Math 216 Summer 2019 Second Exam July 18, 2019

Your Name / Ad - Soyad Signature / Imza Problem 1 ) 3 4 5 Total
(70 min. ) .
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Student ID # / Ogrenci No
’ I I I I I I I I ‘ (mavi tiikkenmez!) Score:

Time limit is 70 minutes. If you need more room on your exam paper, you may use the empty spaces on the paper. You have to show your.
Answers without reasonable-even if your results are true- work will either get zero or very little credit.

1. (16 points) Solve the initial value problem

y'=6yY+9y=0, y0)=1, »(0)=0.

Solution: From the auxiliary equation m* —6m+-) = 0, we have (m —3)? = 0 and we get m; = my = 3 as the roots so that the
corresponding general solution

y =1 + coxe’.
Imposing the condition y(0) = 1, we see from c1€’ +c,0e” = 1 that ¢ = 1. Differentiating y' = 3c163 + cre® + 3coxe™ and
then using y'(0) = 0 gives y = 3c1€” + c2e” 4 3¢,0¢” = 0 and so 3¢; + ¢, = 0. Hence ¢; = —3. Hence the solution of the IVP
is

y=e¥ —3xe’ =| (1 -3x) |

2. (18 Points) Find the general solution.
Y'42y =3y =e ¥4 3x

Solution: The complementary function is y. = cje* + c2e~3* and we assume Yp = Axe >+ Bx+C. Then
Yp = Ae ¥ —3Axe ™ + B and
yg = —3A¢ ¥ —3A¢ 3 +9Axe ¥ = —6Ae " 4 9Axe ¥, Substituting into the differential equation we get

—6Ae ¥ +9Axe ¥ +2(Ae™* —3Axe > +B) — 3(Axe 3+ Bx+C) = e +3x
—4Ae ¥ + (—3B)x+2B—3C = ¢ ¥ 4+ 3x

—4A =1, —3B=3, and 2B—-3C=0

A=—1/4,B=—1,C=-2/3

r
Hence y, = —~xe >

2
1 —x— 3 Hence the general solution is

X

Y=Yct+yp= clex‘|’62€72
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3. (20 Points) Use variation of parameters to find the general solution to

y' 44y = sec(2x),

(if yo = c1 cos(2x) + ¢z sin(2x)).

Solution: From the auxiliary equation m? +4 = 0 we have y, = ¢| cos(2x) + c2sin(2x). With the identifications y; = cos(2x)

and y, = sin(2x), we next compute the Wronskian:

cos(2x) sin(2x)

_ 2 ) —
“2sin(2x) 2cos(2x)| 2cos”(2x) +2sin“(2x) =2 #0

W (cos(2x),sin(2x))

Since the given differential equation is already in standard form (that is, the coefficient of y” is 1), we identify f(x) = sec(2x).

We now obtain . i 4
0 sin(2x . Sin(2x
1= Jsec(20) 2cos(ag)] ORI = o5,y =~
and o
cos(2x 0
g = —2sin(2x) sec(2x) =
and so N o 1 ) |
1 —tan(2x A
MG:W:T:—Etan(Zx) 1,/2:W:5
Integrating we have
1 1 | |
up :/(—Etan(Zx))dx:Zln|cos(2x)| and uz:./idxzix

Therefore, the particular solution is given by

1
yp = u1 cos(2x) 4 up sin(2x) = 2 In|cos(2x)|cos(2x) + Exsin(Zx)

Then the general solution is

1
c1¢08(2x) + ¢z sin(2x) + a In|cos(2x)|cos(2x) + 7% sin(2x)

Ye=YctYp=
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4. Compute the following.
(a) (10 Points) .Z {e* (t —1)*}

Solution: We first expand the square and then multiply.

f{e”(r - 1)2} = f{ezr(tz —2+1)} = f{tzeb —2te* —l—ezt}

2

1

(s—2)

(s —2)2 i

(b) (10 Points) £ {f(r)} where  f(r) = {(l)_t,

0<r<l1

Solution: By integrating by parts, we have

L)) = /0 e f () de = /0 (= n)edr = <—1(1—t)e“—|—slze‘”)

1

0

1
§2

1

N

1

sz, s>0

(¢) (10 Points) .Z~! {@3)2}

Solution:

e} f

=|5¢* +10t*

o 1 e
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5. (16 Points) Solve, using Laplace transforms, the initial value problem.
Y' =5 —6y=2¢', y(0)=0, Y(0)=1

Although it is possible to solve this with other methods, you will receive credit only if you use Laplace transforms.

Solution: The Laplace transform of the equatin is

2U -5 6y} = 2 {20} = 21} 52 ('} -62 1) = 2 {26}

s L {y} —sy(0) =y (0) = 5[s.Z {y} —»(0)] = 6.L {y} = s—il
R A = ey
Y(s)—;

T (s—1)(s—6)

1 1 1 1

Y<S):7§s—1+§s—6

1 1
() = —gel + geﬁt

f(@) F(s) = Z[f](s)
1 1 5>0
et L s>a
" (neN) e §>0
sinat ﬁ s>0
cosat a s>0
sinhar g s> |al
coshar e s> la|
e sinbt (Pa;ﬁ s>a
e cos bt ﬁ s>a
e (neN) (x—Z)!"" s>a
uc(t) ‘];m s>0
uc(t) f(t—c) e “F(s)
e f(t) F(s—c)
flet)  (€>0) 1F(2)
Jo f(t—1)g(r)d7 F(5)G(s)
" f(t) (=1)"F e (s)
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