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FORENAME: Question | Points | Score
SURNAME: 1 15
STUDENT No: 2 10
3 20
DEPARTMENT:
4 10
TEACHER: M.Tuba Giilpmnar | | Sezgin Sezer . 50
SIGNATURE:
6 25
. C . Total: 100
e The time limit is 75 minutes. e In order to receive credit, you must show question

e Give your answers in exact form (for ex-
T
ample — or 5\/5), except as noted in par-
ticular problems.

e Calculators, mobile  phones, smart

watches, etc. are not allowed.

all of your work. If you do not indicate
the way in which you solved a problem,
you may get little or no credit for it, even
if your answer is correct.

e Place ‘ a box around your answer ‘ to each

e Use a BLUE ball-point pen to fill the
cover sheet. Please make sure that your
exam is complete.

e Do not write in the table above.

Elementary Laplace Transforms: Suppose that a,b € R, n €N, and £ {f(¢)} exists and F(s) = L{f(t)}
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C{eat} = m, s> a,

n:
L{t"} = T S >0,
n!

_ a)71,+1

(s

L{e" sinbt} =
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L{cosat} = 21a2" >0
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s—a
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cimfo) = (- i)
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S 5>0

1. | 15 points | Find the genaral solution of y' —

4x
2 +1

eV =0.

Solution: The equation given is a seperable differential equation.

@ _ 4x o3
de 22+1
4z
Wy = d
e y o T

4
/e—3ydy:/x27frldm

—%e_?’y =2In(2*+1)+C

2. | 10 points | Find the general solution of ¥ +¢' =0 .

Solution: Let us find the characteristic equation and its roots.

Prr=0=>rr’4+1)=0=>r, =07y =i and r3 = —i

x(t) = 1% 4 cocost + czsint

x(t) = c1 + cacost + cgsint
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3. Find the solution of the initial value problem 3" — 3y’ — 10y = 7Te=2 + 10t — 7, y(0) = 6, y/(0) =9 .

Solution: Let us find y,(t), the roots of the characteristic equation are

2 —3r—10=0=(r—5)r+2)=0=>7r =5 1ro=—2

yu(t) = 1% + coe™ 2

Let us find y,(2).

yp(t) = Ate™ + Bt + C =y (t) = Ae " — 2Ate™" + B, and y})(t) = —4Ae™>" + 4Ate™
yo — 3y, — 10y, = Te”* + 10t — 7

(—4Ae™ 4 4Ate™?") — 3(Ae ' —2Ate™* + B) — 10(Ate ™ + Bt + C) = Te 2" + 10t — 7
—TAe ™ —10Bt —10C —3B=7e 2 +10t - 7= A=-1, B=-1, C=1

yp(t) = —te 2 —t +1

The generl solution is y(t) = c1e® + coe ™2t —te=2t —t + 1.

y(0)=6=y(0)=c1+c2+1=6
y'(0) =9 = y/(t) = 5c1e” —2coe ™ —e 2 42t — 1=y (0)=5¢c; —2c2 —1—-1=9

c1+c=5
5617262:11

y(t) =3’ 4272 —te ™ —t+1

=c1=3, c3=2

8s® — s — 16
4. Find the inverse Laplace Tranform of F(s) = m .

Solution:

8s2 —s5—16 A B C
G-12(+2) s—1 (=12 512

8s? —s—16=A(s —1)(s +2) + B(s +2) + C(s — 1)?
s=1=-9=3B=B=-3
s=-2=18=9C=C=2
s=0=-16=-24A+2B+C=A=6

_ 8s2 —s—16 _ 6 -3 2
f(t):£1{(s1)2(s+2)}:£1{s1+(51)2+s+2}
f(t) = 6e’ — 3tet + 6e=2
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5. Find the solution of the initial value problem

2 -1 5 17
xX=10 2 2|x, x(0)=]2
0 0 4 5
Solution: The eigenvalues of the coefficient matrix are Ay = Ay = 2 and A3 = 4 . Let us find the corresponding
eigenvectors.
0 -1 5 0] 1]
AM=X=2=(A-2u=0= |0 0 2 0| =u=|0
0 0 2 0] 0]
0 -1 5 1 203 =0=1v3=0 v ] 1 0] 0]
(A-2)v=u= |0 0 2 0|= —wv+dbu=1=v0=-1 =v=|1|=|[0|lvt+|l|=>v=|1
0 0 2 0 vy free parameter 0| 0 0] 10
[—2 -1 0 2]
Ag=4=(A-4Hw=0= | 0 -2 0] =w=|1
| 0 0 0 1]

1 1 2
x(t) =702 =3[ [0 t+ [1| | X +5 1]
0 0 0 1]
73t 10]
x(t)=| =3 |2+ |5t
0 5 |
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—2x _
6. Find the general solution of x’ = Ax + f(¢) where f(t) = {266 }7 A= B _;} with the eigenvalues A; = —1,
Ay =2.
Solution: First Way:
;13 =2 2e~2t
X = [2 _2] X + [ 6

4 -2 0 1

M=-1=A+DHv=0= {2 _1 0] =>v= M

1 -2 0 2

d=2=(A-2)w=0= {2 4 0} =W = {1]

1) _ 2
xp(t) =1 [2] et e [J e?t
_ A e B Py oy |AL] —ae [ 2A1| o
xp(t) = L‘b] e '+ [32] = x,(t) = (-2) [AJ = o,
3 -2 2e 2]
SO | E

—2A, —ot 3 -2 Aq _ot By 2e~2t]

{—zAQ]e T2 2[4 BT 6

—2A1| oy [3A1—2A2+2] o n 3B1 — 2B, N 3B1 — 2B |0 —2A:| _ 341 —24A2+ 2]
24, T | 24,24, |€ 2B) — 2B, +6]  |2B1—2B2+6]  [0]7 [-245] | 24,24, |
Ay 10 By| 6]

A T Bs] T 9]

o=l

RS B 2\ ot |0] —2¢ |6
ool fler




