that

F(z,y) = / (327 +y?) dz + g(y) = 2 + 2 + g(y).

Taking the derivative with respect to y, we obtain

OF
E 20y + ¢'(y) = N(z,y) = 20y = ¢'(y) = 0 =
gly) = C=F(zy) =2 +a>=C1, (C1=-C).

v= ()

Solution : This is a homogeneous equation and we let v = y/x = y = va. Then, we get

v _ + @: + d_ +tan(v):>@—tan(v):>/ dv —/d—$+C:>
iz~ U % T T dr tan(v) ) =z
In(sinv) = Inz+C = sinv=Ciz = v = arcsin (Cyz) = y = zarcsin (C1z), (C) = ec) .

e%(y—x)% +y(l+ev)=0.



Solution : Let v = z/y = y = x/v. This implies that

dy _ 1 _sd 1 sdo_ (+e)
de v vZdr v v2dr  ev(l—w)
dv v ((1+ev) 1 v2(1+e%) v
- — _ — = [ —_ —
dx x \e'(l—-v) w ze*(l—v) =
’Ul_ 1 v
7( v)dv = dz dv_1te dvzd—m:>
v(v + ev) x v vtev x
dv 1 d
/ /+e = /x+C:>1n< )zlnm—f—Cz
v+e¥ T v+e¥
1
= Ciz= =01, (C1=¢%) =
v+ ev x—}—yev
x+ye% = (.

Second way of the solution:
ev(y— )dy+y(1+eu)—O:e%(y—x)—ky(l—kev)
x = vy and gx —U—l—yd .Then, we get

= 0.Then we use the substitution v = z/y =

d
6”(y—vy)+y(1+e“)(v+ydiy}) = 0
[e"(1 —v) +v(1 +e")]dy + (1 + €")ydv 0
(e"+v)dy = —(1+e€")ydv
d 1+ev
¥ o= —( +e)dv
Yy ev +v
1 v
dy  _ —/( +€)dv+C
Y e’ +wv
lny = —In(e"+v)+C
y(e’ +v) = Oy, (Cr=eY)
yev +x = O
12. y =/(x +y+1).
Solution : Let t4+y+1=v = y =v —x — 1. This implies that
dy dv dv
- = ——-1= — = 1 d
dz iz fﬁ Vil = g =dr=
dv
—_— = de+C = C.
ﬁ—i—l /er x +
Let v = 22. Then, we have
2 -1
dv = / ZdZZZ/u du, where u=z2z+1—
Vu+1 z4+1
1
2/u du = 2u—21nuﬁ/f+1 (\f+1)—2ln(\f+1).

Consequently, we get

2(Vv+1)—2In (Vv +1)
2 [Vt +1-2m (Vg +1)] -

4

v+ C =



13y =(@+y+1)2—(z+y).
Solution : Let z+y+1=v = y =v — x — 1. This implies that

dy dv dv
% = ﬁ_l 'U _'U+1:>% 7} —U+2$
_ dm:/i /dx+C:>
v—v+2 v2—v4+2
d 4d
/7”2 - /dm+C—x+C:>/ L =ztC
(-1 +1 (E- )]
NG NG
Letuz%v—%ﬁduz%. Then, we get
/ Adv / arctanu 2 arctan( 1)
(2o ) et VISR % Vil
NG NG

Consequently, we have

2 arctan( 1) = x+C:><2v—1>:\ﬁtan<\ﬁ(x+C)>:>

NG NV VTVT 2 2
%v = \ftan<\f(x+0))+\2:>vZtan(f(:rJrC))JF;
y = Ztan<\f(m+())>;z.

14. (2z + 3y)dz + (3 + 2y)dy = 0.
Solution : Let M(z,y) = 2z 4+ 3y and N(x,y) = 3z + 2y. Then, we have

oM _,_oN
oy =~ Oz’

which implies that the equation is exact. Thus, it follows that

F(x,y) = /(296 +3y) da + g(y) = =* + 3zy + g(y).

Taking the derivative with respect to y, we obtain

oF
oy = I =Ney =3ty =404)=9=
9ly) = Y¥+C=F(z,y)=2"+3zy+y*=C, (C1=-0C).

15. (2% + ¥)dz + (y* + Ina)dy = 0.
Solution : Let M(xz,y) = (2 + £) and N(z,y) = (y* + Inz). Then, we have

oM 1 ON
oy x Oz’
which implies that the equation is exact. Thus, it follows that

oA
F(as,y):/(x + )dz+g( )*Z—I—ylnaz+g(y).



16.

17.

18.

Taking the derivative with respect to y, we obtain

oF
S = ot gl) = Now) =i +lne — o) =0 —
% o %
gly) = §+C:>F(x,y)zz+ylnx+§:01, (Cy =-0).

(e*siny + tany)dx + (e® cosy + z sec? y)dy = 0.

Solution : Let M(xz,y) = (e*siny + tany) and N(z,y) = (e* cosy + zsec? y). Then, we have

oM, s ON
—— = e cosyt+secy = —,

oy ox
which implies that the equation is exact. Thus, it follows that
F(z,y) = /(ew siny + tany) dz + g(y) = € siny + x tany + g(y).

Taking the derivative with respect to y, we obtain

OF

rvil e” cosy +xsec’y +¢'(y) = N(z,y) = e“ cosy + xsec’y = ¢'(y) =0 =
Y

gly) = C= F(z,y)=€e"siny+atany=Cy, (Cy=-0C).

(3z%y + 2zy + y*)dz + (2% + y?)dy = 0.
Solution : Let M(xz,y) = (32%y + 2zy + »°) and N(z,y) = (22 + y?). Then, we have

oM ON
— =32+ 20+3y° # — =22
dy ox
Then, we check
%—% _ 3m2+2x+3y2—2m _3
N (22 + y?) -

Consequently, €3* is an integrating factor. Thus, we get
My (z,y) = 3 (32%y + 2zy +9*) and Ni(z,y) = 3" (2? + y?)

which implies that M (x,y)dz + Ni(z,y)dy = 0 is exact. Thus, it follows that

3
) = [ 4o dy+gla) =y + )+ g() —
F
g—x = (2my + 322y + y3) + ¢/ (2) = e (32%y + 22y + %) = g(2) = C =
3
F(z,y) = €7 (2%y) + e3xy§ =C.

ydx + (22 — ye¥)dy = 0.
Solution : Let M (z,y) =y and N(z,y) = (2o — ye¥). Then, we have

M
oM _ | L ON _,
dy ox
Then, we check
OM _ ON
dy Oz _ -1



19.

20.

21.

Consequently, y is an integrating factor. Thus, we get
Mi(z,y) =y* and Ni(z,y) = (2zy — y’e”)
which implies that M (z,y)dz + Ni(z,y)dy = 0 is exact. Thus, it follows that

F@yw:/ymx+mm=y%+g@»

Taking the derivative with respect to y, we obtain

OF
oy = 2wt d W) =Nwy)= (20— ye!) = g'(y) = —y’e’ =
9(y) = —yle’ +2ye? —2e +C = F(a,y) =y’z —e'(y* — 2y +2) = C1, (C1=-0C).
vy +y =y~
Solution : This equation can be written as follows.
1 1 _
y+-oy=—y
x x
Hence, we have a Bernoulli equation with n = —2. Let v = y*> = v/ = 3y?y’. Thus, we have
1 1 3
3y + 3P =y = 3yP—y 2 = v + 3= = 2.
x x x x

The integrating factor is 2> and we get

1/3

d , . C 3+ C

—( ‘31)) :3x2:>503v::r3+0:>v:1+—:>y:¥.

dx x3 x
y' =yly’ —1).
Solution : This equation can be written as follows.

y +y=ay'.

Hence, we have a Bernoulli equation with n = 4. Let v = y~3 = v/ = —3y~%y/. Thus, we have

3y~ — 3y ty = -3z = v — 3v = —3z.

The integrating factor is e~3* and we get

d , . R R 3Ce% + 3 1

— (7)) = Bre¥ = e v=ae "+ e +C=0v= stem rdrtl

dz 3 3

3 3
— =
Y (3063”” + 3z + 1>
(1+22)y = 2zy(y® - 1).
Solution : This equation can be written as follows.
- 2zy 2xy4
VTt " U+

Hence, we have a Bernoulli equation with n = 4. Let v = y =3 = v/ = —3y~*y’. Thus, we have

gty 6y 6z e 6z b 6
O G IE=) B ) (I+a2) ~  (+a)




22.

23.

24.

25.

The integrating factor is (1 + 22)~2 and we get

d
e (1+2*) %) = —6z(l+2°) "= (1+2°)Pv=>142)"+C=v=1+C(1+2°)?°
1 3
—t = T ———— .
Y (1+C’(1+x2)3>
$,y//:y/.
Solution : Let 3y = p. Then, we get
d, d, d
xézpﬁ;pzfﬁlnpzlnx—kCzp:Clx. (C’lzec).

Since 3’ = p, it follows that
2

X
y201?+02.

22y + 3zy’ = 2.

Solution : This equation can be written as

2
y//+ y/:?.
Let ¥/ = p. Then, we obtain
! 3 2 3./ 2 d 3
p+-p = f=>xp+3xp:2m:>—(xp):2x:>

T x? dt
1 C C

?p = 2240 =p=—+ 2 =y=Inz— — +Cb.
xz x3 212

y" =2y(y')>.
Solution : Let p =3’. Then, we get
dp _dpdy _dp

dr  dydz pdy'

In view of the above, this equation can be written as follows.

dp 3 dp 1 9 1
P4y yp 2 = 2y SV O ==
d 1
(y2+C1)£ = —1:>(y2+C1)dyz—dx:>§y3+01y:—x+6'2:>
1
fy3+01y+a: = (5.

3

v+ () =y

Solution : Let p =4’. Then, we get % = d—’y’% = pd—g. Then, this equation can be expressed as follows.
dp d 15 dy 1 Ch
Y, TP V= ) =y=w=g5y +Ci= —=cy+ )
dy 2y dy 2
—— = dr—= ———=dr=—1In +2C) =2+ Cy =
sy+ S y2 + 20, (v ) 2

y = £4/C3e® —2C1, (03 = 602) .
8



E. Solve the following initial value problems:
1.y =z y(2) = 0.

Solution : This equation can be written as follows.

d 4 4
dyx3ey:>eydy:c3dx:>eyZ+C:>yln<z+0).
x

Since y(2) = 0, we get

2. y% = 4x(y? + 1)%; y(0) = 1.
Solution : This equation can be written as follows.
dy  4dx(y®+1)2 2
dy _dwly"+ 1 2
dx Y (y2+1)2

2
dy:8xdx=>§(y2+1)% =422 4+ C = y=1/(622+C)* — 1.

Since y(0) = 1, we get

1—y(0)—y—\/(6(0)2+0>21:>C—\/§:>y—\/(6:r2+\/§>21

3.y + 3y =12; y(0) = 6.

Solution : The integrating factor is e3*. Then, we get

d
eBry/ +3y€3z _ 1263m — di (e?my) _ 12€3z — eSzy — 4€3m + C
T

y = 4+Ce .
Since y(0) = 6, we get 6 =y(0) =4+ Ce 3 = C =2 =y =4+ 27",

4.y =ycotx; y(§) = 2.

Solution : This equation can be expressed as follows.

&&

d
=ycotr = Y _ cotxda = lny =In(sinz) + C = y = C;sinz, (Cl = ec).
Y

Since y(5) =2, we get 2 = y(§) = C1sin(§) = C1 =2 =y = 2sinz.

5. 9 +3(y—1)=2z; y(0) =1.

Solution : This equation can be expressed as follows.

d o d - d . . .
ﬁ +3y = 22+43= edzﬁ +3ye3® = (22 + 3) ¥ = e (yeSI) = (22 4 3)e3® = ye3* = / (2z + 3) 3% dx
2 3 2 2 7
yed” = 2z+3) )e3$—7/e3$dm+C=>ye?’$:fxe3w+fe3”+C:>
3 3 3 9
1
vy =3 (62 +7) + Ce™>".

Since y(0) = 1, we get 1 = y(0) = § (6(0) +7) + Ce30) = C=2/9=y= 5 (624273 + 7).
9



6. W =__10__ _1:4(0)=0.

dz — (z+y)ertv
Solution : Let © +y =v = y = v — 2. Then, we get

d d 10 d 10
Yo g2 =Y = ve“dvz/lde+C:>
dz dz veY dr  wve?

ve”—/e“dv = 100+C=ve"—¢e"=102+C = (z+y—1)e*"Y = 10z + C.

Since y(0) = 0 = C = —1. Thus, we get

(x4+y—1)e"Y =10z — 1.

- (42? = 2%)y" = 2ay; y(3) = 5.
Solution : Dividing both sides by z2, we get (4— 2 (%)2) d—z =24 Letv =y/z = % =v+azd,

Then, we have

v—i—ac@ = 721} :>:C@— v —v= v ==
de  (4—20?) dr (2 —v?) (2—-0?)
dv 1 vd—w (2 —2?) dx
— = = ~—dv= [ —+C.
dx x(2—02):>/ o /x *

If we use partial fraction expansion for the first integral, we get

(2—1}2) A B D
S = ——

v3 —wv v wv—1 o+1

where A = —2, B=1/2 and D = 1/2. This implies that

/(2“2)(1@ — /<_2+ 1/2 + 1/2>:1nm+C:>

v3 — v v wv—1 wv+1
2_1)2 21
h’l<(’u2)2 = lnx+02v72201x:>
v v
fi2 — 22
yT = Cl; (Clzec),

Since y(3) = - = 7&255—9 = (1 = () = 5. Consequently, we get

Vyrioa? 4 2 _ 40 4 2
g T oY ey Tl
(z—y)dx+ Bz +y)dy =0; y(3) = —2.

Solution : This equation can be written as follows.

dy  (x—y)  (1-Y

dx (3z + ) (B+4)

Let v =y/oz = Z—Z :U+xg—;. Then, we get
U+$@ B 7(1—@):@_71 (1—v)+v _ 1 (v?+2v+1) N
dr 3+v) de = \(3+v) oz (34 v)

B+v)dv _d£:>/ Adv n Bdv — mziC
(w+1)2 x (v+1) 4 (v+1)2 v ’




where B = 2 and A = 1. Consequently, we have

dv 2dv 2
/(v—|—1)+/(v+1)2 f—lnx+C’:>1n(v—|—1)—mf—lnm—i—c.

Substituting v = y/x, we get

2 2
y—i—x)_ * =—1nx+C:>ln(y+w)—7x:C

R R W+ o)

Since y(3) = —2, it follows that

Consequently, we get
2z
In(y+z)— — +6=0.
(y+2)

d 32
9. ="y =1L

Solution 1: This equation can be rearranged as follows.

Let v =y/z = % = +:cg—;. Then, we get

dv 1—? dv 1 [1—12? 1 /1—202
v+r— = —_ — = — —v | == —
dx v dr =z v T v
v dv dx v dv 1
[ QY | C= —Zlnl|1-2% =1 C =
(1202 z /(1—21}2) net g -2 =ta
1 1

(1 —202)[*

Since y(1) = 1, we get v(1) = 1 which implies that C = 0. Consequently, we get

(1-2(2))| = 5=l -2 =

x r 2

Solution 2 : It is an exact equation also. dy _ 2wy (x3 — :va) dr — x%ydy = 0.

dx T2y
Let M = 2% — 2y and N = —22y.Then

oM _ ON
oM, . 9N
0 0
Therefore
1.4 1.2 2
F(z,y) = /(fﬂ?’ —xy?)dx + g(y) = T 2y +9(y) =
oF
oy~ TvrdW=-rty=40)=0
1,4 1,2 2
gy) = C=Flry) =~ 2y +C =

Since y(1) =1, we get C = 1+ = 2% — 22%y? = —1.



10. (zy+ 1y de+ 2y —z) dy =0; y(0) = 3.
Solution : Let M = zy? +y and N = 2y — x. Then, we have

GL - gy 1 (-1) 2

M Y’ +y Yy

This implies that the integrating factor is p(y) = y=2. Let M; = 2 +y~ ! and Ny = 2y~! — zy~2.Then,
we have

oMy 1 0N

dy — y*  Ox

which implies that the equation is exact. Thus, we get

_ 2 oz
F(z,y) = /(fﬂﬂ/ Y dm+g(y):§+§+9(y):>
3F X -1 —2 —1
- W= == —
1’2 X
gly) = 21ny+C’:>F(x,y):3+§+21ny+0:0.

Since y(0) = 3, we get C = —21n 3. Therefore, it follows that

.’L’2

F(:&y) = 9

+ X 1 2my=2m3.
y

1.y =y =9 y(1) =2
Solution : This is a Bernoulli equation with n = 2. Let v = y'=2 = y~!. Then, it follows that

dv d 1 dv v
_— = —y_z—y — —y_Qy/ + 7y_1 = —1 _— — + —_ = —1
dx dx T dr =x
Note that the integrating factor is e/ % = z. Thus we get
dv + = d (zv) — v’ +C = ¢ =
rT—+v = -z — (zv) = —x TV = —— V= — — —
dxr dz 2 T 2
. - 2x
V=902

Since y(1) = 2, we get C = 1. Consequently, we have

- 2z
2 g2

Yy
12. ¢’ + 4y = 0; y(0) = 2, ¥/ (0) = —2.
Solution : Let p =3’. Then, we get

d dp d d
i b _ P _ p:—4y:>2pdp:—8ydy=>p2:—4y2+C’1z

VoS & T aa
d
p = - Cl—4y2zﬁ:— C, — 4y?2 =
’ dy
Cy = 20, because y'(0) = =2 and ——= = —doz =
v/20 — 4y2
d
/—y = —/2dx+02=>arcsin <y> =22+ Cy = y = Vbsin(—2z + Cy).
V54 /1 y)? V5
_(ﬁ)

12



Since y(0) = 2, we get sin(—2(0) + C3) = % This implies that Cy = arcsin (%) Consequently, we

obtain. ) )

= \/g(cos 22) — sin(2z ) = 2cos 2z — sin(2z).

y 7 (22) ( )\/g (2z)

13. 2y +y =4x; y(1) = -1, ¢/ (1) = 3.
Solution : Let p = %’. Then, we get

dp dp

noo_ 4P op

g dx = xd:z:

d 2e2 + C
ay — Tt + 1:>y:$2+C11n.’L‘+C2.
dx T

d
+p:4x:>d—(xp):4$:>mp:2x2+6’1:>
x

Since y'(1) = 3 = W%Cl — (C; = 1 and since y(1) = —1 = (1)° + C1Inl + Cy, = Cy = —2.
Consequently, we get
y(z) =2? +lnz — 2.

13



